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PREFACE. 


IS now about Seven Years, Jince I gave a Specimen in the 
Philofophical Tranfactions, of what I now more largely 


> 


treat of in this Book. The occafion of my then undertaking — 


: this Subject was chiefly owing to the Defire.and Encourage- 
ment of the Honourable Francis Robartes Ef; who, upon occafion of a 
French Tra, called, L’Analyfe des Jeux de Hazard, which had lately 
been publifoed, was pleafed to propofe to me fome Problems of much greater 
dificulty than any he had found in that Book ; which having folved to 
his Satisfaction, he engaged me to methodize thofe Problems, and to lay 
down the Rules which had led me to their Solution. After I bad pro- 
ceeded thus far, it was enjoined me by the Royal Society, to communicate 
to them what T had difcovered on this Subject, and thereupon it was 
ordered to be publifbed in the Tranfactions, not fo much as a matter rea 
lating to Play, but as containing fome general Speculations not unworthy 
to be confidered by the Lovers of Truth. 

I had not at that time read any thing concerning this Subject, but 
Mr. Huygens’s Book de Ratiociniis in Ludo Alez, and a little Englifo 
Piece (which was properly a Tranflation of it) done by a very ingenious 
Gentleman, who, tho capable of carrying the matter.a great deal far- 
ther, was contended to follow his Original ; adding only to it the com- 
putation of the Advantage of the Setter in the Play called Hazard, and 


Jome few things more. As for the French Book, I had run it over but 


curforily, by reafon I had obferved that the Author chiefly infifted on 
the 


® This Preface was written in 1717. 
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the Method of Huygens, which T was abfolutely refolued to reed, as 
not feeming to. me to be the genuine and natural way of coming at the Solu- 
tion: of Problems. of this kind. ; 

. Ibad fuid. in my Specimen, that Mr. Huygens was the firft who 
had Publifbed the Rules of this Calculation; intending thereby to do juftice 
to a Man who bad well deferved of the Public; but what I then faid 
was mifinterpreted, as if I had defigned to wrong Jome Perfons who 
had confidered this matter before him, and a pafage was cited againft 
me out of Huygens’s Preface, in which he faith, Sciendum vero quod 
jam pridem, inter Praftantiffimos tota Galliâ Geometras, Calculus 
hic. fuerit..agitatus.;.ne quis indebitam mihi prime Inyentionis,glo- 
riam hac in re tribuat, „But what follows zmmediatelyiafier,.bad it 
been, minded, might. bavescleared sme from, any Sufpicion of injuftice. 
The words are thefe, Cxterum illi difficillimis quibuique Queftionibus 
fe invicem exercere: Soliti, methodum Suam. quifque occultam reti- 
nuere, adeo. ut.a -primis elementis hanc materiam evolvere mihi 
necefle fuerit. By which it appears, that tho’ Mr. Huygens was not 
the fir who had applied bimfelf to thofe forts of Queftions, he was ne- 
verthelefs the firft who had publifbed Rules for their Solutions which is 
all that I affirmed. 

Such a Tract as this is may be ufeful to feveralssend; the firft of 
which is, that there being in the World feveral, inquifitive Perfons, 
who are defirous to know what foundation they go upon, when. they 
engage in. Play, whether from a. motive of Garn, or barely Diver- 
fion, they may,, by. the belp of this or the like Trad, gratify their 
curtofity,. either by taking the pains to.underfiand what is here De- 
monfrated, or elfe making ufe of the Conclufons, and taking it for 
granted that the Demonftrations are right. 

Another ufe to be made of this Dottrine of Chances isy: that it 
may ferve in Conjunction with the other parts of the Mathematicks, 
as a fit Introduttion to. the Art of Reafoning; it-being known by 
experience that nothing can contribute more to the attaining of that 
Art, than the confideration of a long Train of Confequences, rightly 
deduced from undoubted. Principles; of which this Book affords many 
Examples. To this may be added, that fime of the Problems about 
Chance having a great appearance of Simplicity, the Mind is eafily drawn 
into a belief, that their Solution may be attained by the meer Strength 
of natural good Senfe; which generally proving otherwife, and tle Mif- 
takes occafioned thereby being not unfrequent,.’tis prefumed that a. Book 
of this. Kind, which. teaches. to. diftinguifh Truth from what feems 
jo nearly to refemble it, will be look'd upon as a help to goad Rea- 
Joning, . 

Among 
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Among the feveral Miftakes that are committed about Chance, one 
of the mof common and leaft fufpected, is that which relates to Lot- 
teries. Thus, fuppofing a Lottery wherein the proportion of the Blanks 
to the Prizes is as five to one; "tis very natural to conclude, that there- 
Jore five Tickets are requifite for the Chance of a Prize; and yet it may 
be proved, Demonftratively, that four Tickets are more than ficficient for 
that purpofe, which will be confirmed by often repeated Experience. In 
the like manner, fuppofing a Lottery wherein the proportion of the Blanks 
to the Prizes is asThirty-nine to One, (Juch as was the Lottery of 1710) 
it may be proved, that in twenty eight Tickets, a Prize is as likely -to 
be taken as not ; which tho ré may feent to contradict the coniimon Notions, 
is neverthelefs grounded upon infallible Demonfiration. 

When the Play of the Royal Oak was: in uje, Jome Per fons who lop 
confiderably by it, had their Loffes chiefly occafioned by an Argument of 
which they could not perceive the Fallacy. The Odds againft any par- 
tictlar Point of the Ball were One and Thirty to One, which intitled 
the Adventurers, tn café they were winners, ta have thirty tivo Stakes 
returned, including their own ; inflead of ‘which they having but Biche 
and Twenty, it was very plain that’ on the jingle account of the difad- 
vantage of the Play, they loft one eighth part y, all the Money they play'd 
Sor. But the Mafter of the Ball maintained that they had no reason to 
complain; fince he would undertake that any particular point of the Ball 
Should come up inTwo and Twenty Throws ; of this he would offer to lay 
a Wager, and attually laid it when required. The Jeeming contradiction 
between the Odds of One and Thirty to One, and Twenty-two Throws for 
any Chance to come up, fo perplexed the Adventurers, that they begun to 


think the Advantage was on their fide; Jor which reafon they play'd on 
and continued to lofe. : 


The Doctrine of Chances may weap bea help to cure a Kind of 


Superftition, which has been of long fan ing inthe World, viz. that there 
is in Play Juch a thing as Luck, good or bad. I own there are great many 
Judicious people, who without any other Afiftance than that of their oton 
reafon, are fatisfied, that the Notion of Luck is meerly Ghimerical ; yet 
T conceive that the ground they have to look upon it as Such, may fill be 
Farther inforced from fome of the following Confider ations. 

If by faying that a Man has had good Luck, nothing more was meant 
than that be has been generally a Gainer.at play, the Exprefion might 
be allowed as very proper in a fhort way of Jpeaking: But if the Word 
Good Luck be underficad to fignifie a certain predominant quality; fo in- 
herent ina Man, that be muf win whenever he Plays, or at leaft win 
oftner than lofe, it may be denied that there is any Juch thing in nature. 
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The Afferters of Luck are very fure from their own Experience, 


that at fome times they have been very Lucky, and that at other times 
they bave had a prodigious Run of ill Luck againft them, which whilft 
it continued obliged them to be very cautious in engaging with the For- 
tunate; but how Chance fhould produce thofe extraordinary Events, is 
what they cannot conceive : They would be glad, for Inftance, to be Sa- 
tisfied, how they could lofe Fifteen Games together at Piquet, if ill 
Luck had not firangely prevailed againft them. But if they will be 
pleafed to confider the Rules deliver'd in this Book, they will fee, 
that though the Odds againft their lofing fo many times together be very 
great, viz. 32767 to'1, yet that the Pofibility of it is not deftroy’d by 
the greatnefs of the Odds, ‘there being One Chance ing 2768 that it may 


fo happen ; from whence it follows, that it was fill pofible to come to Pafi 


without the Intervention of what they cail Il Luck. ‘ 

Befides, This Accident of lofing Fifteen times together at Piquet, ts 
no move to be imputed to ill Luck, than the Winning with one jingle 
Ticket the highef? Prize, ina Lottery of 32768 Tickets, is to be im- 
puted to good Luck; finte the Chances in both Gajes are perfectly equal. 

ut if it be~fatd’ that Luck has been concerned in this latter Cafe, 
the Anfwer oill be eaf; for let us fuppofe Luck not exifting, or at leaft 
let us fuppofe its Influence to be fufpended, yet the higheft Prize muf fall 
into fome Hand or other, not by Luck, ¢ for by the Hypothefis that has 


“been laid afide) but from the meer necefity of its falling | fomewhere. 


Thofe who contend for Luck, may, if they pleafé, alledge other Cafes 
at Play, much more unlikely to happen than the Winning of Lofing 
fifteen Games together, yet fill their Opinion will never receive any 
Addition of Strength from fich Suppofitions: For, by the Rules of 
Chance, a time may be computed, in which thofe Cafes may as pro- 
bably happen as not; nay, not only fo, buta time may be computed in 
which there may be any proportion of Odds for their Jo happening. 

But fuppofing that Gain and Loft were fo fluctuating, as always to 
be diftributed equally, whereby Luck would certainly be annihilated ; 
would it be Feajonable in this Cafe to attribute the Events of Play to 
Chance alne? I think, on the contrary, it would be quite otherwi/é, 
for then there would be more reafon to fufpeet that fome- unaccountable 
Fatality did rule in it: Thus, if two Perfons play et Crofs and Pile, 
and Chance alone be fupposd to be concern’d in regulating the fall of 
the Piece, is it probable that there fhould be an Equality of Heads and 
Croffes? It is Five to Three that in four times there will be an inequa- 
lity ; tis Eleven to Five in fix; -93 to 35 in Eight, and about 12 to` 
in a bundred times: Wherefore Chance alone by its Nature conftitutes 
the Inequalities of Play, and there is no need to have recourfe to Luck 
te explain theii. . Burther,, 
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Further, The fame Arguments which explode the Notion of Luck, 
may, on the other fide, be ufeful in Jome Cafes to eftablifh a due com- 
parifon between Chance and Defign: We may imagine Chance and De- 
fign to be, as it were, in Competition with each other, for the production 
of Jome forts of Events, and may calculate what Probability there is, 
that A Events Jhould be rather owing toone than tothe other. To give 
a familiar Inftance of this, Let us fuppofe that two Packs of Piqueta 
Cards being fent for, it fhould be perceived that there is, from Top to 
Bottom, the fame Difpofition of the Cards in both Packs; Let us like- 
wife fuppofe that, Jome doubt arifing about this Difpofition of the Cards, 
it fhould be queftioned whether it. ought tobe attributed to Chance, of 
to. the Maker's Defign : In this Cafe the.Dottrine of Combinations dë- 
cides the Queftion, fince it may be proved by. its,Rules, that there are 
the Odds of above 26313083 Millions of Millions of Millions of Millions 
to Oue, that the Gards were defignedly fet in the Order in which they 
were found. 

From this lafi. Confideration we may learn; in many Cafes, howto 
diftinguifh the Events which are the effect of. Chance, from thofe which 
are produc’d by Defign: The very. Doctrine that: finds Chance whereit 
zeally is, being able to prove by.a gradual Increafe of Probability, till 
it arrive at Demonftration, that where Uniformity, Order and Con- 
fancy refide, there alfa refide Choice and Defigir. 

Laitly, One of the principal. Ujes.to. which this Do&trine of Chances 
may be applyd, is the difcovering, of fome-Truths,.which cannot fail of 
pleafing the Mind, by- their. Generality. and-Simplicity;, the admirable 
Connexion of its Conjequences will increafe the Pleafure of the Difeovery ; 
and the feeming Paradoxes «wherewith it abounds, will afford very great 
matter of Surprizeand Entertainment to the Inguifitive. A VEKY. Ke~ 
markable. Infiance of this nature may be feen.in the prodigious Advan- 
tage which the.repetition of Odds will amount. ta; Thus; Suppofing I play 
with an Adverjary who allows. me the Odds of 43. to. 40; and agrees 
with me to play till 100 Stakes are won or loft on either Side, on condi- 
tion that I give him an Equivalent. for the Gain I am intitled to by 
the Advantage of my Odds ; the Queftion is, what I am to give. him, 
on fuppofing we play a Guinea.a Stake: The Anfwer is 99 Guineas.and 
above 18 Shillings *, which will fem almoft incredible, confidering the 
Jinallnefs of the Odds of 43. t0.40. Now let the Odds bein any Propor- 
tion given, and.let the Number of Stakes. be played for be never fo great, 
yet. one general Conchufion will include. all the pofible Cafes, and the ap- 
plication of it to Numbers may be wrought in efi than a Minutes time. 
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* Guineas were then at 21 P 6% 
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F have explain'd, in my Introduction to the following Treatife, the 
chief Rules on which the whole Art of Chances. depends; I have done it 
in the plaineft manner that T could think of, to the end it might be (as 


muchas poffible) of general Uf I flatter my felf that thofe who are 
Ope 


acquainted with Arithmetica rations, will, by the help of the Iñ- 
troduction alone, be able to falve a great Variety of Queftions depending 
on Chance: I wifh, for the fake of jome Gentlemen who have been pleajed 
to fubferibe to the printing of my Bosk, that I could every where have been 
as plain as in the Introduction ; but this was hardly pratticable, the Tn- 
vention of the greateft part of the Rules being intirely owing to Algebra ; 
get Ihave, as mich as pofible, endeavour'd to deduce from the Alzebraical 
Calculation feveral practicat Rules, the Truth-of which may be depend- 
ed upon, aid whith may be very useful to thofè who have contented thèm- 
Jélves to learn only common Arithmetick. ; 

On this occafon, I muft take notice to fuch of my Readers as are 
well versd in Vulgar Arithmetick, that it would not “be dificult for 
them to make themjélves Maffers, not only of all the practical Rules in . 
this Book, but aljo of more uféful. Difcoveries, if they would take the 
fuall Pains of being acquainted with the bare Notation of Algebra, 
bich might be done in the hundredth part of the Time that is fpent in 
learning to write Short-hand. 

One of the principal Methods I have made ufe of in the following 
Treatife, bas been the’ Doctrine of Combinations, taken in a Senje 
fomewhat more extenfive, than as it is commonly underftcod: The No- 
tion of Combinations being fo well fitted to the Calculation of Chance, 
that it naturally enters the Mind whenever any Atiempt is made to- 
wards the Solution of any Problem of that kind, It was this that led 
me in courfe to the Confideration of the Degrees of Skill in the Adven- 
turers at Play, and I have made ufeof it in moft parts of this Book, 
as one of the Data that enter the Queftion ; it being fo far from per- 
plexing the Calculation, that on the contrary it is rather a Help and an 
Ornament to it: It is true, that this Degree of Skill is not to be known 
any other way than from Objervation ; but if the Jame Obfervation 
conftantly recur, ’tis fProngly to be prefumed that near Eftimation of 
it may be made: However, to make the Calculation more preci/e, and 
to awid caufing any needlefi Scruples to thofe who love Geometrical 
Exaéinefs, it will be eafy, in the room of the word Skill, to fubjfiitute 
a Greater or Lefi Proportion of Chances among the Adventurers, fo as 
each of them may be faid to have a certain Number of Chances to win 
one fingle Game. 

The general Theorem invented by Sir Ifaac Newton, for raifing a Bino- 


mial to any Power given, facilitates infinitely the Method of Combinations, 


reprefenting 


Pi R? E F? A; G E; vii 


reprefenting in one View the Combination of all the Chantes, that can 
happen in any given Number of Times. °Tis by the help of that Theorem, 
joined with re other Methods, that I have been able to find prattical 
Rules for the foluing a great Variety of difficult Queftions, and to re- 
duce theDifficulty toa fingle Arithmetical Multiplication, whereof feveral 
Inflances may be feen in the 21ff Page of this Book. 
Another Method I have made ufe of, is that of Infinite Series, which 
in many cafes will folve the Problems of Chance more naturally than 
Combinations, To give the Reader a Notion of this, we may fuppofe 
two Men at Play throwing a Die, each in their Turns, and that he 
be to be reputed the Winner who Jhal firft throw an Ace: It jis plain, 
that the Solution of this Problem cannot fo properly be reduced to Com- 
binations, which ferve chiefly to determine the proportion of Chances bes 
tween the Gamefters, without any regard to the Priority of Play. ’Tis 
convenient therefore to have recourfe to fome other Method, fuch as the 
following: Let us fuppofe that the firft Man, being willing to compound 
with his Adverfary for the Advantage he is intitled to from his firj 
Throw, fhould afk him what Confideration he would allow to yield it to 
him; it may naturally be Suppofed that the Anfwer would be one Sixth 
part of the Stake, there being but Five to One again} him, and that 
this Allowance would be thought ajuft Equivalent for yielding bis Throw. 
Let us likewife fuppofe the fécond Man to require in bis Tarn to have 
one fixtb part of the remaining Stake for the Confideration of bis Throws 
which being granted, and the firj Man's Right returning in courfe, he 
may claim again one fixth part of the Remainder, and je on alter- 
nately, till the whole Stake be exhaufked: But this not being to be done 
till after an infinite number of Shares be thus taken on both Sides, it 
belongs to the Method of Infinite Series zo affign to each Man what pro- 
portion of the Stake be ought to take at. Arl, fo as to anfiver exactly 
that fictitious Divifion of the Stake in infinitum ; by means of which 
it wil] be Sound, that the Stake ought to be divided between the contend- 
ing Parties into two parts, refpettively proportional to the two Numbers 
6:and 5. By the like Method it would be found that if there were 


Three or more Adventurers playing on the conditions above deferibed, 


each Man, according tothe Situation he isin with refpect to Priority of 


Play, might take as his due fuch part of the Stake, asis expreffible by 
the corre/ponding Term of the roportion of 6 to 5, continued to fo many 
Terms as there are Gameflers ; which in the cafe of Three Gameffers, 
Jor Inflance, would be the Numbers 6, 5, and 45 » or their Pro- 

portionals 36; 30, and 25. 
Another Advantage of the Method of Infinite Series is, that, every 
Term of the Series includes Jome particular Circumftance wherein the 
Gamefiers 


me 
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Gamefters may be found, which the other Methods do not ; and that 4 


few of its Steps are Juficient to difcover the Law of its Procefs. The 


only Difficulty which attends this Method, being that of fumming up 
fo many of its Terms as are requifite for the Solution of the Problem 
propofed: But it will be found by experience, that in the Series refult- 
ing from the confideration of mof Cafes relating to Chance, the Terms 
of it will either conftitute a Geometric Progrefion, which by the known 
Methods is eafily fummable; or elfe Jome other fort of Progrefion, whofe 
nature conffts in this, that every Term of it bas to a determinate num- 
ber of the preceding Terms, each being taken in order, fome conflant Te- 
lation ; in which cafe I have contrived fome cafy Theorems, not only for 
finding the Law of that Relation, but alfo for finding. the Sums re- 
quired ; as may be Jenin feveral places of this Book, but particu- 


193,194. larly from page 127 to page 128. 


A Third Advantage of the Method of Infinite Series is, that the So- 
lutions derived from it bave a certain Generality and Elegancy, which 
fearce any other Method can attain tos thofe. Methods being always 
perplexed with various unknown Quantities, and the Solutions obtained 
by them terminating commonly in particular Cafes. 

There are other Sorts of Series, which tho not properly infimte, yet 
are called Series, from the Regularity of the Terms whereof they are 
compofed ; thofe Terms following one another with a certain uniformity, 
which is always to be defined. Of this nature is. the Theorem given 
by Sir Ifaac Newton, in the fifth Lemma of the third Book of bis 
Principles, for drawing a Curve through any given number of Points 3 
of which the Demonftration, as well as of other things belonging to the 
Jame Subjett, may be deduced from the firft Propofition of bis Metho- 
dus Differentialis, printed with Jome other of his Tracts, by the care of 
my Intimate Friend, and very fkilful Mathematician, Mr. W. Jones. 
The abovementioned Theorem being very ufeful in fumming up any num- 
ber of Terms whofe daf Differences are equal, (Juch as are the Num- 
bers called Triangular, Pyramidal, &c. the Squares, the Cubes, or 
other Powers of Numbers in Arithmetic Progrefion) I have fhewn in 
many places of this Book how it might be applicable to thefe Cafes. 

After having dwelt fome time upon various Quefions depending on the 
general Principle of Combinations, as laid down in my Introduction, 
and upon fome others depending on the Method of Infinite Series, I pro- 
ceed to treat of the Method of Combinations properly fo called, which 
I fhew to be eafily deducible from that more general Principle which 
bath been before explained: Where it may be obferved, that altho’ the 

Cafes 
N.B. The Numbers in the Margin, here and elfewhere, anfwer to the 
prefent Edition, 
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Cafas it i3 applied to are particular, yet the Way of Reafining, 


and the Confequences derived from it, are general; that Method of 


Arguing about generals by particular Examples, being in my opinion 
very convenient for eafing the Reader's Imagination. 

Having explained the common Rules of Combinations, and givena The- 
orem which may be of ufe for the Solution of fime Problems relating to that 
Subject, I lay down a new Theorem, which is properly a contraction of 
the former, whereby feveral Queftions of Chance are refolved with won- 
derful cafe, tho the Solution might feem at Prf fight to be of infuperable 
difficulty. 

T es the Help of that Theorem fo contracted, that.I have been able 
to give a compleat Solution of the Problems of Pharaon and Baflete, which 
was never done before me: 1 own that fome great Mathematicians bave 
before me taken the pains of caleulating the Advantage of the Banker, 
in any circumftance either of Cards remaining in his Hands, or of any 
numberof times that the Card of the Ponte 1s contained in the Stock: 
But fill the curiofity of the Ge tig! remained unfatisfied ; The Chief 
Queflion, and by much the mof ipicult, concerning Pharaon or Baffete, 
being what it 1s that the Banker gets pecCent. of all the Money adven- 
tured at thofe Games, which mow I can certainly anfwer gs very near 
Three per Cent. at Pharaon, and Three fourths per Cent af Balete, as 
may be feenin my xxiii Problem, where the precife Advantage is calculated. 

In the 24th and 25th Problems, I explain a new Jort of Algebra, 
whereby fome Queftions relating to Combinations are folved by fo eaf a 
Procefs, that their Kois. is made in fòme meafure an immediate con- 
Sequence of the Method of Notation. F-will not pretend to fay that this 
new Algebra, is abfolutely neceffary to the Solving of thofe Quefions which 
I make to depend on it, jince it appears that Mr. Monmort, Author of 
the Analyfe des Jeux de Hazard, end Mr. Nicholas Bernoully have fölved, 
by another Method, many of the cafes therein propofed: But I hope I fhall 
not be thought guilty of too much Confidence, if I affure the Reader, that 
the Method I have followed has a degree of Simplicity, not to Jay A 

sA 


Generality, which will hardly be attained by any other Steps than 
thofe I have taken. 


The 29th Problem, propofed to me, among ft Jome others, by the Ho- 
nourable Mr, Francis Robartes, I had folved in my Traé De menfura 
Sortiss It relates, as well as the 24th and 2 5th, to the Method of Com- 


binations, and is made to depend on the Jame Principle. When T began 


Jor the frf time to attempt its Solution, I had nothing elfe to guide me 

but the common. Rules of Combinations, Juch as they had been delivered by 

Dr. Wallis and others; which when Ì endeavoured to apply, I was fur- 

prized to find that my Calculation Jwelled by degrees to an intolerable Bulk : 
a 


For 


32. 
345 35. 


38. 


34: 35: 


39 


44. 
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For this reafm I was forced to turn my Views another way, and to try 
whether the Solution I was feeking for might not be deduced from Jome ča- 
fier confiderations ; whereupon T happily fell upon the Method T have been 
mentioning, which as it led meto-a-very great Simplicity in the Solution, 
Je Flok upon it to be an Improvement made to the Method of Combinations, 

The 30th Problem is the revere of the preceding ; It contains a very 
remarkable Method of Solution, the Artifice of which conjifts in changing 
an Arithmetic Progrefion of Numbers into a@ Geometric ones this being 
always to be done when the Numbers are large, and their Tutervals finail. 
[freely acknowledge that Fhave been indebted long ago for this ufeful Idea, 
to my mnch refpetted Friend, That Excellent Mathematician Dottor Hal- 
ley, Secretary to the Royal Society, whom-F-bave jeen prattife the thing 
on another occafion =" Por this a other Infirnétive Notions readily im- 
parted to me, during anuninterrupted Priend/bip of five and Twenty years, 
I return him my very hearty Thanks. 

The 32 Problem, having in tt a Mixture of the two. Methods of Com- 
binations and Infinite Series, may be propofed for a pattern of Solution, 
in Jome of the moft difficult cafes that may occur in the Subject of Chance,, 
and on this occafion I muft do that “fuftice to Mr. Nicholas Bernoully, 
to own he had fent me the Solution of this Problem before mine was Pub- 
lifhed; which I had no fooner received, but I communicated it to the 
Royal Society, and reprefented it asa Performance highly to be commend - 
ed: Whereupon the Society ofder di that his Solution-/hould be Printed ; 
which was accordingly done fome time after ia the Philofophical Tranf- 
actions, Numb. 34.1..20here nine was alfa inferted. 

The Problems which follow relate chiefly tothe Duration’of Play, or 
to the Method of determining what number of Games may probably be played 
out by two Adverfartes, before a certain number of Stakes agreed on be- 
tween them be won or lofton either fide, This Subject affording a very 
great Variety of Curious Queftions, of «hich every one bas a degree of Dif- 
ficulty peculiar to it felf, I thought it neceffary to divide it into feveral 
diftine Problems, and to illuftrate their Solution with proper Examples. 

Tho thefe Queftions may at firft fight feem to havea very great degree 
of difficulty, yet I have fome reafon to believe, that the Steps I have taken 
to come at their Solution, will cafily be followed by thoje who have a com- 
petent frill in Algebra, and that the chief Method of proceeding therein 
will be underftood by thofe who are barely acquainted with the Elements of 
that Art. ‘ies 

When I firj began to attempt the general Solution of the Problem con- 
cerning the Duration of Play, there was nothing extant that could give 
me any light into that Subject ; for alibo Mr. de Monmott, 7n the firft 
Edition of his Book, gives.the Solution of this Problem, as limited to three 
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Stakes to be won or lof, andfarther limited by the Suppofition of an E- 
quality of Skill between the Adventurers ; yet he having given no De- 
monfiration of bis Solution, and the Demonftration when difcovered 
being. of very little. ufe towards obtaining the-general Solution of the 
Problemy Iwas forced to.try that my bwn Enquiry would lead mè to, 
which having been attended with Succefi, the refult of what 1 Sound was 
afterwards publifbed in my Specimen before mentioned. 

All the Problems which in my Specimen related to the Duration of 
Play, have been kept entire in the following Treatife ; but the Method of 
Solution has received fome, Improvements by the new Difcoveries I have 
znade concerning the. Nature of thofe Series which refalt. from the Confi- 
deration of the. Subject ; however, the Principles-of that Method-baving 
been laid down iu my Specimen, I-had nothing now to do, but: to. draw 
the Confequences that were naturally deducible from them, 
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ADVERTISEMENT 
Concerning ibis Second Edition. 


HE Advantages which this fecond Edition has over the firft 
arè many ; for 1°, The Arithmetical Principles laid down in 
the Introduction of the firft have been very much enlarged, and made 
much more ediy; than‘ they ‘were ;-2°, ‘The Problems, of which the 
Solution requires more Skill than can be derived from the Rules of 
common Arithmetic, are treated in. the cleareft manner that the nature 
of the Subject will admit of; 3°,The chief Queftions which may relate 
to Lotteries are fully refolved, fuch as the following; What is the 
Chance of getting a certain number of Prizes with a determinate num- 
bef of Tickets? What'is the Advantage or Difadvantage of contrac- 
ting about returning undrawn Tickets in cafe of Prizes, and how to 
ftate an Equality between the contending Parties? What Confidera- 
tion ought to be given in the beginning of a Lottery to have conti-. 
nually a new Chance fupplied upon the determination of the old? 
4°, I have added the Sdlutions‘of fome Problems relating to fome Cir- 
cumftances of the Game of Quadrille, whereby is fhewn, the Pro- 
bability of forcing all the Trumps, and of judging whether it be fafe 
to undertake the Vole: 4°; The Values of Chances in Raffling are 
more eafily calculatedthan in the fitit Edition, on which occafion 
this Queftion has been added; Whethet upon fuppofition of the Ad- 
venturers being equal Contributors toa common itock, it were bet- 
ter for the Cafter of the firft Chance thag there were many or few 
Adventurers befides himéelf, and the true Limitation of the Number 
which would make that Chance as valuable as poffible? 6°, An eafy 
Method of eftablifhing at Hazard an Equality of Chance between the 
Cafter and the Setter : 7°, This Queftion is refolved, What is at Ha- 
zard the Gain of the Box, or how many Mains, one with another, 
aré requifite to make the Box-keeper be intitled to his Box-Money? 
8°, Some Problems concerning the Odds between two Players at pi- 
quët according to the various Circumftances of a Party of three 
Gamies, together with other Queftions relating to that Play. 9°, Some 
Queitions relating to Wik, as alfo the Refolution of a Queftion bi- 
therto unanfwered, viz. Whether one fide being Eight of the Game; 
and 
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and the other Nine, the Eight or the Nine have the beft Chance? 10°, 
Whether at any Game it be more advantageous to have the Odds in 
Chance, upon an Equality of Skill, or to have the Odds laid to, up- 
on an Equality of Chance? 11°, In this Book haye been inferted 
the principal Rules of a former Book of mine-concerning the Values 
of Annuities for Life, whether upon one, two or more Lives; the 
Values of Reverfions, the Values of joint and fucceflive Lives; Pro- 
babilities of Survivorfhip ; Values of Expetations founded on the 
Contingency of the Duration of certain Lives for a limited Time: as 
alfo fome Tables to facilitate the practice of the foregoing, Rules. 
12°, The Method of calculating the Value of a perpetual Advow/on, 
according to the Age of the Incumbent. 13°, The Solaation ofa Quef- 
tion, which cannot fail of interefting the Reader; itis, What reafon- 
able Conjectures may be derived from Experiments, or what are the 
Odds that after a certain number of Experiments have been made con- 
cerning the happening or failing of Events, the Accidents of Contin- 
gency will not afterwards vary from thofe of Obfervation beyond cer- 
tain Limits ; which leads naturally to this Confequence, that altho’ 
Chance has very great Influence on {fome Events, yet, that it very lit 
tle difturbs thofe which in their natural Inftitution were defigned to 
happen according. to fixt. Laws, Chance vanifhing as it were-at long 
run in refpect to the Conftancy and Regularity of Order,, 14°, Altho’ 
the Solution of the Queftion laft. mentioned was intended to conclude 
my Work, yet two or three curious Problems have been added toit, 
on fome particular Occafions, Lae 

_ A fappofe it is not expected from me that-I thould anfwer the Ob- 
jections which a late anonymous Author has made againft what I for- 
merly writ Concerning the Values of Livés; for he having declared 
more than once that he had never read.my Book, bur that what-he 
had cited out of it, was from the Citation of others, I think he has 
thereby fufficiently anfwered himfelf,. for, which reafon I'll content 
my felf with telling him, that he neither underftands what he would 
confute, nor knows what he would éftablith. 

There is in the World a Gentleman of an older Date, who in the 
year 1726 did aflure the Public that he could calculate the Values of 
Lives if he would, but that he would: not, becaufe the Obfervations 
then extant about the probable Duration of Lives were fo uncertain 
and fo few, that he could not rely upon them, but that as foon as he 
had procured from. the Parith Clerks, the Bills of Mortality for a 
competent number of years, ‘he would then fhew what he is capable 
of; but as he was diffident he could not live fo long, He, ‘to. make 
fome compenfation for the uncertainty of his Life, did communicate 

to 
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"to the Public a moft valuable Secret, by declaring that the bet Mé- 
thod he could propofe to his Reader for the valuation of Lives, was to 
confider with dine what number of years certain is equivalent to 
the Life or Lives in queftion, having always regard to the Age and 
-Health of the Annuitant or Annuitants; which done, his Book will 
tell you the reft: What pity it is, that after fo rare an Expedient for 
calculating a fingle Life, he has not been pleafed to confider with bim- 
Pif, what muft be the Method of calculating combined Lives; for it 
does not clearly follow, that becaufe a good Phyfiognomift can guefs 
at the Value of one Life, he can alfo guefs at the Value of two or 
three joint Lives, or at the longeft of them ; it is to be hoped that 
fome time or other, there will be found fome ingenious Perfon who 
will improve fo ufeful aHint, and profecute what he had fo happily 
begun. 

{Į have one word to add, which is, that the Tables I have printed 
in this Book concerning the Values of Lives, being upon a fuppofi- 
tion of an Interet of 5 per Cent. may be thought not to be well 
fitted to the prefent Time: to which I anfwer, fir/?, That in the Body 
of my Book I have given Rules for calculating the Values of Lives for 
any rate of Intereft; /econdly, That thofe Tables were originally com- 
pofed when Intereft was at five per Cent. Thirdly, that a Man by pur 
chafing a Life at a certain price, may, without offending the Law, make 
5 per Cent. of his Money or upwards: Lay, that I intend fhortly to 
publith a little Pocket-Book, containing Tables for readily eftimating 
the Values of Single and Combined Lives, for an Intereft both of 
and 4 per Cent. wherein I fhall endeavour to prove, that the rate of 
Intereft which a Man ought to value his Money at, when he pur- 
chafes a Life, is not to be regulated by the Intereft he can make, 
by placing his Money in the Funds, ? 


‘The moft remarkable Errata, are as follows: 


Pag. 83. Lin. 19. for 6 Matadors, read 3 Matadors. 

Pag. 113. Lin. 2. for Cylinder, read Prifm. 

Pag. 152. Lin. 7. from the Bottom, fill up the Blank by writing 
XVIII, 
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HE Probability of an Event is greater or lef, 
_according to the number of Chances by which 
it may happen, compared with the whole num- 
ber of Chances by which it may either happen 
or fail, ae 
2. Wherefore, if we conftitute a Fraction 
. whereof the Numerator be the number of Chances 
whereby an Event may happen, and the Denominator the number 
of all the Chances whereby it may either happen or fail, that Fraction 
will be a proper defignation of the Probability of happening. Thus 
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if an Evént has 3° Chances to happen; and 2 to fail, the Frac- 
tion Ż will fitly reprefent the Probability of its happening, and-may 


be taken to be the meafure of it.” 

The fame thing may be faid of the Probability of failing, which 
will likewife be meafured by a FraGtion whofe Numerator is the 
number of Chances whereby it may fail; and the Denominator the 
whole number of Chances, both for its happening and failing; thus 
the Probability of the failing of that Event which has. 2 Chances to 


fail and 3 to happen will be meafur’d by the Fraction =. 


5 
3. The Fractions which reprefent. the Probabilities of happening 


and failing, being added together, their Sam will-always be equal to 
Unity, fince-the~Sumr of their Numerators will be equal to their 
common Denominator; now it being a certainty that an Event. will 
either happen or fail, it follows that Certainty which may be con- 
ceived under the notion of an infinitely great. degree of. Probability, 
is fitly reprefented by Unity. 

~ "Thefe things willveafily be-apprehended, if it be confider’d, that 
the word Probability includes a double Idea; firt, of the number of 
Chances whereby an Event may happen; fecondly, of the number 
of Chances whereby it may either happen or fail. 

If I fay that I have three Chances to win any Sum of Money, it 
is impoflible from that bare affertion to judge whether Fam like to, 
obtain it; but if T.add that the number of Chances-either to obtain. 
it; or to mifs it, is five.an all, from hence will enfue a comparifon: 
between the Chances that favour me, and the: whole number of 
Chances-that-are for-or againtt-me, whereby-a-true judgment will be 
formed of my Probability of fuccefs: from whence it neceflarily 
follows. that it is.the-compatative magnitude of the number of 
€hances to happen, in refpe€& to the whole number of Chances: 
either to happen or to fail, which is the, true meafure of. Proba- 
bility.. 

A 1f upon the happening of an Event, I be intitled to a Sum of 
Money, my Expeétation of obtaining that.Sum has a determinate 
value before the happening of. the. Event. 

Thus, if Iam to have 104+ in cafe of the happening of an Event 
which has an equal Probability of happening and failing, my Ex- 
pectation before the happening of the Event is worth 54- for Fam 
precifely in the fame circumftances as he who at an equal Play ven- 
tures 54. either to have 10, or to lofe his 5. Now he who ventures 
gL. in an equal Play, is pofleflor of 54. before the decifion “3 the 
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Play; therefore my Expeđation in the cafe above-mentioned muft 
alfo be worth 5 Z- ES 

5. In all cafes, the Expectation of obtaining any Sum is eftimated 
by multiplying the value of the Sum expeéted by the Fra&tion which 
reprefents the Probability of obtaining it. 


Thus, if I have 3 Chances in 5 to obtain 100%. T fay that the 
prefent value of my Expeétation is the produc of rooZ. by the frac- 
tion 2 , and confequently that my Expectation is worth 6o ZŁ- 


For fuppofing that an Event may equally happen to any one of 
5 different Perfons, and that the Perfon to whom it happens fhould 
in confequence of it obtain the Sum of rooZ: it is plain that the 


right which each of them in particular has upon the Sum expeéted 
is — of 100}. which right is founded in this, that if the five Per- 
fons concerned in the happening of the Event, fhould agree not to 
ftand the Chance of it, but to divide the Sum expeéted among them- 
felves, then each of them muft have — of rooZ- for his préten- 
fion. Now whether they agree to divide that fum equally among 
themfelves, or rather chufe to ftand the Chance of the Event, no 
one has thereby any advantage or difadvantage, fince they are all 
upon an equal foot, and confequently each Perfon’s expectation is 
worth — of roo4- Let us fuppofe farther, that two of the five 


Perfons concerned in the happening of the Event, should be willing 
to refign their Chance to one of the other three, then the Perfon to 


whom tho two Chances are thus tefigned has now three Chances 
that favour him, and confequently has now a right triple of that 
which he had before, and therefore his expeGtation is now worth 
+. of 1002. 

> 


Now if we confider that the fra&tion exprefies the Probability 


of obtaining the Sum of 100%, and that = of 100, is the fame 


thing as > multiply’d by 100, we muft naturally fall into this con- 


clufion, which has been laid downas a principle, that the value of 


the Expectation of any Sum, is determined by multiplying the Sum 
‘ "expected by the Probability of obtaining it. : ast 


‘This manner of reafoning, tho’ deduced from a particular cafe 
gi eafily be perceived to be general, and applicable to any other 
cafe, 


B 2 COROL- 
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CoROLLARY. 

From what precedes, it neceffarily follows that if the Value of 
an Expeétation be given, as alfo the Value of the thing expected, 
then dividing the firft value by the fecorid, the quotient will exprefs the 
Probability of obtaining the Sum expected ; thus if I have an Ex- 
peétation worth 6o ZŁ. and that the Sum which I may obtain be worth 
1002. the Probability of obtaining it will be expreft by the quotient 
of 60 divided by 100, that is by the fraction £ or = 

6. The Rifk of lofing any Sum is the reverfe of Expectation, 
and the true meafure of it, is the produét of the Sum adventured, 
multiply’d by the Probability of the Los. 

7. Advantage or Difadvantage in Play, refults from the combi- 
nation of the feveral Expeétations of the Gamefters, and of their feve- 
ral Rifks. 

Thus fuppofing that Zand B play together, that Æ has depofited 
gL. and B 34 that the number of Chances which 4 has to win 
is 4, and the number of Chances which B has to win is 2, and that 
it were required in this circumftance to determine the advantage or 
difadvantage of the Adventurers, we may reafon in this manner: 
Since the whole Sum depofited is 8, and that the Probability which 


A has of getting it is =, it follows that the Expectation of 4 upon 
the whole Sum depofited is 8 x = = g , and for the fame reafon 


the Expeétation of Bupon that wholeSum depofited is 8 x == 2—. 

Now, if from the refpeétive Expectations which the Adventurers 
have upon the whole fum depofited, be fubtracted the particular Sums 
which they depofit, that is their own Stakes, there will remain the 
Advantage or Difadvantage of either, according as the difference is 
pofitive or negative. 

And therefore, if from a5 , which is the ExpeGation of 4 upon 
the whole Sum depofited, 5 which is his own Stake, be fubtraCted, 
there will remain — for his advantage ; likewife if from 2— which 
is the Expectation of B, 3 which is his own Stake be fubtraéted, 
there will remain — T , which being negative fhews that his Dif- 


advantage is —. 
Thefe conclufions may alfo be derived from another confideration ; 


for if from the Expeétation which either Adventurer has upon the 
Sum 
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Sum depofited by his Adverfary, be fubtra&ed the Rifk of what he 
himfelf depofits, there will likewife remain his Advantage or Dif- 
advantage, according as the difference is pofitive or negative. 

Thus in the preceding cafe, the Stake of B being 3, and the Pro- 


bability which 4 has of winning it, being = , the Expectation of 
A upon that Stake is 3 x + = 2; moveover the Stake of 4 be- 
ing 5, and the Probability of lofing it, being =; his Rifk ought to 
be eftimated by 5 x+ == a ; wherefore, if from the Expeéta- 
tion 2, the Rifk 1— be fubtraéted, there will remain + as before 
for the Advantage of 4; and by the fame way of proceeding, the 
Difadvantage of B will be found to be —. 


3 

It is very carefully to be obferved, that what is here call’d Advan- 
tage or Difadvantage, and which may properly be call’d Gain or 
Lofs, is always eftimated before the Event is come to pafs; and altho’ 
it be not cuftomary to call that Gain or Lofs which is to be derived 
from an Event not yet determined, neverthelef8 in the Do@rine of 
Chances, that appellation is equivalent to what in common difcourfe 
is cald Gain or Lof. 

For in the fame manner as that he who ventures a Guinea in an 
€qual Game may, before the determination of the Play, be faid to be 
poflefior of that Guinea, and may, in confideration of that Sum, 
refign his place to another; fo he may be faid to bea Gainer or 
Lofer, who would get fome Profit, or fuffer fome Lofs, if he would 


fell his Expectation upon equitable terms, and fecure his own Stake 
for a Sum equal to the Rifle of lofing it. 


8. If the obtaining of any Sum requires the happening of {everal 
Events that are independent on each other, then the Value of the 
Expectation of that Sum is found by multiplying together the feveral 
Probabilities of happening, and again multiplying the product by the 
Value of the Sum expected. 

Thus fuppofing that in order to obtain go2- two Events mutt 
happen ; the firft whereof has 3 Chances to happen, and 2 to fail, 
the fecond has 4 Chances to happen, and 5 to fail, and I would 
know the value of that Expectation ; I fay, 

The Probability of the firft’s happening is k , the Probability of 
the fecond’s happening is i ; now multiplying thefe two Probabili- 


ties together, the produét will be ae ot -4 ; and this produét being 
again 
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again multiply’d by go, the new produét will be a. or 24, there- 
fore that Expectation is worth 24/- 

The Demonftration .of this will be very -eafy, if it’be-confiderd, 
that fuppofing the firft Event had happen’d, then. that Expectation 
depending now intirely upon the-fecond, would before the determi- 


nation of the fecond, be found to be exaétly worth +x goth or 


402. (by Art. st") Wemay therefore look upon the happening of the 
firft, as a condition of obtaining an Expectation worth 40% but 


the Probability of the firft’s happening has been fuppofed “a where- 
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fore the Expeétation fought for, is to-be eftimmated by p x 40, or. 


by = x 5 x 90, that is by the product of the two Probabilities 
of happening multiply’d by the Sum expected. 

And likewife, if an Expectation depends on the happening of one 
Event, and the failing of another, then its Value will be the produé& 
of the Probability of the firft’s happening by the Probability of the 
fecond’s failing, and of that again by the Value of the Sum ex- 
pected. 

And again, if an Expe@tation depends on the failing of two Events, 
the Rule will be the fame, for that Expectation will be found by 
multiplying together the two Probabilities of failing, and multiply- 
ing that again by the Value of the Sum expected. 

And the fame Rule is applicable to the happening or failing of as 
many Events as may be affigned. 


COROLLARY: 

If we make abftraGtion of the Value of the Sum to be obtain’d, 
the bare Probability of obtaining it, will be the product of the fe- 
veral Probabilities of happening, which evidently appears from this 
th Art. and from the Corollary to the 4th, 

Hitherto, I have confin’d myfelf to the confideration of Events 
independent ; but for fear that in what is to be faid afterwards, the 
terms independent or dependent might occafion fome obfcurity, it 
will be neceflary, before I proceed any farther, to fettle intirely the 
notion of- thofe terms. 

Two Events are independent, when they have no connexion one 
with the other, and that the happening of one neither forwards nor 
obftructs the happening of the other. 

Two Events are dependent, when they are fo connected together as 
that the Probability of either’s happening is alter’d by the happening 
of the other, sl 
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In order to illuftrate ghis, it will not be amifS to propofe the two 
following eafy Problems. 

1°, Suppoie there is a heap of 13-Cards of one colour, and an- 
other heap of 13 Cards of another colour, what is the Probability 
that taking two Cards at a venture out of each heap, I fhall take the 
two Aces? ai 

The Probability of taking the Ace out of the fir heap is =s 


now it being very plain that the taking or not taking the Ace out of 
the firft heap has no influence in the taking or not taking the Ace 
out of the fecond, it follows, that fuppofing that Ace taken out, 
the Probability of taking the Ace out of the fecond will alfo be ——;: 


and therefore, thofe two Events being independent, the Probability 


of their both happening will be og x a = —— 
2°. Suppofe that out of one fingle hea 


it fhould be undertaken to take ont the Ace’ in the firft place, and 
then the Deux; and:that it were required to aflign the Probability 
of doing it, we are to confider that altho’ the Probability of the Ace’s 


being in the fir& place be a » and that the Probability of the Deux’s 
being in the fecond place, would alfo be — > if that fecond Event 


were confider’d in itfelf without any relation to the firt 5 yet that 
the Ace being fuppofed as taken out at firt, there will remain but. 


12 Cards in the heap, and therefore that upon the fuppofition of the 
Ace being taken out at firft, the Probabili 


ty of the Deux’s being next 
taken will be alter’d, and become > and therefore, we may con- 
clude that thofe two Events are dependent, and that the Probability 
of their both happening will be “sy x= — ; 

From whence it may be infer’d that the Probability of the hap- 
pening of two Events dependent, is- the produ of .the Probability 
of the happening of one-of them,. by the Probability which the 
other will have of happening, when the firft fhal] have been confi 
derd.as having happen’d ; and the fame Rule will extend to the hap- 
pening of as many Events-as may be affign’d. 

9. But to determine in the eafieft manner poflible, the Probability: 
of the happening of feveral Events de endent, it will be convenient 
to diftinguith by thought the order A thofe Events, and to fuppofe 
one of them to be the firt, another ‘to be the fecond, and fo on z. 
which being done, the Probability of the happening of the firft may 
be look’d upon as independent, the Probability of the happening of 


the 
2 
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the fecond, is to be determin’d from the fuppofition of the firft’s 
having happen’d, the Probability of the third’s happening, is to be 
determin’d from the fuppofition of the firft’s and fecond’s having 
happened, and fo on: then the Probability of the happening of them 
all will be the product of the Multiplication of the feveral Probabili- 
ties which have been determined in the manner prefcrib’d. 

We had feen before how to determine the Probability of the hap- 
pening or failing of as many Events independent as may be aflign’d; 
we have feen likewife in the preceding Article how to determine the 
Probability of the happening of as many Events dependent as may 
be affign’d; but in the cafe of Events dependent, how to determine 
the Probability of the happening of fome of them, and at the fame 
time the Probability-of the failing of fome others, is a difquifition 
of a greater degree of difficulty, which for that reafon will be more 
conveniently transfer’d to another place. 

10. If I have feveral Expectations upon feveral Sums, it is very 

evident that my Expetation upon the whole is the Sum of the Ex- 
pectations I have upon the particulars, 
: Thus fuppofe two Events fuch, that the firft may have 3 Chances to 
happen and 2 to fail, and the fecond 4 Chances to happen and 5 to fail, 
and that I be intitled to goZ. in cafe the firft happens, and to an- 
other like Sum of go#- in cafe the fecond happens alfo, and that I 
would know the Value of my Expeétation upon the whole: I fay, 

The Sum expected in the firft cafe being go4- and the Probability 


of obtaining it being A , it follows that my Expeétation on that 


account, is worth gox 2 = 54; and again the Sum expe&ted in 


the fecond cafe being go, and the Probability of obtaining it being 
= , it follows that my Expedation of that fecond Sum is worth 


go = == 40; and therefore my Expeĝation upon the whole is 
worth 54.2.4 40} == 942- 

But if I am to have goZ- once for all for the happening of one 
or the other of the two afore-mentioned Events, the method of pro- 
cefs in determining the value of my Expectation will be fomewhat 
alter’'d ; for altho’ my Expeétation of the firft Event be worth 54 4- 
as it was in the preceding Example, as confider that my Expec- 
tation of the fecond will ceafe upon the happening of the firft, and 
that therefore this Expeétation takes place only in cafe the firft does 


happen to fail. Now the Probability of the firft’s failing is ae and 


fuppofing it has fail’d, then my Expectation will be 40; where- 
I fore 
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2 sa eh $ 
fore me being the meafure of the Probability of my obtaining an 
Expectation worth 40ZŁ., it follows that this Expectation (to eftimate 
it before the time of the firft’s being determin’d) will be worth 40x F 


= 16, and therefore my Expeétation upon the whole is worth 
54.2. -4 16L. == 70L. 

If that which was call’d the fecond Event be now confider’d as 
the firft, and that which was call’d the firft be now confider’d as the 
fecond, the conclufion will be the fame as before. 

In order to make the preceding Rules familiar, it will be conve. 
nient to apply them to the Solution of fome eafy cafes, fuch as 


are the following. 
CASE It 
To find the Probability of throwing an Ace in two throws. 


SOLUTION, 
The Probability of throwing an Ace the firft time is = 
fore = is the firft part of the Probability required, 
If the Ace be miffed the firft time, ftill it may be thrown on the 
fecond, but the Probability of miffing it the firtt time is + 


3; where- 


, and 
the Probability of throwing it the fecond time is = ; wherefore the 
Probability of miffing it the firft time and throwing it the fecond, is 
—- x = = : and this is the fecond part of the Probability re- 


quired, and therefore the Probability required is in all > BSS pe 2A 

II 
“36” 

To this cafe is analogous a queftion commonly propofed about 
throwing with two Dice either fix or {even in two throws, which 
will be eafily folv’d, provided it be known that Seven has 6 Chances 
to come up, and Six 5 Chances, and that the whole number of 
Chances in two Dice is 36 ; for the number of Chances for throw- 
ing fix or feven being 11, it follows that the Probability of throwin g 


either Chance the firft time is — > but if both are miffed the firft 


time, ftill either may be thrown the fecond time, but the Proba- 


e 


bility of miffing both the firft time is = and the Proba- 


bility of throwing cither of them on the fecond is i 3 wherefore 
s4. . as . 2 

the Probability of mung both of them the firft time, and throw- 

C 


ing 
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ing either of them. the fecond. time is x= == — , and 
36 36 pa 
therefore the Probability required is e+ tal = 00 or » and 
the Probability of the contrary is s d 
CA oe Le 


To find the Probability of throwing an Ace in three throws. 


SoLuTION. 
The Probabiliy of throwing an Ace the firt time-is = , which 


is the firft part of the Probability required, 
If the Ace be miffed the firft time, ftill it may be thrown in the 
two remaining throws; but the Probability of miffing it the firft 


time is — and the Probability of throwing it in the two remain- 


ing times is (by Cafe 1%) == ae . And therefore the Probability of 
miffing it the firft time, and throwing it in the two remaining times 


. un ERM aia. 55 . . “1° 
is xig =e? which is the fecond part of the Probability 


required ; wherefore the Probability required will be + -+ 3 = 


gi 


216 ° 


CASE It 
To find the Probability of throwing an Ace in four throws. 


SOLUTION. 
The Probability of throwing an Ace the firft time is = , which 


js the firft part of the Probability required. 
If the Ace be mifv’d the firft time, of which the Probability is 


5, there remains the Probability of throwing it in three times, 


which (by Cafe 3°) is -% | wherefore the Probability of mifling 


216 ? 
the Ace the firft time, and throwing it in the three remaining times 
+ $- x -1 c T , which is the fecond part of the Proba- 
bility required, and therefore the Probability required isin the wholy 
I AEE E aI “1: 25 
eb age = Tag? and the Probability of the contrary zog - 


I It 
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It is remarkable, that he who undertakes to throw an Ace in four 
throws, has juft the fame advantage of his adverfary, as he who 
undertakes with two Dice that fix or feven fhall come up in two 
throws, the odds in either cafe being 671 to 625; whereupon it 
will not be amifs to fhew how to determine eafily the Gain of one 
Party from the Superiority of Chances he has over his adverfary, 
upon fuppofition that each ftake is equal, and denominated by 
unity. For although this is a particular cafe of what has been ex- 
plain’d in the 7th Article; yet as it is convenient to have the Rule 
ready at hand, and that it be eafily remember’d, I fhall fet it down 
here ; let therefore the odds be univerfally expref$'d by the ratio of 


A to b, then the refpective Probabilities of winning being = T? 
b 


a the right of the firt upon the Stake of the fecond is 
eet x 1, and likewife the right of the fecond upon the Stake of 


the firft is —2 x 1, and therefore the Gain of the firft is “=? xı 
a-+é a-+é 
ze 


or barely — > , and confequently the Gain of him who under- 


takes that fix or feven fhall come up in two throws, or who under- 
y : si, Ost ORR eG 
takes to fling an Ace in four throws is Sites = Ine? that 


is nearly -- part of his adverfary’s Stake, 


and 


C ASE- IVt 
To find the Probability of throwing two Aces in two throws. 


l SOLUTION. 
It is plain (by the 8th. Art,) that the Probability required is 
aatia Sei 
ohh Memon Ty Tae 


CASE’ Vi 
To find the Probability of throwing two Aces in three throws. 


SOLUTION. 
{f an Ace be thrown the firft time, then it will only be required 
to throw it once in two throws, but the Probability of throwing 


àt the firft time is = , and the Probability of throwing it once in 


two throws (by the firft cafe) is aa ; wherefore the Probability of 
C2 throwing > 
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throwing it the firft time, and then throwing it once in the two 
remaining times is —-x —-==—=> , and this is equal to the 
firft part of the Probability required. 

If the Ace be mifs’d the firft time, ftill there remains the Proba- 
bility of throwing it twice together, but the Probability of miffing 


it the firft time is , and the Probability of throwing it twice 
together is (by the 4% Cafe) = ; therefore the Probability of 
both Events = lar = EAA ; and this is the fecond part of 
the Taah il ibaa therefore the whole Probability required 
216 == “ar6 


is == . 


CA SE Vit 
To find the Probability of throwing two Aces in four throws. 


SOLUTION. 
If an Ace be thrown the firt time, no more will be requir’d 
than throwing it again in three throws; but the Probability of 


throwing an Ace the firft time is -= , and the Probability of throw- 


ing it in three times is =. (by the 2¢ Cafe;) wherefore the Pro- 
pability of both happening is = x = == era == it part of 
the Probability required. 

If the Ace be mifs’d the firft time, fill there will remain the 
Probability of throwing two Aces in three throws, but the Proba- 


bality of mifling the Ace the firft time is + , and the Probability 


4 | 2 š 3 6 
of throwing it twice in three throws is = , (by the sth Cafe;) 


ST ei es 16 80 
wherefore the Probability of both together is 2 x —— == 


1296 
== 24 part of the Probability required, and therefore the Probability 
k I 80 171 
required = Se ae” 

And by the fame way of reafoning we may gradually find the 
Probability of throwing an Ace as many times as {hall be demanded, 
in any given number of throws, J 

If inftead of employing figures in the Solutions of the foregoing 
Cafes, we employ algebraic Characters, we fhall readily perceive a 
moft regular order in thofe Solutions. 

Fi 
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11. Let therefore a be the number of Chances for the happening 
ot an Event, and 4 the number of Chances for its failing, then the 
Probability of its happening once in any number of Trials will be 

; z a ab abb abs 
exprefs'd by the = cer =a <j + = 
Bs -2 Bris <= , &c. which Series is = be Continued to fo 
many terms as are equal to the number of Trials given; thus if a 

e = I, b= 5, and the number of Trials given == 4, then the 


Probability required will be expref’d by 
671 


125 
1296 


nao 


et H 
6 36 216 
1296 ” : f | 

The fame things being fuppofed as before, the Probability of the 
Event’s happening twice in any given number of Trials, will be ex- 

4 . 2aab 3aabh aab? 
refs'd by the Series —“4 = = : 

P sa we opp bar e + 
— » &c. which is to be continued to fo many terms, wanting 
one, as is the number of Trials given ; 
b= 5, and the number of Trials 8, 


thus let us fuppo 2 = 3, 
then the Probability required 


. I 10 pe ISA: OOS 3125 
will be exprefled by 36) aie taig Poe E 46656 F- 
18750 109375 663991 


9 
And again, the Probability of the Event’s happening three times 
in any given number of ‘Trials will be exprefs’d by the Series 


a gaibh 6a3 bh 1023}3 15@3$4 & bd 
ee ra tard Spas Happy s &c. which 
is to be continued to fo many terms, wanting two, as is the num- 


But all thefe particular Series ma 
neral one, which is as follows. 

Let a be the number of Chances, whereby an Event may hap- 
pen, 4 the number of Chances whereby it may fail, Z the num- 
ber of times that the Event is required to be produced in any 
given number of Trials, and let 2 be the number of thofe Trials ; 
make a -+ b == s, then the Probability of the Event’s happen- 


ing / times in x Trials, will be exprefsid by the Series  y 


y be comprehended under a ge- 


$ 

h; ftir. i +a. fH 3 f+ 
ett 
T . 33 t2. 3. 4. s$ 
gcc. which Series is to be continued to fo many terms exclufive of 

r 
: the 
. 


It is to be noted here, and elfewhere, that the points here made ufe of, fiand inftead of 
the Mark of Multiplication x, 


tb 4. l-4- 1. bb l. l-1. l-2. 63 
I1 -+ EE =j -z n Hea 


1.2. 33 Dee 3: 
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PeT) Į : 
the common multiplicator — as are denoted by the number 7: == 
s 
ldir; 
And for the fams reafon, the Probability of the contraty, 
that is of the Events not happening fo often as / times, ma- 


king »— Z- 1 == p, will be exprefsd by the Series 2 x 


which Series is to be continued to fo many terms, exclufive of the 
common multiplicator, as are denoted by the number /. ; 

Now the Probability of an Event’s not happeningbeing known, 
the Probability of. its happening will likewife be known, fince the 
Sum of thofe two Probabilities is always equal to Unity, and there- 
fore the fecond Series, as welt as-the firt, may be employed ‘in 
determining the Probability of an, Event's happening; but as the 
number of terms to be taken in the firft is exprefs’d by n— I 1, 
and that the number of terms to be taken in the fecond is expref’d 
by 4 it will be convenient to ufe the firit Series, if z — 7-4- 1 be 
lef than /, and to uf the fecond, if / be lefs than #— Z+ 1, or 
in other terms, to ufe the firft or fecond according as l is lefs or 


” I 
greater than —— 


Thus, fuppofe an Event has 1 Chance to happen, ‘and 35 to fail, 
and that it were required to afflign the Probability of its happening 
in 24 Trials; then becaufe in this cafe == 24 and /== 1, it is 
plain. that 24 terms of the firft Series would be requifite to anfwer 
the Queftion, and that one fingle one of the fecond will be fufti- 
cient; and therefore, if in the fecond Series, we make 6== 35, 
a= 1, and/=<1, the Probability of the Events not happening 


once in 24 Trials, will be exprefs’d by se x1, which by the 
help of Logarithms, we fhall find nearly equivalent to the decimal 
fraction 0.50871 ; now this being fubtracted from Unity, the re- 
mainder 0.49129 will exprefs the Probability required; and there- 
fore the odds againft the happening of the Event will be ço to 49 

nearly. 
hase fuppofe it be required to affign the Probability of the pre- 
ceding Event’s happening twice in 60 Trials ; then becaufe /==2, 
and == 60, n— l-4 1 will be = 59, which fhews that 59 terms 
of the firft Series would be required, but if we ufe the fecond, then 
by reafon of / being == 2, two of its terms will be fufficient ; 
wherefore 
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59 2 
wherefore the two terms an a eee Te will denote the Proba- 
2 


bility of the Event’s not happening twice in 60 Terms. Now re- 
ducing this to a décimal fraction, it will be found equal to 0.5007, 
which being fubtracted from Unity, the remainder 0.4993 will ex- 
prefs the Probability required; and therefore the odds againft the 
Event’s happening twice in 60 times will be very little more than 
500 to 499. 

It is to be obferv’d about thofe Series, that they are both derived 
from the fame principle; for fuppofing two adverfaries 7 and B, 
contending about the happening of that Event which has every time 
achances to happen, and 4 cHances to fail, that the Chances a are 
favourable to 4, and the Chances 4 to B, and that 4 fMiould lay a 
wager with B, that his Chances fhall come up / times in 2 Trials; 
then by reafon B laysa wager to the contraty, he himfelf under- 
takes that his own Chances fhall, in thé fare number of Trials, 
come up z——/-4-1 times ; and therefore, if in the firft Series, we 
change / into m—/-4-1, and vice versé, and alfo write } for a and 
@ for 4, the fecond Series will be form’d. 

It will be tafy to conceive how it comes to pafs, that if A un- 
dertakés to win / times in # Trials, his Adverfary B neceffarily un- 
dertakes in the fame number of Trials to win »—=/+ 1 times, if 
it be confider’d that Z lofes his wager if he wins but /— 1 times; 
now if he wins but /— 1 times, then fubtrađting /—1 from 7% 


the remainder fhews the number of times that B is to win, -which 
therefore will be »— 7+ 1. 


GA S$ FE. VG: 
To find the Probability of throwing one Ace, and no more 
in four throws. 


SOLUTION, 

This Cafe ought carefully to be diftinguithed from the fourth, 
for there it was barely demanded, without any manner of reftriction, 
what the Probability was of throwing an Ace in 4 throws; now in 
this prefent cafe there is a reftraint laid on that Event: for whereas 
in the former cafe, he whoundertakes to throw an Ace defifts from 
throwing when once the Ace is come up, in this he obliges himi{elf, 
after it is come up, to a farther Trial which is wholly againft 
him, excepting the -laft throw of the four, after which there is.no 
Trial; and therefore we ought from the unlimited Probability of 


the 
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the Ace’s being thrown once in 4 throws, to fubtraét the Probability 
of its being thrown twice in that number of throws: now the firit 


Probability is = (by the 3¢Cafe,) and the fecond Probability is 


-171 (by the 6th Cafe,) from which it follows that the Probability re- 


1296 
quired is Soe , and the Probability of the contrary = ; and 


therefore the Odds againft throwing one Ace and no more in 
throws are 796 to 500, or 8 to 5 nearly, and the fame method 
may be follow’d in higher cafes, 


CASE VIII. 
If A and B play together, and that A wants but 1 Game 


of being up, and B 2; what are their rée/petive Pro- 
babilities of winning the Set ? 


SOLUTION, 

It is to be confider’d that the Set will neceffarily be ended in two 
Games at moft, for if 4 wins the firft Game, there is no need of 
any farther Trial; but if B wins it, then they will want each but 
1 Game of being up, and therefore the Set will be determin’d in 
the fecond Game; from whence it is plain that 4 wants only to 
win once in two Games, but that B wants to win twice together, 
Now fuppofing that Æ and B have an equal Chance to win a Game 
then the Probability which B has of Winning the firft Game wil] B 


— , and confequently the Probability of his winning twice toge- 


ther will be =~ x = == y ; and therefore the Probability which 


A has of winning once in two Games will be 1 — * = Ż, from 
whence it follows that the Odds of 4: winning are 3 to 1, 


CASE Ix 


A and B play together, A wants 1 Game of being up, and 
B 2; but the Chances whereby B may win a Game, are 
double to the number of Chances whereby A may win the 
Jame: tis requir d to affign the refpeFive Probabilities 
of winning. 

SOLUTION. 
It is plain that in this, as well as in the preceding cafe, B ought to 
win twice together ; now fince B has 2 Chances to win a Game, 
and 


| 
i 
i 
i 
f 
i 


et 


ee EEE ee, SAE NT a Lg oR eR Gg 


| 
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and 4 1 Chance only for the fame, the Probability which B has of 


Winning a Game is = , and therefore the Probability of his winning 
twice together is $ x F = F , and confequently the Probability 


of .4 winning the Set is r— + — = ; from whence it follows 


— 


that the Odds of 4 winning once, before B twice, are as 5 to 4. 


REMARK, 

Altho’ the determining the precife Odds in queftions of Chance 
requires calculation, yet {ometimes by a fuperficial View of the quef- 
tion, it may be poffible to find that there will be an inequality in 
the Play. Thus in the preceding cafe wherein B has in every Game 
twice the number of Chances of 4, if it be demanded whether 4 
and B play upon the fquare, it is natural to confider that he who 
has a double number of Chances will at long run win twice as often 
as his Adverfary; but that the cafe is here otherwife, for B under- 
taking to win twice before 4 once, he thereby undertakes to win 
oftner than according to his proportion of Chances, fince 4 has a 
right to expect to win once, and therefore it may be concluded that 
B has the difadvantage ; however, this way of arguing in “general 
ought to be ufed with the utmoft caution. 

12. Whatever be the number of Games which 4 and B refpec- 
tively want of being up, the Set will be concluded at the moft in 
fo many Games wanting one, as is the fum of the Games wanted 
between them, 

Thus fuppofe that 4 wants 3 Games of being up, and B ç; 


itis plain that the greateft- number of Games that 4 can win of R 
before the determination of the Play will be 2, and that the greatett 


number which B can win of 4 before the determination of the 
Play will be 4, and therefore the greateft number of Games that 
can be play’d between them before the determination of the Play 
will be 6; but {uppofing they have play’d fix Games, the next 
Game will terminate the Play, and therefore the utmoft number of 
Games that can be play’d between them will be 7, that is one Game 
lefs than the Sum of the Games wanted between them, 


D CASE 
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<A SE = AA. 

Suppofing that A wants 3 Games of being up, and B >; 
but that the proportion of Chances which A and B re- 
Jpettively have for winning a Game are 3 to 5, to find 
the refpelive Probabilities of winning the Sez. 


SOLUTION, 


By reafon that the Sum of the Gamies wanted between 4 and B 
is 10, it is plain.by the preceding Article that the Set will be con- 
cluded in 9 Games at moft, and that therefore Æ undertakes out of 
9g Games to win 3, and B, out of the fame number, to win 7 
now fuppofing that the firft general Theorem laid down in the 13th 
Art, is particularly adapted to reprefent the Probability of 7: win- 
ning, then /==3 ; but becaufe z reprefents the number of Games in 
which the Set wilt be concluded, then »==9, but the number of 
terms to be ufed in the firft Theorem being = 4 — /4. y= 7, and 
the number of terms to be ufed in the fecond ‘Theorem being == 
[== 3, it will be more convenient to ufe the fecond, which will re- 
prefent the Probability of B= winning. Now that’ fecond Theorem 
being apply’d to the cafe of # being rae J== 3, a==3, bas, 
the Probability which B has of winning the Set will be exprefled by 
x xi t = Ti = -2 x 484 = 0.28172 nearly; and 
therefore fubtracting this from Unity, there will remain the Proba- 
bility which 4 has of winning the fame, which will be == 0.71828, 
and confequently the Odds of 4" winning the Set will be 71828 to 
28172, or very hear as 23 tog. 

Altho’ the principles hitherto explained are a fufficient introdu@ion 
to what is to be faid afterwards ; yet it will not be improper to re- 
fame fome of the preceding Articles, and to fet them in a new light, 
it frequently happening that fome truths, when reprefented to the 
mind under a particular Idea, may be more eafily apprehended than 
when reprefented under another. 

13. Let us therefore imagine a Die of a given number of equal 
faces, let us likewife imagine another Die of the fame or any other 
number of equal faces; this being fuppofed, I fay that the number 
of all the variations which the two Dice can undergo will be obtained 
by multiplying the number of faces of the one, by the number of 
faces of the other, 


In’ 
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In order to prove this, and the better to fix the imagination, let 
us take a particular cafe; Suppofe therefore that the firft Die con- 
tains 8 faces, and the fecond 12; then fuppoting the firft Dieto 
ftand {till upon one of its faces, it is plain that in the mean’ time 
the {fecond Die may revolve upon its 12 faces; for which reafon, 
there will be upon that fingle {Core 12 variations: let us now fup- 
pofe that the firft Die ftands upon another of its faces, then whilft 
that Die ftands ftill, the fecond Die may revolve again upon its 12 
faces, and fo on, till the faces of the firft Die have undergone all 
their changes; from whence it follows, that in the two Dice, there 
will be as many times 12 Chances as there are faces in the firft Die, 
but the number of faces in the firft Die has been fuppofed 8, where- 
fore the number of Variations or Chances of the two Dice will be 
8 times 12, that is 96; and therefore it may be univerfally con- 
cluded, that the number of all the variations of two Dice will be 
the produc of the multiplication of the number of faces of one Die, 
by the number of faces of the other, 

14. Let us now imagine that the faces of each Die are diftin- 
guifhed into white and black, that the number of white faces upon 
the firft is A, and the number of black faces B, and alfo that the 
number of white faces upon the fecond is a, and the number of 
black faces 4; hence it will follow by the preceding Article, that 
multiplying A +- B by a-+-4, the produ& Aa- Ab- Ba- Bå, 
will exhibit all the Variations of the two Dice: Now let us fee what 
cach of thefe four parts feparately taken will reprefent. 

1°. It is plain, that in the fame manner as that the produé of the 
multiplication of the whole number of faces of the firit Die, by the 
whole number of faces of the. fecond, exprefies all the variations of 
the two Dice, fo likewife the multiplication of the number of the 
white faces of the firft Die, by the number of the white faces of 
the fecond, will exprefs the number of variations whereby the two 
Dice may exhibit two white faces; and therefore, that number of 
Chances will be reprefented by Aa, 

2°, For the fame reafon, the multiplication of the number of 
white faces upon the firft Die, by the number of black faces upos 
the fecond, will reprefent the number of Chances whereby all the 
white faces of the firt may be joined with all the black faces of the 
fecond; which number of Chances will therefore be reprelented by 
Ad, 

3°. The multiplication of the number of white faces upon the 
fecond, by the number of black faces upon the firft, will expref the 
number of Chances whereby all the white faces of the fecond may 

D 2 be 
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be joined with all the black faces of the firt; which number ‘of 
Chances will therefore be reprefented by 4B.: 

4°. The multiplication. of the number of black faces upon the* 
firft, by the number of black faces upon the fecond, will exprefs the: 
number of Chances whereby all the black faces of the-firft may be: 
joined with all the black faces of the fecond; which ‘number of” 
Chances will therefore be reprefented ‘by Bå. 

And therefore we have explained the proper fignification and ufe‘ 
of the feveral parts Aw, Ab, Ba, Bò fingly taken. 

But as thefe parts may be connected together feveral ways, fo the Sum 
of two or more of any of them will anfwer fome-queftion. of Chance: 
for inftance, fappofe it be demanded, what is the number of Chances,’ 
with the two: Dice abeve-mentioned, for throwing white face? it- 
is plain that the three parts Aa + Aéb-+- Ba will anfwer the queftion,: 


fince every one:ofithofe-parts comprehends a cafe wherein- a white» 


face is concerned, 


It may perhaps be thought that the firft term Aq is fuperfiuous,- 


it-denoting the number of Variations whereby two white faces. can 


be thrown; but it will be eafy to be fatisfied of the-neceflity of: 
taking it in, for fuppofing a wager depending on the throwing of’ 


a white face, he who throws for:it, is reputed a winner, whenever a 
white .face.appears,. whether one alone, or two together, unlefs it 
bë exprefly ftipulated that:in cafe he throws two, he is to lofe his 
wager ; in which latter cafe the two terms Aé -+- Ba would reprefent- 
all his Chances. 

If: now we imagine a third Die having upon it a certain number 
of white. faces.reprefented by a, and likewife a certain number of” 
black faces reprefented by @, then multiplying the whole variation. 
of Chances.of the two preceding Dice, wiz. Aa -+ Ak- Ba- Bd 
by the whole number of faces a -+ @ of the third Dice, the-produ&- 


Ade + Abe + Baap Bba + AaB + Adbg -+ Bab -+ BbB will exhi-: 


bit the number of all the Variations which.the-three Dice can un- 
dergo. 
‘Examining the feveral parts of this: new product; wemay eafily 


pereeive that the fint term Aga. reprefents the number: of Chances” 
for throwing ‘three white faces, that the fecond term Ada repre-- 


feats the number of Chances whereby both the firftrand third.Die’ 
may exhibit.a-white face, and the fecond Die a black one; and that 


the reft of the terms have each their particular properties, which are - 


difcover'd. by bare infpection. 
It may alfo be perceiv’d, that by joining together:two or-more-of 
thofe terms, fome queftion.of Chance will thereby be.anfwer'd : for 
inftance, 
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inftance, if it be demanded what is the number of Chances for 
throwing two white faces and a black one? it is plain that the three 
terms Abe, Baa, Aa@ taken together will exhibit the number of 
Chances required, fince in every one of them there is the exprefiion 
of two white faces and a black one; and therefore if there be a 
wager depending on the throwing two white faces and a black one, 
he who undertakes that two white faces and a black one fhall come 
up, has for him the Odds of Aba -++ Baa ++ AaB to Aca +- Bha + 
Aé@-+-Bag-+- BAB, that is of the three terms that include the condition 
of the wager, to the five terms that include it not. 

When the number of Chances that was requir’d has been found,” 


then making that number the Numerator of a fraction, whereof the 
Denominator be the whole number of variations which alk the Dice: ` 
can undergo, that fraction will exprefs the Probability of the Evert,’ - 


as it has been fhewn in the`firft' Article: 


Thus if it was demanded what the Probability is, of throwing three’ 
white faces withthe three Dice above-mentioned, that Probability will be‘ 


. Aas 
aA ieee adaska oo EES 
exprefied by the fraction Aaa Alay Baap Aap + Bla Abp- Bag -Bbg ° 


But it-is to be obferved, that in writing the Denominator, it will 


be convenient to*exprefs it by way of product, diftingnithing the 
feveral- multiplicators whereof it is compounded ; thus in the pre- 
ceding cafe:the Probability requir’d will be beft exprefs'd as follows, 
Aaa e 

le 
A+Bxea+bxa+3 ; f 

If the preceding fraction be conceiy’d as the produ& of the three 

. A - 

fractions =; x as seis , whereof the firft exprefies the 


Probability of throwing a white face with the firft Die ; the fecond 
the Probability of throwing a white face with the fecond Die, and 


the third the Probability of throwing a white face with the third’ 


Die; then will again appear the trath of what- has been demonftra- 


ted in the 8 Art and its Corollary, vig. that the Probability: of 
the happening of ‘feveral Events independent, is the product of all- 


the particular Probabilities whereby each particular Event may be 
produc’d; for altho’ the cafe here defcrib’d be confin’d to three 
Events, ` it is:plain that the Rule extends itfelf to any number of 
them. 

Let ts refume the cafe of two Dice, wlicrein we did fippofe that 
the number of:-white faces upon one Die was exprefsd by A, and 
the number of black faces by B, and alfo that the number of white 
faces upon the other was exprefs'd by a, and the number of black 
faces by 4, which-gave us-all the variations Ag -+ Ab -+- 4B -4 BA, 


and ~ 
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s and let us imagine that the number of the white and black faces is 
refpectively the fame upon both Dice : “wherefore A==a, and B=, 
and confequently inftead of Aa 4+- Ab -aB -+ B, we {hall have 
aa = ab --ab +- bb, or aa-+-2ab-+-bb; but in the firft cafe Ab 
-+ aB did exprefs the number of variations whereby a white face and 
a black one might be thrown, and therefore 24b which is now fub- 
ftituted in the room of Ab- aB does exprefs the number of varia- 
tions, whereby. with. two Dice of the fame refpective number of 
white and black faces, a white face and a black one may be thrown, 

In the fame manner, if we refume the general cafe of three Dice, 
and examine the number of variations whereby two white faces and 
a black one may be thrown, it will eafily. be perceiy’d that if the 
number of white and black faces.upon each Die were re{pectively 
the fame, then the three parts Ada ~= Bea +- Ag will be changed 
into aba -+ baa -~+ aab, or 3446, and that therefore zaab which is 
one term of the Binomial a -+å raifed to its Cube, will exprefs the 
number of variations whereby three Dice of the fame kind would 
exhibit two white faces and a black one. 

15. From the preceding confiderations, this general Rule may be 
laid down, viz. that if there be any number of Dice of the fame 
kind, all diftinguifhed into white and black faces, that 7 be the num- 
ber of thofe Dice, a and & the refpective numbers of white and 
black faces upon each Die, and that the Binomial æ -+ b be raifed to: 
the power z; then 1°, the firft term of that power will exprefs the 
number of Chances whereby 2 white faces may be thrown ; 2°, that 
the fecond term will expres the number of Chances whereby 7— x 
white faces and 1 black face may be thrown; 39, that the third 
term will exprefs the number of Chances whereby 2—~2 white 
faces and 2 black ones may be thrown ; and fo on for the reft of 
the terms. 

Thus, for inftance, if the Binomial ¢+-4 be rais’d to its 6" 
power, which is a6 +4- batb- 15a4b* -~ 200303 + I gatht -p babs 
+56; the firft term at will exprefs the number of Chances for 
throwing 6 white faces; the fecond term 6414 will exprefg the num. 
ber of Chances for throwing 5 white and 1 black; the third term 
15a¢4? will exprefs the number of Chances for throwing 4 white 
and 2 black; the fourth 20a#4+ will exprefs the number of Chances 
for throwing 3 white and 3 black; the fifth 15a*d+ will exprefs 
the number of Chances for throwing 2 white and 4 black; the 
fixth 624! will exprefs the number of Chances for 2 white and 4 
black ; laftly, che feventh 44 will exprefs the numberof Chances 
for 6 black,- 

And 
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And therefore having rais’d the Binomial 2+ 4 to any given 
power, we may by bare infpection determine the propriety of any 
one term belonging to that power, by only obferving the Indices 
wherewith the quantities ¢ and 4 are affected in that term, fince the 
refpective numbers of white-and black faces are reprefented by thoie 
Indices. 

The better to compare the confequences that may be derived from 
the confideration of the Binomial ¢-+-4 rais’d to a power given, 
with the method of Solution that had been explain’d before ; let us 
refume fome of the preceding queftions, and fee how the Binomial 
can be apply’d to them. 

Suppofe therefore that the Probability of throwing an Ace in four 
throws with a common Die of fix faces be demanded. 

In order to anfwer this, it muft be confider’d that the throwing 

of one Die four times fucceflively, is the fame thing as throwing 
four Dice at once; for whether the fame Die is usd four times fuc 
ceflively, or whether a different Die is usd in each throw, the Chance 
remains the fame ; and whether there is a long or fhort interval be- 
tween the throwing of each of thefe four different Dice, the Chance 
remains {till the fame; and therefore if four Dice are thrown at 
once, the Chance of throwing an Ace will be the fame as that of 
throwing it with one and the fame Die in four fucceflive throws. 
_ This being premis’d, we may transfer the notion that had been 
intredue’d concerning white and black faces, in the Dice, to the 
throwing or miffing of any point or points upon thofe Dice ; and 
therefore in the prefent cafe of throwing an Ace with four Dice, we 
may fuppof that the Ace in each Die an{fwer to one white face, 
and the reft of the points to five black faces, that is, we may fup- 
pofe that a= 1, and == 5; and therefore, having rais’'d a-+-6 
to its fourth power, which is 44 -+ 4034-1 6a*d+ + 4a? +- b+, 
every one of the terms wherein a is perceiv’d will be a part of the 
number of Chances whereby an Ace may be thrown. Now there 
are four of thofe parts into which a enters, viz. a+ -+ 4425 + bath? 
-+ 4ab%, and therefore having made a == T, and b= 5, we thali 
have 1+-20-+ 150-+ 500 =~ 671 to expre& the number of Chances 
whereby an Ace may be thrown with four Dice, or an Ace thrown 
in four fucceffive throws of one fingle Die: but the number of all 
the Chances is the fourth power of 2-- 4, that is the fourth power 
of 6, which is 1296; and therefore the Probability required is mea- 
frd by the fraction tam , which is conformable to the refolution 
given in the 34 cafe of the queftions belonging to the 10% Art. 


“k 


-24 ‘The Doctrine of CHANCES. 


It is to be obferv’d, that the Solution would have been fhorter, if 

. inftead of inquiring at firft into the Probability of throwing an-Ace 
in four throws, the Probability of its contrary, that is the Proba- 
bility of miffing the Ace four times fucceflively, had been inquired. 
into; for fince this cafe is exaétly the fame as that of miffing all 
the Aces with four Dice, and that the laft term 4+ of the Binomial 
a-+-6 rais’d to its fourth power exprefles the number of Chances 
whereby the Ace may fail in every one of the Dice ; -it follows, that 


4 eye . aTe nor 625 4 
the Probability of that peg 8 Spe St ge? and thergfore 
the Probability of not failing, that is of throwing an Ace in four 

; Meee 1296— 625 671 

throws, is 1— —- m ——__-_ >= ——_ . 
4 _ 1296 298 1296 . í 
- From hence it ue that-let the number of Dice be what it 
will, fuppofe 7, then the laft term of the power 2+-4\”, that is 
$", will always reprefent the number.of Chances whereby the Ace 


may fail z times, whether the throws be confidered as fucceffive or 


cotemporary : Wherefore is the Probability of that failing, 


pg 
“abl 
and confequently the Probability of throwing -an Ace in a number 


of throws exprefs'd by x, will be 1— ee a a 


Ne aa” “a+ ov)” 

Again, fuppofe it ‘be requir’d to affign the Probability of throw- 

ing with one fingle Die two Aces in four throws, or of throwing 
at once two Aces with four Dice: the queftion will be anfwer’d by 
help of the Binomial a + å rais’d to its fourth power, which being 
at -+ 4a3b -+ bath -+ 4ab3 + b4, the three terms at + 4a3h + bari 
wherein the Indices of a equal or exceed the number of times that 
the Ace is to be thrown, will denote the number of Chances where- 
‘by two Aces may be thrown; wherefore having interpreted a by 1, 
and å by 5, the three terms above-written will become 1-++ 20-+150 
==171,but the whole number of Chances, viz. a4-4\* is in this cafe 
== 1296, and therefore the Probability of throwing two Aces in four 
throws will be meafinr’d by the fraction he ; 

But if we chufe to take at firft the Probability of the contrary, 
‘tis plain that out of the five terms that the fourth power of a + 6 
confifts of, the two terms 4243 -+ 44; in the firft of which g enters but 
once, and in the fecond of which it enters not, will exprefs the number 
-of Chances that are contrary to the throwing of two Aces, which 
number of Chances will be found equal to 500-+ 625 == 1125. 
And therefore the Probability of not throwing two Aces in four 

throws 
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throws will be —% , from whence may be deduced the Proba- 


296 ? 
bility of doing it, which therefore will be 1 — 2225 — bis seni 
1296 1299 


ee Te Sas : ł ‘ 
= oe 38 it (was found in the preceding paragraph ;- and this 
agrees with the Solution of the fixth cafe to be feen in the 10% 
Article, 


Univerfally, the laft term of any power a4)" being J, and 
the laft but one being maé*—', in neither of which a* enters, it fol- 
lows that the two laft terms of th wer exprefs the number of 
Chances that are contrary to the throwing of two Aces, in any num- 
ber of throws denominated by x, will be nabx—1 +b, as is known, 
it follows that the Probability of throwing two Aces will be 1 — 


--nab”—* 4” as a+ 6)" — aah"! 5" 
piy aga” go a 3)” 


And likewife, in the three laft terms of the power 2-4’, every 
one of the Indices of æ will be lefs than 3, and confequently thofe 
three laft terms will {hew the number of Chances that are contrary 
to the throwing of an Ace three times in any number of Trials de- 
nominated by 7, and the fame Rule will hold perpetually. 

And thofe conclufions are in the fame manner applicable to the 
happening or failing of any other fort of Event in any number of 
times, the Chances for happening and failing in any particular Trial 
being refpectively reprefented by @ and å. 

16. Wherefore we may lay down this general Maxim, that fup- 
pofing two Adverfaries 4 and B contending about the happening of 
an Event, whereof 4 lays a wager that the Event will happen Z times 
in z Trials, and B lays to the contrary, and that the number of 
Chances whereby the Event may happen in any oneTrial are 2, and 
the number of Chances whereby it may fail are 4, then fo many of the 
laft terms of the power a-+-6\* expanded, as are reprefented by /, 
will thew the number of Chances whereby B may win his wager. 

Again, B laying a wager that 4 will not win Z times, does the 
fame thing in effe@ as if he laid that 4 will not win above /— x 
times; but the number of winnings and lofings between 4 and B 
is 2 by hypothefis, they having been fuppofed to play x times, and 
therefore fubtracting /—1 from 2, the remainder z—/-+-1 will 
thew that B himfelf undertakes to win 2 —/-+ 1 times; let this re- 
mainder be call’d 4, then it will be evident that in the fame man- 
ner as that the laft terms of the power a-+é!* expanded; viz. 

E 
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br + nab'-* +. — x 1al, &c, the number whereof is-4 do 
exprefs the number of Chances whereby B may be a winner, fo the 
firft terms a" -4 na" + — x—— a2}, &c. the number where- 
of is f, do exprefs the number of Chances whereby 4 may be a 
winner. 

17. If 4 and B being at play, refpectively want a certain number 
of Games / and p of being up, and that the refpeétive Chances they 
have for winning any one particular Game be in the proportion of 
a to b; then raifing the Smial z -+ d to a power whofe Index 
fhall be /-+-— 1, the number of Chances whereby they may re- 
{pectively win the Set, will be in the fame proportion as the Sum of 
fo many of the firft terms as are exprefs'd by p, to the Sum of fo 
many of the laft terms as are exprefied by 7 

That will eafily be perceiv'd to follow from what was faid-in the 
preceding Article ; for when 4 and B refpectively. undertook to win 
/ Games and p Games, we have prov’d that if 2 was the number 
of Games to be play’d between them, then -was neceflarily equal 
to m—/-4.1, and therefore /-+- p==2+-1, and n= l+ p= 1, 
and confequently the power to which ¢-+4 is to be rais’d will be 
/+p—t. 

w An fuppofing that 4 wants 3 Games of being up, and B 7,,and 
that their proportion of Chances for winning any, one Game are re- 
{pectively as 3 to 5, and that it were requir’d to affign the proportion 
of Chances whereby they may win the Set; then making /— 3, 
j=7, a= 3, b= 5, and raifing 2+ 4 to the power denoted by 
/4-p — 1, that is in this café to the gt power, the Sum of the firit 
feven terms will be to the Sum of the three laft, in the proportion 
of the refpective Chances whereby they may win the Set. 

Now it will be fufficient in this cafe to take the Sum of the three 
laft terms; for fince that Sum exprefies the number of Chances 
whereby B may win the Set, then it being divided by the gth power 
of a+b, the quotient will exhibit the Probability of his winning ; 
and this Probability being fubtracted from Unity, the remainder will 
exprefs the Probability of Æ+ winning: but the three laft terms of 
the Binomial @ 4-4 raifed to its gh power are 4° +. gab! +- 36aab", 
which being converted into numbers make the Sum 3%812 500, and 
the 9” power of a- is 134217728, and therefore the Probability 


> ‘ à b A : . 27812500 
of B" winning will be exprefs’d by the fra@ion me = 
453125 . . » 
GP ; let this be fubtracted from Unity, ‘then the remainder 
32 
333) 24101307 
LLL 


33554432 


ZAIOIZO7 s "5 one ihe 
aahh ad PA $ re 
Pern will exprefs the Probability of 4 winning; and therefo 


the Odds of 4: being up before B, are in the proportion of 24101307 
to 9453125, Or very near as 23 to g, which agrees with the Solu- > 
tion of the ro Cafe included in the roth Article. 

In order to compleat the comparifon between the two Methods- 
of Solution which have been hitherto explained, it will not be im» 
proper to ptopofe one cafe more.. 

Suppofe therefore it be required to aflign the Probability of throw- 
ing one Ace and no more, with four Dice thrown at once. 

It is vifible that if from the number of Chances whereby one 
Ace or more may be thrown, be fubtracted the number of Chances 
whereby two Aces or more may be thrown, there will remain the 
number of Chances for throwing one Ace and no more ; and there-- 
fore having rais’d the Binomial 4 Æ+% to its fourth power, which is 
at 4= 4a°b +- 6a*b* + gabt +- b+; it will plainly be feen that the four 
firt terms exprefs the number of Chances for throwing one Ace or 
more, and that the three firft terms exprefs the number of Chances 

` . for throwing two Aces or more; from whence it follows that the 
fingle term 44b% does alone expref$ the number of Chances for throw-- 
ing one Ace and no more, and: therefore the Probability required 
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3 gabs 500 125 : BS gen H 
r E a = —:~ which agrees with the : , 
wil be =, = ae a g with the Solution 


of the 7* Cafe given in the 1oth Article. teed 

This Conclufion might alfo have been obtained another way ; for 
applying what has been faid in general concerning the propriety of 
any one term of the Binomial a~ å rais’d to a power given, it will 
thereby appear that the term 4ad3 wherein the indices of @ and 4 
are refpectively x and 3, will denote the number of Chances whereby 
of two contending parties 4 and B, the firft may win once, and the 
other three times. Now 4 who undertakes that he fhall win once 
and no more, does properly undertake that his own Chance fhall. 
eome up once, and his adverfary’s three times; and therefore the 
term. 4ad3 exprefles the number of Chances for throwing one, Ace 
and no more. 

In the like manner, if it be requir’d to affign the Chances for 
throwing a certain number of Aces, and. it be farther. required -that 
there fhall noggbe above that number, then one fingle term of the 
power a0” will always anfwer the queftion. 

But :to find that term as expeditioufly as poffible, fuppofe 7 to- 
be the number of Dice, and / the precife number of Aces to be 


thrown, then if / be lefs than —z, write as many terms of the 
E. 2. Series 
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. n =a] 1 = n — i = eA 
Series — » —— > a S &c. as there are Unigs in /; 


or if / be greater than +7, write as many of them as there are 


Units in —2—/; then let all thofe terms: be multiply’d together, 


and the produét be again multiply’d by 24; and this laft produ& 

will exhibit the term exprefling the number of Chances required. 
Thus if it be requir’d to affign the number of Chances for throw- 

ing precifely three Aces, with ten Dice; here / will be —= 3, and 


n==10. Now becaufe / is lefs than >an, then let fo many terms 


be taken of the Series 1, — , T m > &c.as there are Units 
in 3, which terms in this particular cafe will be =>, 2, niha 
let thofe terms be multiply’d together, the produ& will be nae 3 


let this product be again multiply’d by a’4"~, that is (a being — 1, 


b=—=9, /==3, n= 10) by 6042969, and the new product will 
be 725156280, which confequently exhibits the number of Chances 
required. Now this being divided by the roth power of a+ 4, that 
is, in this café, by 10000000000, the quotient 0.072 5156280 will 
exprefs the Probability of throwing precifely three Aces with ten Dice; 
and this wng fubtracted from Unity, the remainder 0.9274843720 


will exprefs the Probability of the contrary ; and therefore the Odds 
againft throwing three Aces precifely with ten Dice are 9274843720, 
to 725156280, or nearly as 64 to 5. 

Altho we have fhewn above how to determine univerfally the 
Odds of winning, when two Adverfaries being at play, refpectively 
want certain number of Games of being up, and that they have any 
given proportion of Chances for winning any fingle Game; yet I 
have thought it not improper here to annex a {mall ‘Table, fhewing 
thofe Odds, when the number of Games wanting, does not exceed fix, 
and that the Skill of the Contenders is equal. 


PE O ise 

Games Odds of Games Odds off Games Odds of 

wanting. winning.|wanting. winning.j wanting. _ winning. 
DIA 3s -rino ga e ln go; 
1/2,4 -- 26, 6 - 219, 


EBS S57 giS; 
I |2, 6 - r20, +8 Gig haze 


14354 - = 42, 22}5, 6 = = 638, 


Before 
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Before I make an end of this Introduction, it will not be impro- 
per to fhew how fome operations may often be contracted by barely 
introducing one fingle Letter, inftead of two or three, to denote 
the Probability of the happening of one Event. 

18. Let therefore x denote the Probability of one Event; y, 
the Probability of a fecond Event; z, the Probability of the hap- 
pening of a third Event ; then it will follow, from what has been 
faid in the beginning of this Introdudtion, that I—w, I— Y, 
1— z will reprefent the refpedtive Probabilities of their failing. 

This being laid down, it will be eafy to anfwer the Queftions of 
Chance that may arife concerning thofe Events. 

1°,-Lbet-it-be demanded, what is the Probability of the happen- 
ing of them all; it is plain by what has been demonftrated before, 
that the anfwer -will be denoted by xyz. 

2°, If it be inquired, what will be the Probability of their all 
failing; the anfwer will be 1—x x 1—y x 1—.2, which being 
expanded by the Rules of Multiplication would be 1 — x—y — z 
-H xy -A xg -Hz =z; but the firft expreffion is more eafily 
adapted to Numbers, 

3°. Let it be required to affign the Probability of fome one of 
ther or morë happening ; as this Queftion is exaétly equivalent to 
this other, what isthe Probability of their not all failing, the anfwer 
will bèp TE xx I— yx 1—2, which being expanded will 
become x By 9 — xy. — XZ SE KY, 

4°. Let it be demanded what is the Probability of the happening 
of the-firft and fécond, and at the fame time of the failing of the 
third, the Queftion, is, anfwer’d. by barely writing it down algebrai- 
cally ; thus, xy x T=, ‘or ky xe, and for the fame reafon the 
Probability of the happening of the firft and third, and the failing of the 
fecond, will be xg x I—y Or xy — xyz; and for the fame reafon 
again, the Probability of the happening of the fecond and third 
and the failing of the firt, will be yz x 1 — x, or ya—xyz. And 
the Sum of thofe three Probabilities, viz. xy + xg -+ Jz — 34S 
will exprefs the Probability of the happening of any two of them, 
but of no more than two. 

5°. If it be demanded what is the Probability of the happening 
of the firft, to the exclufion of the other two, the anfwer will be 
xx II—I x IK, OF N— XY — X% AIS 5 and in the fame man- 
ner, the Probability of the happening of the fecond to the exclu- 
fion of the other two, will be y—xy — yz -+ xyz; and again, 
the Probability of the happening of the third, to the exclufion of ja 

other 
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other two, will be g—xz—y2-+ xyz, and the Sum of all thefe 
Probabilities together, viz. x ++ J -H Z — 2KY — 2X% — 2y% 4- By 
will exprefs the Probability of the happening of any one of them,. 
and of the failing of the other twos, and. innumerable cafes: of the 
fame nature, belonging to any number of Events, may be folved: 
without any manner of trouble to the imagination, by the mere: 
force of a proper Notation. 
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Solutions of feveral forts of Problems, deduced 
from the Rules laid down in the Introduction. 


PROBS E MTI 


If A and B play with fingle Bowls, and fuch be the skill 
of A that he knows by Experience he can give B two 
Games out of three; what is the proportion of their 
skill, or what are the Odds, that A may get any one 
Game affigned. ee Pies. 


7 Cit a f 


= nie ab ve a 
od SOLUTION. - ors l 
ET the proportion of Odds be as g to 1; now fince 4ean 

give B 2 Games out of 3, 4 therefore may upon an equa- 


lity of Play undertake to win 3 Games together: but the 
probability of his winning the firft time is — —, and by 
the 8% Article of the Introduétion, the probability of his winning 
three times together is Ta. % = x =r or =r ; but be- 
caufe 4 and B are fuppofed to play upon equal terms, then the pro- 
bability which 4 has of winning three times together ought to be 


= ’d b RS o : z3 ite a 
exprefs'd by — ; we have therefore the Equation es 


2 
or 22? == %-+-1\*, and extracting the cube-root on both fides, 


ZY2=—==2-+ 1; wherefore z == : 


aa , and confequently the 
> yz2— 1i 
Odds that 4 may get any one Game aflign’d are as 


: to 1, 
s Y2—1 
or as I to y2—1, that is in this cafe as ṣo to 13 very near, 
COROLLARY. 
By the fame procefs of inveftigation as that which has been usd 
in this Problem, it will be found that if 4 can, upon an equality 
of 
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of Chance, undertake to win 7 times together, then he may juftly lay 
the Odds of 1 to 2—1, that he wins any one Game affign’d. 


PROBLEM UW. 


If A can without advantage or difadvantage give B x 
Game out of 33 what are the Odds that A foall take 
any one Game affignd ? Or in other terms, what is the 
proportion of the Chances they refpettively have of win- 
ning any one Game afignd? Or what is the propor- 
tion of their skill ? 


SOLUTION. 

Let the proportion be asg to 1; now fince 4 can give B 1 Game 
out of 3; therefore 4 can upon an equality of Play undertake to win 
3 Games before B gets 2: now it appears, by the 17% Art. of the 
Introduétion, that in this cafe the Binomial z+ 1, ought to be 
raifed to its fourth power which will be =+4-42*-+ 62% + 4% -+ 1, 
and that the Expe@ation of the firft will be to the Expectation of 
the fecond, as the two firft terms to the three laft, but thefe Ex- 


peétations are equal by hypothefis, therefore g4 4- 42% == 62% -+ 
4%- 1: which Equation being folved, æ will be found to be 1,6 
very near ; wherefore the proportion required will be as 1.6 to 1, 


or 8 to 5. | 
PRO BEE M HII 


To find in how many Trials an Event will probably happen, 
or how many Trials will be neceffary to make it indiffe- 
rent to lay on its Happening or Failing ; fuppofing that 
a is the number of Chances for its happening in any one 


Trial, and b the number of Chances for its failing. 


SOLUTION. 

Let x be the number of Trials; then dy the 16% Art. of the 
introd, 6* will reprefent the number of Chances for the Event to fail 
x times fucceflively, and aA * the whole number of Chances for 

L” 
a+b 
lity of the Event’s failing x times together, but. by ae 

I that 


happening or failing, and therefore reprefents the probabi- 
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that Probability is equal to the probability of its happening once at 
leaft in that number of ‘Trials ; wherefore either of thofe two Pro- 


babilities may be exprefied by the fraGion — , we have therefore 


eat B* ; 
the Equation == — , or a+-0\* = 2b", from whence is 


apb” 
deduced the Equation x log. a-b == x log. ġ -+ log. 2, and therefore 
Log. z 
t e] . 
Log. a -+ $ — log. & 
Moreover, let us reaffume the Equation 2+-4\* == 24*, where- 


in let us fuppofe that a, 6 :: 1, g, hence the faid Equation will 
be changed into this 1 ++ = ==2. Orxxlog.I -+ 7 = log.2. 
in this Equation, if g be equal to 1, x will likewife be equal to 1, 
but if g differs from Unity, let us in the room of log, 14 a 
write its value expreffed in a Series; vz. 


I r I 1 I I 
mE a a ae ee O 
. x 
We have therefore the Equation 5z — zy? &c. = log.2. Let 


us now fuppofe that g is infinite, or pretty large in refpect to Unity, 
and then the firft term of the Series will be fufficient, we {hall 


therefore have the Equation — == log. 2, or x= q log. 2; but 


it is to be obferved in this place that the Hyperbolic, not the Ta- 
bular Logarithm of 2, ought to be taken, which being 0.693, &c. 
or 0.7 nearly, it follows that x == 0.79 nearly, 

Thus we have affign’d the very. narrow limits within which the 
ratio of x to g is comprehended; for it begins with unity, and ter- 
minates at laft in the ratio of 7 to 10 very near. 

But x foon converges to the limit 0.79, fo that this value of x 
may be affumed in all cafes, let the value of g be what it will. 

Some ufes of this Problem will appear by the following Examples. 


EXAMPLE L 


Let it be propofed to find in bow many throws one may undertake 
with an equality of Chance, to throw two Aces with two Dice. 


The number of Chanees upon two Dice being 36, out of which 
there is but one Chance for two Aces, it follows that the number of 
Chances againft it is 35; gano therefore 35 by 0.7, and the 


produc 


© 
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product 24.5 will. thew that the number of) throws: requifite, to that 
effect will be between 24 and 25. 


EXAMPLE 2. 
To find. in how many throws of three Dice, one may. undertake 
to throw three Aces. 


The number of all’ the Chances upon three Dice being 216, out 
of which there is but one Chance for 3 Aces, and 215 againft it, 
it follows that 215 ought to be multiply’d by 0.7, which. being 
done, the produé& 150.5 will fhew that the number. of Chances 
requifite to that-effe&t will be 150, or very near it. 


EXAMPLE. 3. 

In a Lottery whereof the number of blanks is to the number of prizes 
as 39 to 1, (fuch as was the Lottery in 1720) to find how many 
Tickets one muft take to make it an equal Chance for one or more 
Prizes, 


Multiply 39 by 0.7 and the product 27.3 will thew that the num- 
ber of Tickets requifite to that effed will be 27 or 28 at moft. 

Likewife in a Lottery whereof the number of Blanks is to the 
number of Prizes as 5 to 1, multiply 5 by 0.7, and the produc 
3.5 will thew that there is more than an equality of Chance in 4 
Tickets for one or more Prizes, but lefs than an equality in three. 


REMARK, 

In a Lottery whereof the Blanks are to the Prizes as 39 to 1, if 
the number of Tickets in all were but. 40, the proportion above- 
mentioned would be alter’d, for 20.Tickets would be a fufficient 
number for the juft ExpeCtation.of the fingle Prize; it being evi- 
dent that the Prize may be as well among the Tickets which are taken, 
as among thofe that are left behind, 

Again, if the number of Tickets in all were 80, ftill preferving 
the proportion of 39 Blanks to one Prize, and confequently fup- 
pofing 78 Blanks to 2 Prizes, this proportion would ftill be alter’d ; 
for by the Doctrine of Combinations, whereof we are to treat after- 
wards, it will appear that the Probability of taking one Prize or 


both in 20 Tickets would be but -= , and the Probability of ta- 
king none would be eh: ; wherefore the Odds againft taking any 
Prize would be as 177 to 139,.0r very near as 9 to 7. 

I And 
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And by the fame Doétrine of Combinations, it will be found that 
23 Tickets would not be quite fufficient for the Expedation of a 
Prize in this Lottery ; but that 24 would rather be too many: fo 
that one might with advantage lay an even Wager of taking a Prize 
in 24 Tickets. 

If the proportion of 39 to 1 be oftner repeated, the number of 
Tickets requifite for the equal Chance of a Prize, will ftill increafe 
with that repetition ; yet let the proportion of 39 to 1 be repeated 
never fo many times, nay an infinite number of times, the number of 
Tickets requifite for the equal Chance of a Prize would never exceed 
— of 39, that is about 27 or 28. 

Wherefore if the proportion of the Blanks to the Prizes is often 
repeated, as it ufually is in Lotteries; the number of Tickets re- 


quifite for a Prize will always be found by taking — of the pro- 


portion of the Blanks to the Prizes. 

Now. in order to have a greater variety of Examples to try this 
Rule by, I have thought fit here to annex a Lemma by me pub- 
lifhed for the firft time in the year 1711, and of which the in- 
veftigation for particular reafons was defer’d till I gave it in my 
Mijfcellanea Analytica anno 1731. ‘ 


LEMMA. 


To find how many Chances there are upon any number of Dice, 
each of them of the fame number of Faces, to throw any given 


number of points. ð 
SOLUTION- ba 


Let p- 1 be the number of points given, 2 the number of Dice, 
f the number of Faces in each Die: make p—/== 4 7—/f=—r, 
r= fos, sft, &c. and the number of Chances required will be 


— I] j— 2 A 

a gel a (ty So ic 

I 2 3 

q g=] g =— 2 £ id 
ons sc. x 5 > xc x5 

r fa I r— 2 n a — I! 
+7 * = x 3 » &C x — * 

Ss s — 1I s— 2 n fim I u— 2 
— — X x > OG b —;X x 

I z 3 i 2 3 
w= SCC, 


# 


Which Series’s ought to be continued till fome ‘of the Fators in 
each product become either == 0, or negative, 


i! N: B. 


mnn ee tts 
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N. B. So many Faétors are to be taken in each of the produéts 
ext ¥ = , &e, +x Stier , &c. as there are 
Units in 2— I. 

Thus for Example, let it be required to find how many Chances 
there are for throwing 16 Points with four Dice, then making f + 1 
== 16 we have p==15, from whence the number of Chances re- 
quired will be found to be 


But — 336 -+ 6 = I25, and therefore one hundred and twenty-. 
five Pie number of Chances uired. y 


Again, let it be required to nd the number of Chances for 
throwing feven and twenty Points with fix Dice; the operation 


= -+ 65780 
eI SSAA, 
== -+ 30030 


Wherefore 65780 — 93024 -+ 30030 — 1120 == 1666 is the num- 
ber of Chances required, 

3°. Let it be farther required to aflign the number of Chances 
for throwing fifteen Points with fix Dice. 


== -- 2002’ 
iy Aa Sane I A a 
ee Rg Peg agen eas © 


But 2002 — 336 = 1666 which is the number required, 


COROLLARY. 

Alf the points equally diftant from the Extremes, that is from 
the leaft and greateft number of Points that are upon the Dice, 
have the fame number of Chances by which they may be produ- 
ced; wherefore if the number of points given be nearer to the 
greater Extreme than to the lefs, let the number of points pren 

c 
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be fubtraéted from the Sum of the Extremes, and work. with the 
remainder, and the Operation will be fhortened. 

Thus if it be required to find the number of Chances for throw- 
ing 27 Points with 6 Dice: let 27 be fubtracted from 42, Sum of 
the Extremes 6 and 36, and the remainder being 15, it may be 
concluded that the number of Chances for throwing 27 Points is 
the fame as for throwing 15 Points. 

Although, as I have faid before, the Demonftration of this Lemma 
may be had from my Mifcellanea; yet I have thought fit, at the. 
defire of fome Friends, to transfer it to this place. 


DEMONSTRATION. 

1°, Let usimagine a Die {o conftituted as that there fhall be upon 
it a certain number of Faces, all marked 1 ; and let the number of 
thofe Faces be denominated by 7; 2°. let us imagine that there are 
as many Faces marked 11, as are denominated by rr; 3°. let us 
imagine that there are as many faces marked 111, as are denominated 
by 7?, and fo on; which being done, the geometric Progreffion 
I-77 -rr r Hri Hr ro + 77 +7", &c, continued to 
fo many Terms as there are different Denominations in the Die, fo 
that this Progreflion may reprefent all the Chances of one Die: 
this being fuppofed, it is very plain that in order to have all the 
Chances of two Dice this Progreffion ought to be raifed to its Square, 
and that to have all the Chances of three Dice, the fame Progref- 
fion ought to be raifed to its Cube ; and univerfally, that if the num- 
ber of Dice be expreffed by z, that Progreffion ought accordingly 
to be raifed to the Power z: Now fuppofe the number of Faces in 


each Die tobe /, then the Sum of that Progreffion will be ee > 


and confequently all the Chances that can happen upon # Dice, 
will be exprefied by fome Term of the Series that will refult from 


the Fraction raifed to the power 7; but as the leat num- 


ber of Points, that can be thrown with z Dice, is » Units, and 
the next greater 7-1, and the next »+-2, &c. it is plain that 
the firt Term of the Series will reprefent the number of Chances 
for throwing 7 Points, and that the fecond Term of the Series will 
reprefent the number of Chances for throwing # -+ 1 Points, and 
fo on. And that therefore if the number of Points to be thrown be 


exprefled by p -+ 1, it will be but afligning that Term in the Series © 


of which the diftance from the firft thall be exprefled by p -+ 1 — 7- 
But 
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But the Series which is to refult from the raifing of the Fraétion 


1— rt : g 

to the Power-x,.is the produét of two other Series, whereof 

a-p I ai n 
2 


2 
F x—— 7, &e. the 
pi ? 


r p 


. n a 
one 1S ES a li ea aa atte o 
ua—t u—Z 


hls Tew Ruler & raf, &c, 


I 2 
Wherefore, if thefe two Series be multiplied together, all the ‘Terms 
of the Produ& will feverally anfwer the feveral numbers of Chances 
that are upon 7 Dice. 


And therefore if the number of Points to be thrown’ be expreffed 
by -+ 1, it is but collecting all the Terms which are affected by 
the Power 7?+!—*, and the Sum of thofe Terms will anfwer 
the Queftion propofed. . 

But in order to find readily all the Terms which are affeGted by 
the Power 7/+'—*, let us fuppofe, for fhortnefs fake, p -H1 —z==/; 
now let us fuppofe farther that Ev’ is that Term, in the firft Series, 
of which the diftance from its firit Term is /; let alfo Dr’ be 
that Term, in the firft Series, of which the diftance from its firft 
Term is /—f, and likewife that Cr/-2/ is that Term, in the firft 
Series, of which the diftance from its firft 'Term'is denoted by 7— 2f, 
and fo on, making perpetually a regrefs towards the firft Term, This 
being laid down, let us write all thofe Terms in order, thus 

Er? + Dr- +- Cr +-.Br-¥f, &c. 
and write underneath the Terms of the fecond Series in their natu- 
ral order. ‘Thus 

Erl- Dr-f + Cr-7 4- Bri &c, 


n IT a 
Saleen Ss bs artery See ery, i 


. n Bam J 
other isi — 7/4. raK 


n — I n — 2 
~ x Tare &c. 


then multiplying each Term of the firft Series by each correfpon- 
ding Term of the fecond, all the Terms of the produ, viz. 


2 i 2 


will be affected with the fame power 7/, 
Now the Coefficient E containing fo many fa@tors + y ZEL: x 
I 2 


n 2 


Er! — Dr! 4- = T Oa Sear sandra 2 x “<—— Bri, &c. 


hs &c. as there are Units in Z; it is plain, that when the De- 


nominators of thofe factors are continued beyond a certain number 
of them, denominated by 2 — 1, then that the following Denomi- 
nators will be'z, 2-1, 2-2, &c. which being the fame as the 
firft Terms of the Numerators, it follows that if fromthe value of 
the Coefficient E be rejected thofe Numerators and Denominators 

: which 
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which areequal, there will remain out of the Numerators written 
in an inverted order the Terms 2-++-]—1, 24-/—2, n+-/— 3, 
&c, of which the laft will be Z- 1; and that, out of the Denomi- 
Nators written in their natural order, there will remain 1, 2, 3, 4, 
5, &c. of which the lat will be 2— 1, all which things depend 
intirely on the nature of an Arithmetic Progreffion, Wherefore the 
firft Term 
Ef ho n—+-J—1 = ghd as of a+ /—3 Fs hack 


i 2 3 C9 IS RP) eg 


Now in the room of /, fubftitute its value -+ 1— 7, then Er’ == 
byt oe 


fecond Term 


, &c. x 7, and in the fame manner will the 


Aft hy bf 


—2Dr be = a tet y toe A &c. xar’, and alfo 
I 

that the third Term 

Cr! will be = 4Y A y AE ge, 


Z 


he aa soa 
x = x Ay and fo on. Suppofe nowr==1, p—/==7, qf =, 
7—f==s, &c. then you will have the very Rule we have given 
in our Lemma. ; 

Now to add one Example more to our third Problem, let it be 
required to find in how many throws of 6 Dice one may undertake 
to throw 15 Points precifely. 

The number of Chances for throwing 15 Points being 1666, and 
the whole numberof Chances upon 6 Dice being 46656, it fol- 
lews that the number of Chances for failing is 44960; wherefore 
dividing 44960 by 1666, and the quotient being 27 nearly, multi- 
ply 27 by 0.7, and the product 18.9 will fhew that the number 
of throws requifite to that effect willbe very near 19. 


PROBL EM. IV. 


To find how many Trials are neceffary, to make it probable 
that an Event will happen twice, fuppofing that a is the 
number of Chances for its happening in any one Trial, 
and b the number of Chances for its failing. 


SOLUTION. 
Let « be the number. of Trials: then from what has been demon- 


{trated im the 16th Art. of the Introd. it follows that 4* -- tier 
the 
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the number of Chances whereby the Event may fail, a- b\* com- 

frebending the whole number of Chances whereby it may either 
appen or fail, and confequently the probability of its failing is 
b* + xab” T! 
prey ay, 


failing are equal, we have therefore the Equation 


, but by Hypothefis the Probabilities of happening and 


BF prab 
v a+ A” 
= | , ora+Al * = 2%* 4 2ab*—, or making a, 6 :: 1, g; then 


1 -+ >!“ =24 —. Now if in this Equation we fuppofe 
q= 1, « will be found == 3, and if we fappofe g infinite, and 
alfo > == 2, we {hall have the Equation z == log. 2 -+ log. 1-+4-z, 
in which taking the value of z, either by Trial or otherwife, it will 
be found == 1.678 nearly ; and therefore the value of x will alwaysbe 
the limits 39 and 1.6789, but x will foon converge to the laft of thefe 
limits; for which reafon if g be not very fmall, x may in all cafes 
be fuppofed —= 1.6789 ; yet if there be any fufpicion that the value 
of x thus taken is too little, fubftitute this value in the original 


REA 


Equation 1-- Jo pe = , and note the Error. Then if 
it be worth taking notice of, increafe a little the value of x, and fub- 
ftitute again this new value of x in the aforefaid Equation; and 
noting the new Error, the value of x may be fufficiently correéted 
by applying the Rule which the Arithmeticians call double falfe 
Pofition. 
EXAMPLE f. 
To find in how many throws of three Dice one may undertake to 
throw three Aces twice, 


The number of all the Chances upon three Dice being 216, out 
of which there is but 1 Chance for three Aces, and arg againft it; 
multiply 215 by 1.678, and the product 360.7 will thew that the 
number of throws requifite to that effect will be 360, or very near 
it. 

EXAMPLE 2. 
To find in how many throws of 6 Dice one may undertake to throw 
15 Points twice. 


The number of Chances for throwing 15 Points is 1666, the 
number of Chances for miffing 44990; let 44990 be divided by 
1666, 
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1666, the Quotient will be 27 very near: wherefore the propor- 
tion of Chances for throwing and mifling 15 Points are as 1 to 27 
refpectively ; multiply therefore 27 by 1.678, and the product 45.3 
will {hew that the number of Chances requifite to that effe& will. 
be 4.5 nearly. 
EXAMPLE 3. 
In a Lottery whereof the number of Blanks is to the number of Prizes 
as 39 to 1: to find how many Tickets muf be taken to make it 
as probable that two or more benefits will be taken as not. 


Multiply 39 by 1.678 and the produ& 65.4 will thew that ho 
lefs than 65 Tickets will be requifite to that effect. 


P:R. .O BL? E.M Vv. 
To find how many Trials are neceffary to make it probable 
that an Event will happen three, four, five, &c. times; 
Suppofing that a is the number of Chances for its happen- 
ing in any one Trial, and b the number of Chances for 


ats failing. > 
OLUTION. 


Let x be the number of Trials requifite, then fuppofing as be- 
fore a, È :: 1, g, we fhall have the Equation 1+ = “== 2x 


x 


x — i ° i 
a ee a L the cafe of the triple Event; or 


“ss 2xtp pt xs oe x SS i 
in ue cafe of the quadruple Event : and the law of the continu- 
ation of thefe Equations is manifeft. Now in the firft Equation if 
g be fuppofed == 1, then will x be = 5; if g be fuppofed infinite 


or pretty large in refpect to Unity, then the aforefaid Equation, 
making —= z, will be changed into this, z == log. 2 + log, 


e yE — zz 3 wherein g will be found nearly == 2.675, where- 
fore x will always be between sg and 2.6757. 

Likewife in the fecond Equation, if g be fuppofed ==1, then 
will x be = 7%; but if g be fuppofed infinite or pretty large in re- 
fpe& to Unity, then z = log. 2 + log. 1-+-% 4+ 22+ 2%; 

G ‘whence 
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whence g will be found nearly == 3.6719, wherefore x will be be- 
tween 79 and 3.67199. 


A Taser of the Limits. 

The Value of x will always be 
For a fingle Event; between 1g and 0.6937 
For a double Event, between 39 and 1.6789 
For a triple Event, between 59 and 2.6757 
Foraquadruple Event, between 7g and 3.6729 
For a quintupleEvent, between 9g and: 4.6709 
For a fextuple Event, between 11g and 5.6689 
&c. 


And if the number of Events: contended for, as well as the num= 
Ber q be pretty large in refpett to Unity » the number of Trials: 


a4— 


I 
-mg OF 


requifite for thofe Events: to happen » times will be 
barely 7g. 

REMARK. 

_ From what has been faid we may plainly perceive that altho” 
we may, with an equality of Chance, contend about the. happening 
of an Event once in a certain number of Trials, yet we cannot, 
without difadvantage, contend for. its happening twice in double 
that number of Trials, or three times in triple that number, and {o on. 
Thus, altho’ it be an equal Chance, or rather more than an Equa- 
lity, that I throw two Aces with two Dice in 25 throws, yet I can-- 
not undertake that the two Aces {hall come up twice in 50 throws, 
the number requifite for it being 58 or 59 ; much lefs can I under- 
take that they fhall come up three times in 75 throws, the number 
requifite for it being between 93 and 94: fo that the Odds-againft the: 
happening of two Aces in the firft throw being 35 to 1, I cannot un- 
dertake that in a very great number of Trials, the happening fhall. 
be oftner than in the proportion of 1to 36; and therefore we may 
lay down this general Maxim,, that Events at Jong rua will not hap- 
pen oftner than in the proportion of the Chances they have to hap- 
pen in any one Trial; and that if we aflign any. other proportion. 
varying never fo little from that, the Odds againft us will increafe 
continually. 

To this may be objected, that from ‘the premifes. it would feem. 
to follow, that if two equal Gamefters were to play together for 
a confiderable time, they would part without Gain or Lofs on either 
fide; but the anfwer is eafy, the longer they play the greater Pro 

bability, 


| 
| 
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bability there.is of an increafe of abfolute Gain or Lof; but at the ’ 
fame'time, the greater Probability there is alfo of a decreafe, in réfpect 


tothe number of Games played. ‘Thus if 100 Games produce a dif- 


ference of 4.in the winnings or lofings, and that 200 Games produce 
a difference of 6, -there will’be a greater proportion of Equality 
in ithe fecond cafe -than in -the firft. 


PRO-BLEM. VI 

Three Gamefters A, B,C play together on this condition, 
that he hall win the: Set who-has fooneft got a certain 
number of Games, the proportion of the Chances which 
each of them:has to get any one Game afigned, or which 
is the fame thing, the proportion of their skill, being ire- 
Jpebtively as a„b, c. Now after they have played Jome 
time, they find themfelves inthis circumfance, that A 
wants 1 Game of being up, B2Games, and C 3 Games; 
the whole Stake between them being fupposd 1 ; what 
is the Expeétation of each ? 


SOLUTION. ; 

In the circumftance the Gamefters are in, the Set will be ended 
in..4 Games at moft ; let therefore a+b- ¢ be raifed'to the fourth 
power, which will beat -+ 4a*b +- 6aabb + 4ab3 +- b+ -4 4a*¢ 4+- 
12aabe + 4b%c + 6aacc +- 12abcc 4 Obbcc A- 4a + 12achb -+- 
Abe3 + ct, 

The terms a* -+ 4035 -+ 44t +- 6aace + 12aabc +- 12abcc, 
wherein the dimenfions of a are equal to or greater than the number 
of Games which A wants, wherein alfo the Dimenfions of d and ¢ 
are lefs than the number of Games which Band G refpectively want, 
are intirely favourable to 1⁄4, and are part of the Numerator of his 
Expectation. 

In the fame manner, the terms 4+ -+ 4d8¢ -+ 6bbcc are intirely fa- 
vourable to B. 

And likewife the terms 44c* ++ c+ -afe intirely favourable to C. 

The reft of the terms are. common, as favouring partly one of 
the Gamefters, partly one or both of the other; wherefore thefe 
Terms are fo to be divided into their parts, that the parts, refpective- 
ly favouring each Gamefter, may be added to his Expectation. 


G2 Take 
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Take therefore all the terms which are common, viz, 6aabb, 4ab?; 
i2abcc, 4act, and divide them actually into their parts; that is, 
1°, 6aabb into aabb, abab, abba, baab, baba, bbaa. Out of’ thefe 
fix parts, one part only, viz. dbaa will be found to favour B, for 
tis only in this term ‘that two Dimenfions of % are placed-before 
one fingle Dimenfion of æ, and therefore the other five parts belong 
to 4; let therefore saabb be added to the Expectation of 4, and 
1aabb to the Expeétation of B. 2°. Divide 4ab?, into its parts 
abbb, babb; bhab, bbba; of thefe parts there are two belonging :to 
_.4, and the other two.to B; let therefore 24b? be added to the ex- - 
pectation of each.. 3°. Divide 12addc into its parts; and eight of 
them will be found, and four to B; let therefore 8ab4c be added 
to the Expectation of 4, and 4abbc.to the Expectation of C.. 4°. Di- 
`- yide 4ac? into its:parts, three of which will be found to be favourable 
to A, and one to.C; add therefore 3ac? to the Expectation of 4, 
and rac? to the Expeétation of C. Hence the Numerators of the 
feveral Expeétations of 4, B, C, will be refpectively, 

I. a+ 40h +. gate + Gaace 4..124abc 4~ 12abce.-- -saabb 
-h 2ab%—- Babbe +- 340°. 
2. b+ + 4b3c -p 6bbcc 4--14abb -4 24b +. gabce. 
3. 4bc% + 164 4+ Iac? 
"The common Denominator of all their Expeétations being a -8-0 +: 

Wherefore if 2,4, c, are in a proportion of equality, the Odds 
of winning will be refpectively as 57, 18, 6; oras 19, 6) 2. 

If n be the. number. of all the Games that are wanting, p the 
number of Gametters, a, b; c, d, &c. the proportion of the Chances 
which each Gamefter has refpectively to win any one Game affigned ; 
let a -+ b-c a, &c. be raifed to the power »+4-1—~f, and 
then proceed as before. 


PROBLEM VII 
Two Gamefters A and B, each having 12-Counters, play 
with three Dice, on condition that if 11 Points come up, 
B fhall give one Counter to A; if 14. Points come up; A 
foall give one Counter to B; and that he fhail be the 
winner who fhal! fooneft get all the Counters of bis Ad- 
verfary: what is the Probability that each of them» 
has of winning ? 
SOLUTION., 
Let the number cf Counters which each of them has be ==; 
and let a and 6 be the number af Chances they have pov 
or: 


The Doctrine of CHANCES 45 


for getting a Counter, each caft of the Dice: which being fuppofed, 
I fay that the Probabilities of winning are refpectively as a? to dP ; 
now becaufe in this cafe p== 12, and that, by the preceding Lemma, 
a= 27, and b= 16, it follows that the Probabilities of winning 
are refpectively as 27'* to 15%*, of as g** to 5**, or as 282429536481 
to 244140625, which is the proportion afligned by Huygens in this 
particular cafe, but without any Demontftration. 


Qr more generally : 
Let p be the number of the Counters of 4, and g the number of 
the Counters of B; and let the proportion of the Chances be as æ to b. 


I fay that the Probabilities of winning will-be- refpectively as af x 
a — bb to bP xal — bi, 


DEMONSTRATION: 

Let it be: fuppofed that 4 has the Counters E, F, G, H, &c. whofe 
number is p, and that B has the Counters I, K, L, &c. whofe num- 
ber is g: moreover, let it be fuppofed that the Counters are the 
thing play’d for, and that the value of each Counter is to the value of 
the following as æ to 4, in fuch manner as that E, F, G, H, IK, 
L be in geometric Progreffion; this being fuppofed, Æ and B in 
every circumftance of their Play may lay down two fuch Counters 
as may be proportional to the number of Chances each has to get a 
fingle Counter ; for in the beginning of the Play, , may lay down 
the Counter H, which is the loweft of his Counters, and B the 
Counter I, which is his higheft; but H, I :: a, 6, therefore 4 and B 
play upon equal terms. If beats B, then 4 may lay down the 
Counter A which he has juft got of his adverfary, and B the Coun- 
ter K; but I, K :: a, 4, therefore Zand B ftill play upon equal 
terms. But if 4 lof the firft time, then 4 may lay down the Counter 
G, and B. the Counter H, which he juft now got of his adver- 
fary; but G, H :: a, 6, and therefore they ftill- play upon equal 
terms as before : So that, as long as they play together, théy play 
without advantage or difadvantage. Now the Value of the Expec- 


tation which 4 has of getting all the Counters of B is the product - 


of the Sum he expects to win, and of the probability of obtaining 


it, and the fame holds alfo in refpect to B: but the Expectations - 


of A and B are fuppofed equal, and:therefore the Probabilities which 
they have refpectively of winning, are reciprocally proportional to 
the Sums they expect to win, that is, are direétly proportional to 


the. Sums they are poffe’d of. Whence the Probability Pee 
ase 


i} 


| 
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‘has of ‘winning all ‘the Counters of B, is to the Probability which 


uB has of winning all ‘the*Counters of 4, as the Sum of the terms, 
"E, F; G,H, whofe number is b, to the Sum of the terms J, K, L, 


‘whofe’ number is g, that'is as a? x ab — J? to bf x a! — 08; as will 
‘éafily appear if tHofe terms which ate in geometric Progreffion are 
“adtually fummed up by the known Methods. Now the’ Probabili- 
ties of winning are not influenced by ‘the Suppofition here made of 
each Counter being to the following in the proportion of 4 to 4; 
and therefore when thofe Counters are fuppofed of equal value, or 
father of ‘ho value, but ferve only to mark the number of ‘Stakes 
«won' or loft on either fide, the Probabilities of winning ‘will be the 
fame as we have affigned. 


> 


COROLLARY I. 

If we fuppofe both a and 4 in‘a ratio of equality, the expreflions 
whereby the Probabilities of winning are determined will be reduced 
tothe proportion of p tog, which will eafily appear if thofe ex- 
preffions ‘be both divided by Z= 0. 


CoROLLARY 2. 
_ If Hand B play together for’a’ Guinea “a Game, and 4 has but 
one fingle Guinea to lofe, but B any number, let it be never fo 
large; if 4 in each Game has the Chance of 2 to 1, he is more 
likely to win all the Stock of B than to lofe his fingle Guinea, and 
juft-as likely, if the Stock of B were infinite. 


REMARK. 

If pand g, or either of them be large numbers, it will be con- 
venient to work by Logarithms. 

Thus, if 4 and B play a Guinea a Stake, and the number of 
Chances which Æ has to win each fingle Stake be 43, but the num- 
ber of Chances, which B has to win it, be 40, and they oblige them- 
felves to play till fuch time as 100 Stakes are won or loft, 


From the logarithm of 43 == 1.6334685 
Subtra@ the logarithm of 40 == 1.6020600 


Difference == 0.031408 5 


Multiply this Difference by the number of Stakes to be play’d off, 
wiz. 100, the produc will be 3.1408 500, to which anfwers in the 
Table of Logarithms 1383 ; therefore the Odds that Æ beats B are 
1383 to I. Now 
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Now in all circumftances wherein 4 and B venture an equal Sum: 
the Sum of the numbers-exprefling the Odds, isto their difference, 
as the Money play’d for, is to the Gain of ‘the one, and the Lofs 
of the other, 


Wherefore, multiplying 1382 difference of the numbers expref-. 


fing the Odds by 100, Which is the Sum ventured by each Man, 
and dividing the product by 1384, Sum of the numbers expreffing 
the Odds, the Quotient will be, within a trifle, gg Guineas, and 2 
Shillings, fuppofing Guineas at 21⁄4. ‘ 

If inftead of fuppofing the proportion of the Chances whereby 4 
and B may refpectively win a Stake to be as 43 to 40, we fuppofe 


them as.44 to 40, or as If to ro, the Expectation of 4 will be: 


worth above ọọ Guineas, 20 Shillings and 1 Penny. 


PROBLEM VIL 


Tivo Gamefters A and B lay by 24 Counters, and play with 


three Dice, on this condition; that if 11% Points come 


up, A [hall take one Counter out of the heap ; if 14, B: 
fhail take out one; and be fhail be reputed the winner 


who foall Jooneft get 12 Counters. 


This Problem differs from the preceding in this, that the Play 


will be at an end in 23 Cafts of the Die at moft; (that is,.of thofe. 


Cafts which are favourable either to Æ or B) whereas in the prece- 


ding café the Counters pafling continually from one hand to the other, 


it will often happen that 4 and B will be in fome of the fame cir-- 


cumftances they were in before, which will make the length of the 
Play unlimited.. 
SOLUTION. 

Taking @and’d in the proportion of the Chances which there are 
to throw 11; and 14, leta -+ be raifed to the 234: Power, that 
is, to fuch Power as is denoted by the number of all the Counters 
wanting one: then fhall the 12 firft terms of that Power be to the 
12 laft in the fame proportion. as.are the Probabilities of’ winning. 


PROBLEM 
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PROBLEM IX 
Suppofing A and B, whofe proportion of skill is as a to b, to 
play together, till A either wins the number q of Stakes, 
or lofes the number p of them; and that B fets at every 
Game the Sum G to the Sum L, it is required to find 
the Advantage or Difadvantage of A. 


SOLUTION. 

Firft, Let the number of Stakes to be won or loft on either fide 
be equal, and let that number be #; let there be alfo an equality 
of {kill between the Gamefters: then I fay that the Gain of 4 will 
be pp x ot , that is the {quare of the number of Stakes which 
either Gamefter is to win or lofe, multiply’d by one half of the diffe- 
rence of the value of the Stakes, Thus if 4 and B play till fuch 
time as ten Stakes are won or loft, and B fets one and twenty Shil- 
lings to 20; then the Gain of 4 will be 100 times the half diffe- 
rence between 21 and 20 Shillings, wiz. 504 

Secondly, Let the number of Stakes be unequal, fo that be 
obliged either to win the number g of Stakes, or to lofe the number 
p3 let there be alfo an equality of Chance between 4 and B: then 
I fay that the Gain of 4 will be pg x GE! that is the produ& 


of the two number of Stakes, and one half the difference of the 
value of the Stakes multiplied together. Thus if 4 and B play 
together till fuch time as either 4 wins eight Stakes or lofes twelve, 
then the Gain of 4 will be the produ& of the two numbers 8 and 
12, and of 64 half the difference of the Stakes, which product 
makes 2 4.— 8/. 

Thirdly, Let the number of Stakes be equal, but let the number 
‘of Chances to win a Game, or the Skill of the Gamefters be un- 
equal, in the proportion of æ to 4; then I fay that the Gain of 4 
Will be, fe P18 ay 


-a—b 


Fourthly, Let the number of Stakes be unequal, and let alfo the 
number of Chances be unequal: then I fay that the Gain of 4 


‘will be je Xa — 8 — pb? x al — bf 


aG —4L 
af ti pt 


a— b 


multiply’d by 


a 


DEMON- 


Zhe Doctrine of CHANCES. 49 


DEMONSTRATION. 

Let R and S refpedtively reprefent the Probabilities which 4 and 
B have of winning all the Stakes of their Adverfary; which Pro- 
babilities have been determined in the viit Problem. Let us firk 
fuppofe that the Sums depofited by 4 and B are equal, wiz. G, 
and G : now fince Æ is either to win the Sum gG, or lofe the Sum 
~G, it is plain that the Gain of 4 ought to be eftimated by RgG 
— SG; moreover fince the Sums depofited are G and G, and that 
the proportion of the Chances to win one Game is as æ to 4, it fol- 


lows that the Gain of 4 for each individual Game is os ; and 


for the fame reafon the Gain of each individual Game would be 


a , if the Sums depofited by 4 and B were refpectively L 
and G. Let us therefore now fuppofe that they are L and G; 
then in order to find the whole Gain of 4 in this fecond circum- 
ftance, we may confider that whether 4 and B lay down equal 
Stakes or unequal Stakes, the Probabilities which either of them has 
of winning all the Stakes of the other, fuffer not thereby any alte- 
ration, and that the Play will continue of the fame length in both 
circumftances before it is determined in favour of either; wherefore 
the Gain of each individual Game in the firft cafe, is to the Gain 
of each individual Game in the fecond, as the whole Gain of the 
firft cafe, to the whole Gain of the fecond, and confequently the 


whole Gain of the fecond cafe will be Rg — Sp x co 


a=b ? 
reftoring the values of R and S, ga? x a? —~ b? — pb? x at =m df 
multiplied by Some 


a—bs 


PORO B L ROMS ox 


Three Perfons A, B, C, out of a heap of 12 Counters, 
whereof 4 are white, and 8 black, draw blindfold one 
Counter at a time, in this manner; A begins to draw; 
B follows A ; C follows B; then A begins again; and 
they continue to draw in the fame order, till one of 
them who is to be reputed the winner, draws the firff 
white. What are the refpective Probabilities of their 
winning ? 


or 


H SoLu- 
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SOLUTION. 


Let z be the number of all the Counters, æ the number of white, 
5 the number of black, and 1 the whole Stake or the Sum played 
for. 

1°, Since Æ has @ Chances for a white Counter, and ’ Chances 


for a black, it follows that the Probability of his winning is Fe - 
= — ; therefore the Expeđtation he has upon the Stake 1, arifing 
from the E he is in, when he begins to draw, is 
2 xI =% ; ; let it therefore be agreed among the Adventurers, 


that A fhall have no Chance for a white Counter, but that he thall 
be reputed to have had a black one, which fhall aétually be taken 


out of the heap, and that he fhall have the Sum — paid him out 


ofthe Stake, for an Equivalent. Now < beingtakenoutoftheStake 
a n — a b 
there will remain 1 — es Sen, Somers eee ar 9 
2°. Since B has æ Chances. for a white Counters and that the num- 
ber of remaining Counters is 2— 1, his Probability of winning 
will be -5 ; whence his Expectation upon the remaining Stake 


Aks arifing from the circumftance he is now in, will be y 
z 


_a—y 


Suppofe it therefore agreed that B {hall have the Sum — 
paid him out of the Stake, and that a black Counter thall alfo be 


taken out of the heap. This being done, the remaining Stake will be 
eng ern o E a , but 7b’ — ab == bb; wherefore 


n F An n., n— l 


b. 
the remaining Stake 1s ———_ 


n.n=—rI ° 
3°. Since C has a Chances for a white Counter, and that the 
number of remaining Counters is #— 2, his Probability of winning 


will be =, and therefore his Expectation upon the remaining 
Stake arifing from the circumftance he is now in, will be 
a tenes , which we will likewife fuppofe to be paid him out 


of the Stake, fill fuppofing a black Counter taken out of the. heap. 
b.6—1.b—-2.2@ Ô. 
4°. 4 may have out of the remainder the Sum PE ws Soe 


and fo of the reft till the whole Stake Le exhaufted. 
Where- 
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Wherefore having written the following general Series ; Viz. 
— + — P+ TEL T R a S,. &c, wherein 
P,Q, R; S, &c. denote the preceding Terms, take as many Terms 
of this Series as there are Units in å -+ 1, (for fince å reprefents the 
number of black Counters, the number of drawings cannot exceed 
b4-1,) then take for 4 the firft, fourth, feventh, &c. Terms; 
take for B the fecond, fifth, eighth, &c. for C the third, fixth, 
&c. and the Sums of thofe Terms will be the refpective Expecta- 
tions of 4, B, C, or becaufe the Stake is fix’d, thefe Sums will be 


proportional to the refpedctive Probabilities of winning. 
Now to apply this to the prefent cafe, make == 12, 4 = 4, 


b— 8, and the general Series will become = Ki Zp x ZQ 
<R + +S + 47 -+ ŻU -+ AX A =Y : or multiplying 
the whole by 495 to take away the fractions, the Series will be 
165 -+ 120 + 84 + 56+ 35 + 20+ 1044-41. 

Therefore affigning to Æ 165-4 56-4- 10 == 231, to B120- 


35 + 4==159, to C 84. -- 20- I = 105, the Probabilities of 
winning will be proportional to the numbers 231, 159, 105, or 


Tig ie A never fo many Gamefters 4, B, C, D, &c. whether 
they take every one of them one Counter or more ; or whether the 
fame or a different number of Counters, the Probabilities of winning 
will be determined by the fame general Series. 


REMARK I. 

The preceding Series may in any particular cafe be fhorten’d, for 
if a— 1, then the Series will be = xII FI Ii 1 +1,&e, 

Hence it may be obferved, that if the whole number of Coun- 
ters be exactly divifible by the number of Perfons concerned in 
the Play, and that there be but one fingle white Counter in the 
whole, there will be no advantage or difadvantage to. any one of 
them from the fituation he is in, in refpe& to the order of draw- 
ing, 

Ifa=2,then theSeries willbe — = XN—1--N—2--N—3-1-N—A-+-— 5, 
&c. 

If a == 3, then the Series will be ———+——- x 


a xn =— Ii KR——2 


T See eee 
me E XU 2b mm 2X mm 3 hme 3 Kh, &ce. 
H 2 If 
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If a==4, then the Series will be 4 


%N—IXN—2XN—3 A N—2xN—3 x eg, &Ke. 

Wherefore rejecting the common Multiplicators; the feveral 
Terms of thefe Series taken in due order, will be proportional to 
the feveral Expeétations of any number’ of Gamefters + thus in the 
cafe of this Problem where »== 12, and a==4, the Terms of 
the Series will be, 


For 4 For B For C 
1I X I0 X9 == 990 | To x 9 x 8 =.720 | 9 x 8 x7 = 504 
8x 7x6== 336| 7x6 xş = 210 | 6x $x 4= 120 


SZA K3 00] 4%3%2 a a 6 
1300 954 630 


Hence it follows that the Probabilities of winning will be re- 
{pectively as 1386, 954, 630, or dividing all by 18, as 77, 533 
35, as had been before determined. 


REMARK 2. 

But-if the Terms of the Series are many, it will be conyenient to 
fum them up by means of the following Method, which is an 
immediate confequence of the fifth Lemma of Sir J/zac Newton, 
printed in his Principia, and of which the Demonftration may be 
deduced from his Analyfis. 

If there be a Series of Terms, A, B, C; D, E, &c. let each 
Term be fubtracted from that which immediately follows it, and 
let the Remainders be called firft Differences, then fubtraét each 
difference from that which immediately follows it, and let the re- 
mainders be called fecond Differences; again, let each fecond diffe- 
rence be fubtracted from that which immediately follows it, and 
let the remainders be called third differences, and fo on. Let the 


Srt of the firft Differences be call’d d, the firft of the fecond d, 


the firft of the third £, &c. and let x be the interval between the 
firft Term A, and any other Term fuchas E, that is, let the num- 
ber of ‘Terms from A to E both inclufive be x + 1, then the Term 


xil 


“ XXX == I Xy mi, 
d 4- -m 4, &c. From heñce 


E == A ab xd -4 = x : f 
it manifeftly follows that let the number of Terms between A and E 
be 
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be never fo great, if it fo happen: that all the differences of one of 
the orders are equal to one another, the following differences of all 
the other orders will all be == o ; and that therefore the laft Term 
will be affignable by fo many Terms only of the Series aboye-writ- 
ten, as are denoted by the firft Difference that happens to be == o. 
This being premis’d, it will be eafy to thew, how the Sums of 
thofe Terms may be taken ; for if we imagine a new Series whereof 
the firt Term fhall be==o0; the fecond == A; the third == A+-B; 
the fourth =— A -+B C; the fifth —A+B-+C-+D, and fo 
on; itis plain that the affigning one Term of this Series is finding the 
Sum of all the 'Terms A, B, C, D, &c. -Now fince thofe Terms are 
the differences of the Sums 0, A, A+B, A+B-+C, A+ B- 
C+D, &c. and that by Hypothefis fome of the differences of A, 
B, C, D, are = o, it follows that fome of the differences of the 


Sums will alfo be = o ; and that whereas in the Series A -+ xd 


Beng rE d, &c. whereby a Term was afligned, A reprefented 


1 2 


the firt Term, d the firftof the firit differences, d the firft of the fc- 
cond differences, and that x reprefented the Interval between the firft 
Term and the laft, we are now to write o inftead of A; A in- 


fead of d; d inftead of di d inftead of d, &c, and «-+-1 inftead 
of x; which being done the Series expreffing the Sums will be 


otte ar aN LLS fig, a E) &e. or x 4-1 x 
RE E 


i -2 erate 


Aa ee — 
perhaps be improper to take notice, that the Series by me exhibited 
in my firft Edition, though feemingly differing from this, is the 
fame at bottom. 

But to apply this to a particular cafe, let us fuppofe that three 
Perfons 4, B, C playing on the fame conditions as are exprefled 
in this xth Problem, the whole number of Counters were 100, in- 
ftead of 12, -ftill-preferving-the fame number 4 of white Counters, 
and that it were required to determine the ExpeCtations of 4, B, C, 

It is plain from what has been faidi in the firft Remark, that 
the Expectation of 4 will be proportional to the fum of the num- 
bers ; 

99 x 98 x 97 + 96%95 x94 + 93x92 x91 -+90x 89x 88, a 
that 


=E d, &c. where it will not 
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that the Expectation of B will be proportional to the Sum of 
the numbers 


98 x97x 96 -95x94x93 + 92x 91x90 + 89x 88x87, &c. 
and laftly, that the Expedtation of G will be proportional to the 
Sum of the numbers 


97 x96x95 + 94x93X92 + 91x 90x89 -+ 88 x 87 x 86, &c. 
But as the number of Terms which conftitute thofe three Series is 
equal to the number of black Counters increafed by 1, as it has 
been obferv’d before, it follows that the number of all the Terms 
diftributed among 4, B, C, muft be 97 ; now dividing 97 by the 
number of Gamefters which in this cafe is 3, the quotient will be 
412, and there remaining 1 after the divifion, it 1s an indication 
that 33 ‘Terms enter the Expectation of 4, that 32 ‘Terms enter the 
Expectation of B, and 32 likewife the Expectation of C; from 
whence it follows that the laft Term of thofe which belong to 4 will 
be 3x 2x 1, the laft of thofe which belong to B will be 5x4 x 3, 
and the laft of thofe which belong to C will be 4x 3x 2. 

And therefore if we invert the Terms, and make that the firft 
which was the laft, then take the differences, according to what has 
been prefcribed, as follows. 

Aone 
2% 2x3 SS 6 114 
Ox 5x 4== 120 384 270 
gx 8x 7 = 504 gg 432 
12 x 1I x I0 = 1329 1415-594 


If X14 x 13 == 2730 
&c. 


then the Expedtation of 4, as deduced from the general Theorem, 
will be exprefs’d by 


x—t1 HOD ye 
Boa Ss oes 


xp xó- HE + -= 7) PO a T 


2 
which being contracted, then reduced into its factors, will be equi- 
valent to 


x 162 


= KX IXKE2ZXBXEEXQK EE 
In like manner, it will be found that the Expectation of B is 
equivalent to 
hx RHR I xR PAX SX GEE O 
And 
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And that the Expectation of C is equivalent to 


4 xe Tx % 2X Ox 27K + 16, 


Now x in each cafe reprefents the number of Terms wanting 
one, which belong feverally to 4, B, C; wherefore making x -+ I 
== f, the feveral Expectations will now be expreffed by the number 
of Terms which were originally to be fummed up, and which will 
be as follows. 


For 4, p xp Ix 3p — 2x 3p + I 
For B, p xp -H 1x 36 + 2 x 3p + 5 
For C, $ x p -+ 1x 9fp + 9p —2 


But ftill it is to be confider’d, that $ in the firft cafe anfwers to 
number 33, and in the other two cafes to 32; and therefore p 
being interpreted for the feveral cafes as it ought to be, the feve- 
ral Expedtations will be found proportional to the numbers 41225, 
39592, 38008. 

If the number of all the Counters were 500, and the number 
of the white ftill 4, then the number of all the Terms reprefenting 
the Expeétations of 4, B, C would be 497: now this number be- 
ing divided by 3, the Quotient is 165, and the remainder 2. From 
whence it follows that the Expetations of 4 and B confift of 166 
terms each, and the Expeétation of C only of 165, and therefore 
the loweft Term of all, viz. 3x 2x1 will belong to B, the laft 


but one 4x 3 x2 will belong to 4, and the laft but two will be- 
long to C. 


PR OLEM XI. 

If A, B, C throw in their turns a regular Ball having 
4 white faces and eight black ones ; and he be tobe re- 
puied the winner who hall frft bring up one of the 
white faces; it is demanded, what the proportion is of 
their refpeétive Probabilities of winning ? 


SOLUTION. 

The Method of reafoning in this Problem is exa@tly the fame as 
that which we have made ufe of in the Solution of the preceding: 
but whereas the different throws of the Ball do not diminifh the 
number of its Faces; in the room of the quantities b— 1, p —=2, 

J— 2, 
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b— 3, &c. n— 1, n= 2, n— 3, &c. employed in the Solution 
of the aforefaid Problem, we muft fabftitute 4 and z refpedtively, 
and the Series belonging to that Problem will be changed into the 
following, which we ought to conceive continued infinitely, 


4 g ab abb ab3 al+ sa &c. 


n nn n? n* ns 

then taking every third Term (thereof, the refpective Expectations 
of A, B, C will be exprefied by the following Series, 

a abs abten abd ab"? 

“et rc Sore ae Rra Be 

ab ab* abt ab? ab*3 

y -+ n> a n? sb nt* =j TES > &c, 

bb abs b8 Bs (ba: 

SES et > &. 

But the Terms, whereof each Series is compofed, are in geometric 
Progreflion, and the ratio of each Term in each Series to the fol- 
lowing is the fame; wherefore the Sums of thefe Series are in the 
fame proportion as their firft Terms, viz. as L as : pe sl > Or as 


an, bn, bb; that is, in the prefent cafe, as 144, 96; 64, of 9, 6, 4. 
Hence the refpective Probabilities of winning will likewife be as 
the numbers g, 6, 4. 


atid 
n nts 


COROLLARY I. 

If there be.any other number of Gamefters, 4, B, C, D, &c. 
playing on the fame conditions as above, take as many Terms in the 
proportion of 7 to 4, as there are Gamefters, and thofe Terms will 
refpectively denote the feveral Expectations of the Gamefters, 


COROLLARY 2. 

If there be any number of Gamefters 4, B, C, D, &c. playing 
on the fame conditions as above, with this difference only, that all 
the Faces of the Ball fhall be marked with particular figures 1,2,3,4, 
é&c. and that a certain number p of thofe Faces fhall -intitle < to be 
the winner ; and that likewife a certain number of them, as g, 7, 
s, t, &c. {hall refpectively intitle B, C, D, E, &c. to be winners; 
make 2 — p= a4, n—q =b, n—r==c, n—s=d, n—t 
=e, &c. then in the following Series ; 


a rab sabe fabca 
sh + Jo bie — —— -= 


< = >> i o &c. 


the Terms taken in due order will refpectively reprefent the feveral 
Probabilities of winning. 
a For 


The Doctrine of CHANCES. 57 


For if the law of the Play be fuch, that every Man having once 
play’d in his turn, fall begin regularly again in the fame manner, and 
that continually, till fuch time as one of them:wins ; then takeas many. 
Terms: ofthe Series as there are Gamefters,.and; thofe Terms will 
reprefent the refpeétive Probabilities of winning, 

And if it were the Law of Play that every Man fhould play fe- 
veral times together, for inftance twice: then taking for the two 
firft Terms, for B the two following, and fo on ; each. couple of 
Terms will reprefent the ref{pective Probabilities of winning, obfer- 
ving now that p and g are equal, as alfo -z ands. 

But if the Law of Play thould be irregular, then you are to take 
for each Man as many Terms of the Series as will anfwer that irre- 
gularity, and continue the Series till fuch time as it gives a fufficient 
Approximation, 

“Yet if, at any time, the Law of the Play having been irregular, 
fhould afterwards recover its regularity, the Probabilities of winning, 
will (with the help of this Series) be determined by finite expref- 
fions, 

Thus if it fhould be the Law of the Play, that two Men 4 and 
B having play’d irregularly for ten times together, tho’ in a manner 
agreed on between them, they fhould alfo agree that after ten throws, - 
they fhould play alternately each in his turn: diftribute the ten firft 
Terms of the Series between them, according to the order fixed upon 
by their convention, and having {ubtraéted the Sum of thofe Terms 
from Unity, divide the remainder of it between them in the pro- 
portion of the two following Terms, which add refpectively to the 
Shares they had before; then the two parts of Unity which Æ and 
B have thus obtained, will be proportional to their refpective Pro- 
babilities of winning. 


The Game of BASSET TE 


Rules of the Play.“ 


The Dealer, otherwife called the Banker, holds a pack of 52 
Cards, and having fhuffled them, he turns the whole pack at once, 
fo.as to difcover the laft Card; after which he lays down by couples 
all the Cards. 

The Setter, otherwife called the Ponte, has 13 Cards in his hand, 
one of every fort, from the King to the Ace, which 13 Cards are 
called a Book; out of this Book he takes one Card or ‘more at plea- 
fure, upon which he lays a Stake. 


I The 
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The Ponte may at his choice, either lay down his Stake before 
the pack is turned, or immediately after it is turned; or after any 
number of Couples are drawn. 

The firft cafe being particular, fhall be calculated by itfelf; ‘but 
the other two being comprehended under the fame Rules, we fhalt 
begin with them. 

Suppofing the Ponte to lay down his Stake after the Pack is 
turned, I call 1, 2, 3, 4, 5, &c. the places of thofe Cards which 
follow the Card in view, either immediately after the pack is turned, 
or after any number of couples are drawn. 

If the Card upon which the Ponte has laid a Stake comes out in 
any odd place, except the firft, he wins a Stake equal to his own. 

If the Card upon which the Ponte has laid a Stake comes out in 
any even place, except the fecond, he lofes his Stake. 

- If the Card of the Ponte comes out in the firft place, he neither 
wins nor lofes, but takes his own Stake again. 

If the Card of the Ponte comes out in the fecond place, he does 
not lofe his whole Stake, but only a part of it, viz. one half, which 
to make the Calculation more general we will call y. In this caf, 
the Ponte is faid to be Faced. 

When the Ponte chufes to come in after any number of Couples 
are down; if his Card happens to be but once in the Pack, and is 


the very laft of all, there is an exception from the general Rule ; 
for tho’ it comes out in an odd place, which thould intitle him to win 
a Stake equal to his own, yet he neither wins nor lofes from that 
circumftance, but takes back his own Stake. 


PROBLEM XL 


To eftimate at Baflette the Lofs of the Ponte under any 
circumptance of Cards remaining in the Stock, when he 
lays his Stake, and of any number of times that his 
Gard is repeated in the Stock. 


The Solution of this Problem containing four cafes, viz. of the 
Ponte’s Card being once, twice, three or four times in the Stock ; 
we fhall give the Solution of all thefe cafes feverally. 


SoturroN of the firt Cafe. 


The Ponte has the following chances ‘to wii ‘or lofe, according 
to the place his Card is in, 


I 
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1 Chance for winning o 
1 Chance for lofing — 
1 Chance for winning 

1 Chance for lofing ~ 1 
I Chance for winning 1 
1 Chance for lofing 3 
1 Chance for winning o 


* On BO BH 


It appears by this Scheme, that he has as many Chances to win 
3 as to lofe 1, and that there are two Chances for neither winning 
or lofing, viz. the firft and the laft, and therefore that his only Lofs 
is upon account of his being Faced: from which it is plain that 
the number of Cards covered by that which is in view being called 
a, his Lofs will be =, or -> , fuppofing y = = £ 


SoLuTION of the fecond Cafe. 


_ By the firft Remark belonging to the x Problem, it appears that 
the Chances which the Ponte has to win or lofe are proportional 
to the numbers, 7 — 1, n— 2,2— 3, &c. Wherefore his Chances 
for winning and lofing may be exprefled by the following Scheme. 


n= I Chances for winning o 
n— 2 Chances for lofing 

n— 3 Chances for winning I 

| #-—~4-Chances for lofing x 

2a— 5 Chances for winning 1 

n— ő Chances for lofing ~ 1 

a— 7 Chances for winning I 

n— 8 Chances for lofing 1 

n= Q Chances for winning 1 

1 Chance for lofing 1 


I 
2 
3 
4 
5 
6 
7 
8 
9 


Now {etting afide the firft and fecond number of Chances, it 
‘will be found that the difference between the 3° and 4th is —1, 
that the difference between the sth and 6" is alfo = 1, and that 
the difference between the 7* and 8th is alfo == 1, and fo on. But 


the number of differences is “4 , andthe Sum of all the Chances is 
~ =~. Wherefore the Gain of the Ponte is ——3—; but 


nxXu—t 


I2 his 
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# X n— i 
1X2 


his Lofs upon account of the Face isn —2xy divided by 


that is ==": hence it is to be concluded that his Lofs upon the 


Wes mn —4xy—2—3 y ene 
whole is AITE or —— oy fuppofing y = = - 


anit nxa a Z 

That the number of differences is a will be made evident 
from two confiderations. l ; 

Firft, the Series n— 3, ”— 4, 2— 5, &c. decreafes in Arith- 
metic Progreflion, the difference of its terms being Unity, and the 
laft Term alfo Unity, therefore the number of its Terms is equal to 
the firt Term »— 3: but the number of differences is one half 
of the number of Terms; therefore the number of differences is 
n—3 

Z SA 

Secondly, it appears by the xt Problem that the number of all 
the Terms including the two firft is always 6+-1, but æ in this 
cafe is == 2, therefore the number of all the Terms is 7— 1; from 
which excluding the two firft, the number of remaining Terms will 
be n— 3, and confequently the number of differences ——+ . 

That the Sum of all the Terms is — x _— 
from two different confiderations. 

Firft in any Arithmetic Progreffion whereof the firt Term is 
n— 1, the difference Unity, and the lat Ferm alfo Unity, the Sum 


2—1 


of the Progreflion will be = x. 


2 


: » is evident alfo 


x T 2 o 
Secondly, the Series uy X n -Hn 2-42 3, &c. men- 


tioned in the firft Remark upon the tenth Problem, exprefies the Sum 
of the Probabilities of winning which belong to the feveral Game- 
fters in the cafe of two white Counters, when the number of all the 
Counters is z. It therefore exprefles likewife the Sum of the Pro- 
babilities of winning which belong to the Ponte and Banker in the 
prefent cafe: but this Sum muft always be equal to Unity, it being 
a certainty that the Ponte or Banker muft win; fuppofing there- 
fore that z — I -+ 2—2 +n2—3, &c. is = 8,, we fhall have the 


Tanat Seia P n— I 
Equation ——— == 1, and therefore S — -xl 


SotuTion of the third Cafe. 


By the firft Remark of the tenth Problem, it appears that the 
Chances which the: Ponte’ has to win and lofe, may be exprefied by 
the following Scheme, A 


A 
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n—1Xn—2 for winning o 
n—2 x n— 3 for lofing y 
n—3 x n—4 for winning I 
n— 4x n— 5 for lofing 1 
n—5xn—6 for winning 1 
n—6xn—7 for lofing 1 
n—7xn—8 for winning I 
| n—8 x n—ọ for lofing +t 
* 2 x -I -for winning 1 


Setting afide the firft, fecond, and laft number of Chances, it 
will be found that the difference between the 3% and 4th is 22” — 8; 
the difference between the 5th and 6", 2% — 12 ; the difference be- 
tween the 7th and 8th, 2n — 16, &c. Now thefe differences con- 
ftitute an Arithmetic Progreflion, whereof the firft Term is 2n — 8, 
the common difference 4, and the lat Term 6, being the difference 


between 4x3 and 3x2. Wherefore the Sum of this Progreflion 
I sae ¥ 


is “=+ x7=4 , to which adding the laft Term 2x1, which is 


ON Qi fw N 


favourable to the Ponte, the Sum total will be iZi x —— ~ but 
the Sum of all the Chances is — x “—+ x “= as may be col- 


leGed from’ the firft Remark of the xt Problem, -and the laft Pa- 


ragraph of the fecond cafe of this Problem : therefore the Gain of 
the Ponte is 2-23-73, But his Lofs upon account of the 


208. 8—1 8—2 


Pea 6. n — 2. n—3. y -2— . ` 
Face is ==" or 2*—3 5 therefore his. Lofs upon 


Z. n—n— i .n—2 n.u—tI 


the whole” ig? Get 3 yn SS or 47—9 


n.u—t  —_— 2 252.4 1 nma 
; I ‘ 
fuppofing y= - as a 


So_uTion of the fourth Cafe. 


The Chances of the Ponte may be exprefled by the following 
Scheme. 
n— I x n—2 x n— 3 for winning o 
n—2 x n— 3 x n—4 for lofing y 
n—3 x n—4 xn— g5 for winning 
n—4 x n— ș x n— ó for lofing 
n— 5 x n—ó x n—y for winning 
n—6 x n—y x n— 3 for lofing 
n—7 xn—8 xn— 9 for winning 
3 « 2 x-a for loling 


ÆN Qh WD m 
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Setting afide the firt and fecond numbers of Chances; and ta- 
king the differences between the 34 and 4t, sth and 6th, 7th and 
8th, the laft of thefe differences will be found to be 18. Now if 
the number of thofe differences be p, and we begin from the laft 18, 
their Sum, from the fecond Remark of the xt Problem, will be found 


to be pxp-—+1x4p-+ 5, but p in this cafe is == — » and 
therefore the Sum of thefe differences will eafily appear to be 


n— 5 z —3 2a — 5 E . 
— 2 x SX — > p; but ‘the: Sum of all the Chances is 
R= T n—z n e 3 


Sta E ET A wherefore the Gain of the Ponte is 


man ea f BE Sn 1: l ; 
non= I. 2—2.0-—-3 now his Lof upon account of the Face is 
t— 2. Wom. M— 4. AY * ' 
ee ee ee? and therefore his Lofs upon the whole wil] be 
u—4-4y n « BRS SS 3 


n—9 t 
ree _-_ 
ron pas a Oe ar a eT ppo J 


2.nt—tT 
There ftill remains one fingle cafe to be confider’d. wj: 
the Lofs of the Ponte is, when he lays a Stake before eae ae 
turned up : but there will be no difficulty in it, after what we have 
faid, the difference between this cafe and the reft being only, that he 
is liable to be faced by the firft Card difcovered, which will make 


his Lofe to be — =f that is, interpreting 2 by the num- 


s n=. nm ? 
ber of all the Cards in the Pack, viz. 52, about = part of his 
Stake. 
‘From what has been faid, a Table may eafily be compofed. th 
ing the feveral Loffes of the Ponte in whatever EEY A he cus 
happen to be, . 


The Doctrine of Cuances, 
A Table for BAsseTTE. 
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The uf of this Table will be beft explained by fome Examples. 


yoa EXAMPLE T 
Let it be propofed to find the Lofi of the Ponte, qwhen there are 26 


Cards remaining in the Stock, and his Card is twice in it. 


In the Column N find the number 25, which is lefs by 1 than 
the number of Cards remaining; in the Stock : over-againft it, and 
under the number 2, which is at the head of the fecond Column, 
you will find 600 ; which is the Denominator of a fraction whofe 
Numerator is Unity, and which fhews that his Lofsin that circum- 
{tance is one part in fix hundred of: his Stake, 


EXAMPLE 2. 
To find the Lof of the Ponte when there are eight Cards remaining 
in the Stock, and bis Card is three times in it. 


In the Column N find the number 7, lefs by one than the num- 
ber of Cards remaining in the Stock: over-againft 7, and under the 
number 3, written on the top of one of the Columns, you will 
find 35, which denotes that his Lofs is one part in thirty-five of 
his Stake. ; 

CoROLLARY I. 

"Tis plain from the conftruétion of the Table, that the fewer 

Cards are in the Stock, the greater is the Lofs of the Ponte. 


CoROLLARY 2. 


The leaft Lofs of the Ponte, under the fame circumftances of 
Cards remaining in the Stock, is when his Card is but twice in it ; 
the next greater but three times ; ftill greater when four times ; 
and the greateft when but once. If the Loís upon the Face were 
varied, ’tis plain that in all the like circumftances, the Lofs of the 
Ponte would vary accordingly ; but it would be eafy to compofe 
other Tables to anfwer that variation, fince the quantity y, which 
has been aflumed to reprefent that Lofs, has been prefery’d in the 


general expreflion of the Loffes, if it be interpreted by aa inftead 


of + , the Lof, in that cafe; would be as eafily determined as in the 


other ; thus fuppofing that 8 Cards are remaining in the Stock, and 


that the Card of the Ponte is twice in it, and alfo that y fhould be 
interpreted 
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interpreted by - , the Lof of the Ponte would be found to be 


A-o I 
—— inftead senses 
a ad of Oe 


The Game of PHARAON. 


The Calculation for Pharaon is much like the preceding, the 
reafonings about it being the fame ; it will therefore be fufficient to 
lay down the Rules of thé Play, and the Scheme of Calculation. 


Rules of the Play. 

Firff, the Banker holds a Pack of 52 Cards. 

Secondly, he draws the Cards one after the other, and lays them 
down at his right and left-hand alternately. 

Thirdly, the Ponte may at his choice fet one or more Stakes upon 
one or more Cards, either before the Banker has begun to draw the 
Cards, or after he has drawn any number of couples. 

Fourthly, the Banker wins the Stake of the Ponte, when the Card 
of the Ponte comes out in an odd place on his right-hand ; but 
lofes as much to the Ponte when it comes out in an eyen place on 
his left-hand. 

Fifthly, the Banker wins half the Ponte’s Stake, when it happens 
to be twice in one couple. 

Sixthly, when the Card of the Ponte being but once in the Stock, 
happens to be the laft, the Ponte neither wins nor lofes. 

Seventhly, the Card of the Ponte being but twice in the Stock, 
and the laft couple containing his Card twice, he then lofes his 
whole Stake. 


PROBLEM XIII 
To find at Pharaon the Gain of the Banker in any cir- 
cumptance of Cards remaining in the Stock, and of the 
number of times that the Pontes Cards is contained 

im tt. 

This Problem having four cafes, that is, when the Ponte’s Card 
is once, twice, three, or four times im the Stock; we fhall give the 
Solution of thefe four cafes feverally. 

& 
K SOLU» 
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SoruTion of the firft Cafe. 
The Banker has the following number of Chances for winning 
and lofing, 
1 Chance for winning 1 
1 Chance for lofing 1 
1 Chance for winning 1 
-1 Chance for lofing 1. 
1 Chance for winning 1 
o 


1 Chance for lofing 


Wherefore, the Gain of the Banker is — , fuppofing 2 to be 
the number of Cards in the Stock. 


SoLUTION of the fecond Cafe. 
The Banker has the following Chances for winning and lofing. 


n — 2 Chances for winning 1 
+ t Chance for winning y 
n — 2 Chances for lofing 1 
ñ — 4 Chances for winning E 
+ x Chance for winning y 
n — 4 Chances for lofing 1 


n — 6 Chances for winning 1 
{ 1 Chance for winning 1 
n — 6 Chances for lofing x 
zn — 8 Chances for winning r 
H 1 Chance for winning y 
n — 8 Chances for lofing z 

1 Chance for winning 1 


i 
'The Gain of the Banker is therefore 


<n +1 ‘ 
= ppop y= —:- 

The only thing that deferves to be explained here, is this; how 
‘it comes to pafs, that whereas at Ba/ette, the firft number of Chances 
for winning was reprefented by 7 — 1, here’tis reprefented by 7—2 f 
to anfwer this, it muft be remember’d, that according to the Law 


of 
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of this Play, if the Ponte’s Cards come out in an odd place, the 
Banker is not thereby entitled to the Ponte’s whole Stake: for if it 
fo happens that his Card comes out again immediately after, the 
Banker wins but one half of it; therefore the number #— t is di- 
vided -into two parts, 7—2 and 1, whereof the firft is propor- 
tional to the Probability which the Banker has for winning the 
whole Stake of the Ponte, and the fecond is proportional to the 
Probability of winning the half of it. 


SoLtuTt1on of the third Cafe. 
‘The number of Chances which the Banker has for winning and 
lofing, are as follow: 


7—2 x n— 3 Chances for winning 1 
$ 2 x z— 2 Chances for winning y 
2—2 x n— 3 Chances for lofing 1 


is 


a—4, x n— 5 Chances for winning I 
{ 2 x n—4 Chances for winning y 
n—4 x m—5 Chances for lofing 1 


n— 6 x n—7 Chances for winning 1 
$ 2 x 2—6 Chances for winning » 
n—6xn—7 Chances for lofing 1 


PESEE ee EA Gore A SN O 
n—}8xn—o Chances for winning 1 
2x n—8 Chances for winning y - 
2x 1 Chances forlofing 1 


3 
4 
5 
ó 
7 
* 


Wherefore the Gain of the Banker is 
fappofing y= = 


The number of Chances for the Banker to win, is divided into 
two parts, whereof the firft exprefles the number of Chances he has 
for winning the whole Stake of the Ponte, and the fecond for win- 
ning the half of it. À 

Now for determining exa&tly thofe two parts, it 1s to be con- 
fidered, that in the firft couple of Cards that are laid down by the 
Banker, the number of Chances for the firft Card to be the Ponte’s — 
is a—1X2—23; alfo, that the number of Chances for the fecond 
to be the Ponte’s, but not the firft, is »— 2 x n— 3: wherefore 
the number of Chances for the firft to be the Ponte’s, but not the 
fecond, is likewife 7 — 2 x gant 3. Hence it follows, that if esis 

2 the 


4 
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the number of Chances. for the firft Card to be the Ponte’s, viz. 
from n—1xn—2, there be fubtraéted the number of Chances 
for the firft to be the Ponte’s, and not the fecond, viz. 2— 2 xn— 3, 
there will remain the number of Chances for both firft and fecond 
Cards to be the Ponte’s, viz. 2x 2—2, and fo for the reft. 


SoLtu Trion of the fourth Cafe. 


The number of Chances which. the Banker has for winning and 
lofing, are s follows: 


n— 2 xa— 3 x n—4 for winning 1 

I eas 
3 x n—2 x n— 3 for winning y 
2 n—2 xn— 3 xn— 4 for lofing 1 
TE a LETAR AG SE ee 
n— 4 x n— 5 x n— ó for winning 1 
$ 3 x n—4 x n— 5 for winning y 
n—4 x n— g xn—ó for lofing 1 


n— 6 x n—7 x n— 8 for winning 1 
4 3 x #— 6 x n— y for winning y 
n— b xn—7xn—8 for lofing 1 


n— 8 xn—g x n—10for winning I 
+ 3 xu—8 x n— g for winning y 
n—8xu—g x n—io for lofing 1 


zx Ix o for winning I 
3 shy 2% 1 for winning y 
2x I x o for lofing 1 


Wherefore the Gain of the Banker, or the: Lofs of the Ponte, is 
2a — § 2n—& 


I 
m e E ee fuppofing y to be = — . 

It will be eafy, from the general expreflions of the Loffes, to 
compare the difadvantage of the Ponte at Baffette and Pharaon, 
under the fame circumftances of Cards remaining in the hands of 
_ the Banker, and of the number of times that the Ponte’s Card is con- 
tained in the Stock; but to fave that trouble, I have thought fit 
here to annex a Table of the Gain of the Banker, or Lofs of the 
Ponte, for any particular circumftance of the Play, as it was done 
for Baffette, 


A 
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A Table for PHARAON. 
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The numbers of the foregoing Table, as well as thofe of the 
Table for Baffette, are fufliciently exact to give at firft view an idea 
of the advantage of the Banker in all circumftances, and the Me- 
thod of ufing it is the fame as that which was given for Bafette : 
it is to ‘be obferved at this Play, that the leaft difadvantage of the 
Ponte, under the fame circumftances of*Cards remaining in the 
Stock, is when the Card of the Ponte is but twice in it, the next 
greater when three times, the next when once, and the greateft 
when four times. 


Of Permutations and Combinations. 


Permutations are the Changes which feveral things can receive in 
the different orders in which they may be placed, being confidered 
as taken two and two, three and three, four and four, &c. 

Combinations are the various Conjunctions which feveral things 
may receive without any refpect to order, being taken two and two, 
three and three, four and four, 

The Solution of the Problems that relate to Permutations and 
Combinations depending entirely upon what has been faid in the 
8th and gth Articles of the Introduction, if the Reader will be pleafed 
to confult thofe Articles with attention, he will eafily apprehend the 
reafon of the Steps that are taken in the Solution of thofe Problems. 


PROBLEM XIV. 


Any number of things a, b, c, d, c, f, being given, out of 
which two are taken as it happens: to find the Proba- 
bility that any of them, as a, fhall be the frft taken, 
and any other, as b, the fecond. 


SOLUTION. 
The number of Things in this Example being fix, it follows 
that the Probability of taking æ in the firft place is = : let a be 


eonfider’d as taken, then the Probability of taking 4 will be eae 


wherefore the Probability of taking a, and then 4, is = x = 


1 


4 ° 


39 


COROL- 
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COROLLARY. 

Since the taking @ in the firft place, and 4 in the fecond, is but 
one fingle Cafe of thofe by which fix Things may change their 
order, being taken two and two ; it follows that the number of Changes 
ox Permutations of fix Things, taken two and two, muft be 30. 

Univerfally ; letn be the number of Things ; then the Probability 

NE 


of taking a in the firft place, and din the fecond willbe — x > 


nomm j 
and the number of Permutations of thofe Things, taken two. and 
two, will be zx.#—1. 


PROBLEM XV. 
Any number of Things a, b, c,d, ¢, f being given, out 
of which three are taken as it happens ; to find the 


Probability that a [pall be the firft taken, b the fe- 
cond, and c the third. Sn 


SOLUTION. 


The Probability of taking æ in the firft place is oa : let a be 


eonfider’d as taken; then the Probability of taking 4 will be — : 
fuppofe now both æ and 4 taken, then the Probability of taking c 
will be a wherefore the Probability of taking firft a, then 4 

i . . 1 I I r 

and thirdly C, will be YA ns PAS TT — ae è 
, COROLLARY. 

Since the taking @ in the firft place, 4 in the fecond,. and c in 
the third, is but one fingle Cafe of thofe by which fix Things 
may change their Order, being taken three and three; it follows, 
that the number of Changes or Permutations of fix 'Things. taken 
three and three, muft be 6x p x4 120. 

Univerfally, if n be the number of Things; the Probability. of 
taking a in the firft place, din the fecond, and c in the third, will be 
I I 


I = ` Sh 
— x —— x—— , and the number of Permutations of # Things 


im l 


F ; 
taken three and three, will be m x7 == I Xmm- 2, 


GENERAL 
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GENERAL COROLLARY. 

The number of Permutations of # things, out of which as many 
ate taken together as. there are Units in f, will be mxz—1 x 
n—2xn— 3, &c. continued to fo many Terms as there are Units 
in p. : n 
Thus the number of Permutations of fix Things taken four and 
four, will be 6x5 x 4x 3 == 360, likewife the number of Permu- 
tations of fix Things taken all together will be 6x 5x4x3x 2x 
I == 720. 


PROBLEM XVI. 

To find the Probability that any number of things, whereof 
Jome are repeated, fall all be taken in any order pro- 
pied: for inftance, that aabbbecce [ball be taken in the 
order wherein they are written. 


SOLUTION, 
The Probability of taking æ in the firft place is i ; fuppofe 
' one a to be taken, the Probability of taking the other is — . 
Let now the two firt Letters be fuppofed taken, the Probability 
of taking å will be a : let this be alfo fuppofed taken, the Pro- 


bability of taking another 4 will be = : let this be fuppofed taken, 


r . . . I ` 
the Probability of taking the third d will be — ; after which there 
remaining nothing but the Letter c, the Probability of taking it 
becomes a certainty, and confequently is exprefled by Unity. Where- 


fore the Probability of taking all thofe Letters in the order given is 
2 I I I 


2 1 3 
Sere Zo 1260 
í 


KT. eS Eaa 
6 5 1 


COROLLARY I, 
The number of Permutations which the Letters aabbbcecee may 


å 3 A X Ga i ot Soren ET 
receive being taken all together w ill pie cravat Ss 1260. 


CoROLLARY 2. . 
The {ame Letters remaining, the Probability of the Letters be- 


ken in any other given Order will be juft the fame as before: 


ne tak á 
rr thus 
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thus the Probability of thofe Letters being taken in the order cabacccbb 
- I 
will be A E 
GENERAL COROLLARY. 


The number of Permutations which any number 2 of Things 
may receive being taken all together, whereof the firit Sort is repeated 
p times, the fecond g times, the third z times, the fourth s times, 
&c. will be the Series 2 xu—1 xnu—2 xn—3x2—4,&c. con- 
tinued to fo many Terms as. there are Units in p+-9-++-r or 7 — s, 
divided by the product of the following Series, viz. px f — 1 x P— 2, 
&e.9xg—1xg—2, &. rxr—1xr— 2, &c. whereof the 
first adi be continued to fo many Terms as there are Units in 2, 
the fecond to fo many Terms as there are Units in g, the third to fo 
many as there are Units in r, &c. 


PROBLEM XVII. 

Any number of Things a, b, c, d, e, f, being given : to find 
the Probability that in taking two of them as it may 
happen, both a and b fhall be taken, without any regard 
to order. 

SOLUTION, 
The Probability of taking æ or 4 in the firft place will be “= ; 
fuppofe one of them taken, as for inftance a, then the Probability 
of taking 4 will be = . Wherefore the Probability of taking both 


a and 4 will be PAT > 


COROLLARY. 


The taking of both @ and 4 is but. one fingle Cafe of all thofe by 
which fix Things may be combined two and two; wherefore the 
number of Combinations of fix Things taken two and two will be 
eee 

Univerfally.. ‘The number of Combinations of 2 Things taken two 
and two will be — x == 


PROBLEM 
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PROBLEM XVIL ea 
Any number of things a, b, c, d, e, f: to find the Pro- 
bability that in taking three of them as they bap- 


pen, they fhall be any three propofed as a, b, c, no 
refpet being had. to order. 


SOLUTION. 

The Probability of taking either 2, or 4, or c in the firft places 
will be -> ; fuppofe one of them as a to be taken, then the Pro- 
bability of taking either 4 or ¢ in the fecond place will be +: again, 
let either of them be taken, fuppofe 4, then the Probability of taking 
c in the third place will be = ; wherefore the Probability of ta- 


king the three Things propofed, wz..a, 4, ¢ will be 4 x ae TS 
4 


COROLLARY.. 

The taking of a, 4, ¢ is but one fingle cafe of all thofe ‘by which 
fix Things may be combined three and three; wherefore the num- 
ber of Combinations of fix Things taken three and three will be 
6 
~x 2 x 2E ew Oe 

Univerfaily. The number of Combinations of » things combined ac- 


2. f—1.u—2. u—4 . n=—g 
ene 


cording to the number #, will be the fraction —— : : 


: : x ie ee 
&c. both Numerator and Denominator being continued to fo many` 
Terms as there are Units in f. 


P RO -B LWE Mite XIX: 


To find what Probability there is, that in. taking at ran» 
dom feven Counters out of twelve, whereof four are 
white and-eight blacks three of them foal: be white 
ONES. 

SOLUTION.: 
Firfl, Find-the -number of Chances: for taking three white out 
4 t TIES 4 3 a cae 
of four, which will be —x =x = Hi 
Secondly, 
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Secondly, Find the number of Chances for taking four black ont 
of eight: thefe Chances will be found to be — x ax TANEN 
3 Pt 

== 70: 

Thirdly, Becaufe every one of the firt Chances may be joined 
with every one of the latter, it follows that the number of Chances 
for taking three white, and four black, will be 4.x 70 == 280. 

Fourthly, Altho’ the cafe of taking four white and three black, 
be .not-mentioned in the Problem,- yet it is to be underftood to be 
implyed in it; for according to the Law of Play, he who does more 
than he undertakes, is {till reputed a winner, unlefs the contrary be 
exprefly ftipulated ; let therefore the cafe of taking four white out 
of four be calculated, and it will be found x ty yt 

2 2 4 


2 “Ly 


Si 

Fifihly, Find the Chances for taking three black Counters out of 
eight, which will be found to be 2 x= x he = 56. 

Sixthly, Multiply the two laft number of Chances together, and 
the Produ& 56 will denote the number of Chances for taking four 
white and three black. 

And therefore the whole number of Chances, which anfwer tò 
the conditions of the Problem, are 280 -+ 56 == 336. 


There remains now to find the whole number of Chances for 


K . . 12 I 
taking feven Counters out of twelve, which will be aK —— ¥ 


r0 9 8 7 
— KOO X — XK 
3 4 5 6 


Laftiy, Divide therefore 336 by-792, and the Quotient 0. 


792 


. 
or — will exprefs the Probability required; and this Fra¢tion be- 
33 


<$ tale 
x > = 792. 


ing fubtra&ted from Unity, the remainder will be —+, and therefore 


a 5 $ 33 
the Odds againft taking three white Counters are 19 to 14, 


COROLLARY. 


Let a- be the number of white Counters, the number of black 
nthe whole number of Counters — z -- 4; c the number of ess 
ters to be taken out of the number z; let alfo p reprefent the 
number of white Counters to be found precifely in c, then the number 
of Chances for taking none of the white,. or one fingle white, or 

L 2 two 
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two white and no more, or three white and no more, or four 
white and no more, will be exprefs’d as follows ; 


a a—tI a—z a— 3 b—1 b—z 


&c ee x & 
— x N 
A x A x 3 4 , x = = x 3 3 Cs 


The number of ‘Terms in which a enters being equal to the num- 
ber p, and the number of Terms in which 4 enters: being equal 
to the number c— p. 

But the number of all the Chances for taking a certain number 
¢ of Counters out of the number », is expreffed by the Series 


2m 2 EB— 3 


Tos — , &c.-to be continued to as many 
Terms as there are Units in c. 


REMARK, 


If the numbers 2. and ¢ were large, fuch as- 2 == 40000 and 
c == 8000, the foregoing Method would feem impra@icable, by 
reafon of the vaft number of Terms to be taken in both Series, 
whereof the firft is to be divided by the fecond :.tho’ if thofe Terms 
were actually fet down, a great many of them being common -Di- 
vifors might be expunged out of both Series; for which reafon it 
will be-convenient to ufe the following Theorem, which is a con-- 
traction of that Method, and which will be chiefly of ufe when the 
white Counters are but few. 

Let therefore n be the number of alt the Counters; a the num- 
ber of white ; c the number of Counters to be taken out of the 
number 2; p the number of the white that are to be taken precifely 
in the number ¢c; then making »—c==d. The Probability of 
taking precifely the number p of white Counters, will be 


d - — a— 2 
c.c—1 .c—2,&c. x d.d—1 .d—2,&c. x —x z . — x : ,&c. 


Sr ane 


n. n—i. n= 2: n— 3,- n— 4. n— 5. n— ó .n—y .n— 8, &c. 


Here it is to be obferved, that the Numerator confifts of three Series 
which are to be multiplied together; whereof the firft contains as 
many Terms as there are Units in p; the fecond as: many as there 
are Units in a— f ; the third as many as there are Units in p; and 
the Denominator as many as there are Units in a. 


PROBLEM 
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PROBLEM Xx. 


In a Lottery confifting of 40000 Tickets, among which 
are three particular Benefits, what is the Probability 
that taking 8000 of them, one or more of the particular 


Benefits fall be: among ft them. 


SOLUTION: - 

Firft, In the Theorem belonging to the Remark of the foregoing ` 
Problem, having fubftiruted refpedctively S000, 40000, 32000, 3 
and 1, in the room of c, n, d, a, and p; it will appear that the 
Probability of taking one precifely of the three particular Benefits, 
will be 8000 + 326000 . 31999 + 3 
40960 +» 39999 - 39998 5 

Secondly, c, n, d, a being interpreted as before, let us fuppofe 
p==2: hence the Probability of taking precifely two of the par- 


‘ : 8coo . 7999 . 32000. 3 12 
r Benefits will be found to be ———————__. — 
ticular B 40009 . 39999 - 39998 ~~ _—s 1.25 


8 
aS. nearly. 
125 


nearly: 


Thirdly, making p==3, the Probability of taking all the three 

. a fooo . 7909 . 7908 i 
arti nefits will be found to be —————— = ——. 
particular Be Sachi E = 


very near. i 3 
Wherefore the Probability of taking one or more of the three 
particular Benefits will be tuti or 2 very near. 
It is to be obferved, that thofe three Operations might have been 
contraéted into one, by, inquiring the Probability of not taking 
any’ of the three particular Benefits, which will be found {to be 


. 31998 6 ; 
32000.. 31999 - 31995. o— Æ nearly, which being fubtracted from 
40000 . 39999. - 39998 125 


s 6; 61 
Unity, the remainder 1 — -E or —— 


will fhew the Probability 
>) A) Š 

required, and therefore the Odds againft taking any of three parti- 

cular Benefits will be 64-to 61 nearly. 


PROBLEM XXI 
To find how many Tickets ought to be taken in a Lottery 
confifting of 4.0000, among which are Three particular 
Benefits, to make it as probable that one or more of thofe 


Three may be taken as not. 
SoLu- 
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SOLUTION. 


Let the number of Tickets requifite to be taken be == x, it will 
follow therefore from the Remark belonging to the xix Problem, 
that the Probability. of not taking any of the particular Benefits 


will be “== x i oe — ; but this Probability is 


„equal to = , fince by Hypothefis the Probability of taking one or 


more of them is equal to = , from whence we fhall have the 


. 7 — X Ane era n — % — 2 I . . 
Equation 4 ——$—— * — == — , which Equation 


n n— i n= z2 z 
being folved, the Value of x will be found to be nearly 8252. 

N. B. The Fa@tors whereof both the Numerator and Denomina- 
tor are -compofed, being but few, and in arithmetic progreffion ; 
and befides, the difference being very {mall in refpect of z; thofe 
Terms may be confidered as being in geometric Progreflion: where. 


fore the Cube of the middle Term H , may be fuppofed 
equal to the produ& of the Multiplication of thofe Terms; from 


. . . —x— 3 I cat. 
whence will arife-the Equation ~ = == >>, or neglecting 
| a 
‘ t . : #— x|? I 
Unity in both Numerator and Denominator, ———— = — and 
3 


I 
confequently x will be found tobe = 7 x1 — /> or z x 


1— + / 4, but m==40000, and 1—— v 4 = 0.2063 ; wherefore 
> z 


-iame e 8252. 

$ In ey Remark belonging to the fecond Problem, a Rule was 
given for finding the number of Tickets that were To be Sa to 
make it as probable, that cne or more of the Benefits would be ta- 
ken as not; but in that Rule it was fuppofed, that the proportion 
of the Blanks to the Prizes was often repeated, as it ufually is in 
Lotteries: now in the cafe of the prefent Problem, the particular 
Benefits being but three in all, the remaining Tickets are to be 
as Blanks in refpect of them; from whence it follows, 
that the proportion of the number of Blanks to one Prize being 
very near as 13332 to 4, and that proportion being repeated but 
three times in thé whole number of Tickets, the Rule there given 
would not have been fufficiently exact, for which reafon it was thought 


neceflary to give another Rule in this’ place. 


confidered 


PROBLEM 
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PROBLEM XXII. 
Suppofing a Lottery of 100000 Tickets, whereof 9goooo 


are Blanks, and 10000 are Benefits, to determine ac- 
curately what the odds are of taking or not taking a 
Benefit, in any number of Tickets affigned. 


SOLU TION. 

Suppofe the number of Tickets to be 6; then let us inquire into 
the Probability of taking no Prize in 6 Tickets, which to find, let 
us make ufe of the Theorem fet down in the Corollary of the xixth 
Problem, wherein it will appear that the number of Chances for ta- 
king no Prizë in 6 Tickets, making a == 10000, b = 90000, 
c= 6; p= 0, n= 100000, will be” 

899 89998 8 89996. 89c 
ygocon ym E9090 ey OBOE PESI i ERIO e 89905., 
1 2 3 4 5 6 


and that the whole number of Chances will be 


Ey eee CFR ey 5 S99907 i 99998 1, D39 ; then 
1 z 3 4 5 6 

dividing the firft number of Chances by the fecond, which may 
eafily be done by Logarithms, the Quotient will be 0.53143, and 
this fhews the Probability of taking no Prize in 6 Tickets, and this 
decimal fraction being fubtracted from Unity, the Remainder 0.46857 : 
fhews the Probability of taking one Prize or more in 6 Tickets; 
wherefore the Odds againft taking any Prize in 6 Tickets, will be 
53143 to 40857. at ; 

If we fuppofe now that the number of Tickets taken is 7, theri 
carrying cach number of Chances above-written one ftep farther, 
we {hall find that the Probability of taking no Prize in 7 Tickets 
is o 47828, which fraction being fubtraéted from Unity, the re- 
mainder will be 0.52172, which fhews the Odds of taking one 
Prize or more in 7 ‘Tickets to be 52172 to 47828. 


REMARK. 

When the number of Tickets taken’ bear’ a very inconfiderable 
proportion to the whole number cf ‘Tickets, as it happens in the 
cafe of this Problem, the Queftion may be refolved as a Problem 
depending on the Caft of a Die; we may therefore fuppofe a ie 

o 
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of 10 Faces having one of its Faces fuch as the Ace reprefenting -a 
enefit, and all the other nine reprefenting Blanks, and inquire into 
the Probability of miffing the Ace 6 times together, which by. the 


Rules given in the Introduction, will be found to be 0. 53144 


differing from what we had found before but one Unit in the fifth 
| place of Decimals : now if we inquire into the Probability of mif- 
fing the Ace 7 times, we fhall find it 0.47829 differing alfo but 
one Unit in the fifth of Decimals, from what had been found before, 
and therefore in fuch cafes as this we may ufe both Methods indif- 
ferently, but the firft will be exact if we actually multiply the num- 
bers together, the fecond is only an approximation. 

But both Methods confirm the truth of the practical Rule given 
in our third Problem, about finding what number of Tickets are 
neceffary for the equal Chance of a Prize; for multiplying as it is 
there directed, the number:g reprefenting the Blanks by 0.7, the 
Product 6.3 will thew that the number requifite is between 6 and 7. 


PROBLEM XXII. 


Lhe fame things being given as in the preceding Problem, 
Juppofe the price of each Ticket to be 10%. and that 
after the Lottery is drawn, 72: — ich. be returned 
to the Blanks, to find in this Lottery the value of the 
Chance of a Prize. 


SOLUTION. 


There being goooo Blanks, to every one of which 74.— 104. 
is returned, the total Value of the Blanks is 6750004 and confe- 
quently the total Value of the Benefits is 3250004: which being 
divided by 10000 number of the Benefits, the Quotient is 32 L. 
— 10% and therefore one. anight for the Sum of 32L. — 10/- be 
intitled to have a Benefit certain, taken at random out of the 
whole number of Benefits: the Purchafer of a Chance has there- 
fore 1 Chance in 10 for the Sum of 322.— 104. and g Chances 
in ro for lofing his Money ; from whence it follows, that the value 
of his. Chance is the 10% part of 324 — 10/4. that is 32.— 57 
And therefore the Purchafer of a Chance, by giving the Seller 3 - 
— 5/- is intitled to the Chance of a Benefit, and ought not to 
return any thing to the Seller, altho’ he fhould have a Prize; for 

3 the 
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the feller having 32-— 5/- fure, and g Chances in ro for 74 — 104 
the Value of which Chances is 64-—15/ it follows that he has 
his 102. 


PROBLEM XXIV. 


Suppofing frill the fame Lottery as has been mentioned in 
the two preceding Problems, let A engage to furnif> B 
with a Chance, on condition that whenever the Ticket on 
which the Chance depends, fhall happen to be drawn, 
whether it proves a Blank or a Prize, A fhal furnifp 
B with a new Chance, and fo on, as often as there is 
occafion, till the whole Lottery be drawn; to find what 
confideration B ought to give A before the Lottery be- 
gins to be drawn, for the Chance or Chances of one or 
more Prizes, admitting that the Lottery will be 4.0 
days a drawing. 

SOLUTION. 

Let 3l — 5%. which is the abfolute Value of a Chance be cal- 
Sg A who is the Seller ought to confider, that the firft Day, he 
fürnifhes neceflarily a Chance whofe Value is s. 

2°. That the fecond day; he does not neceflarily furnith a Chance, 


but conditionally, viz. if it fo happen that the Ticket on which the 
Chance depends, fhould be drawn on the firft day; but the Proba- 


bility of its being drawn on the firft day is a ; and therefore he 


ought to take a s for the confideration of the fecond day. 


3°. That in the fame manner, he does not neceflarily furnith a 
Chance on the third day, but conditionally in cafe the only Ticket 
depending (for there can be but one) fhould happen to be drawn on 


the fecond day, of which the Probability being ace by reafon of 
the remaining 39 days from the fecond inclufive to the laft, it fol- 
lows, that the Value of that Chance is rat 


4°. And for the fame reafon, the Value of the next is ——s,and 


38 
fo on. 
M The 
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The Purchafer ought therefore to give the Seller « 


1 T 
T T Oey 
multiply’d by s, or 
ana + > + sree: Ba dt eee eS ree the whole 


multiply’d by s Now it being pretty laborious to fum up thofe 40 
Terms, I have here made ufe of a Rule which I have given in the 
Supplement to my Mifcellanea Analytica, whereby one may in a very 
fhort time fum up as many of thofe Terms as one pleafes, tho’ they 
were 10000 or more, and by that Rule, the Sum of thofe 40 Terms 
will be found to be 4.2785 very near, which being multiply’d by s 
which in this cafe is 3.25, the produ& 13.9 will thew that the Pur- 
chafer ought to give the Seller about 13 4-—. 18/- 


COROLLARY. 

The Value of the Chance s for one fingle day that fhall be fixed 
upon, is the Value of that Chance divided by the number of Days 
intercepted between that Day inclufive, and the number of Days re- 
maining to the end of the Lottery: which however muft be under- 
ftood with that reftriction, that the Day fixed upon muft be chofe 
before the Lottery begins, or that if it be done on any other Day 
the State of the Lottery muft be known, and a new Calculation 
made accordingly for the Value of s. 


PROBLEM. XXV. 


To find the Probability of taking four Hearts, three Dia- 
monds, two Spades, and one Club in ten Cards out of 
a Stock containing thirty-two. 


SOLU TEON,. 


Firf, The number of Chances for taking four Hearts out of the 


whole number of Hearts that are in the Stock, that is out of Eight, 
will be p 2270: 
Secondly, The number of Chances for taking three Diamonds 


out of Eight, will be =~2-° = 56. 


Thirdly; 
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Thirdly, The number of Chances for taking two Spades out of 
Eight, will be 2 = 28. 
Fourthly, The number of Chances for taking one Club out of 
Eight, will be + = 8. 
i 
And therefore multiplying all thofe particular ‘Chances together, 
the product 70 x 56 x 28 x 8== 878080 will denote the whole num- 
ber of Chances for taking four Hearts, three Diamonds, two Spades, 
and one Club. 
Fifthly, The whole number of Chances for taking any ten Cards 
out of thirty-two is 
32.31.30. 29.28.27. 26.25.24. 23 
IoZ sf 4 oh. 66 157 48 10 
And therefore dividing the firt Product by the fecond, the quotient 
878080 


== 64512240 


OTT es ro nearly, will exprefs the Probability required , 
fon which it follows, that the Odds againft taking four Hearts, 
three Diamonds, two Spades, and one Club in ten Cards, out of a 
Stock containing thirty-two, are very near 74 to 1. 


Of the Game of QUADRILLE. 


PROBLEM XXVI. 


The Player having3& Matadors and three other Trumps 
by the loweft Cards in black or red, what is the Pro~ 
bability of his forcing all the Trumps. 


SOLUTION. 


In order to folve this Problem, it is to be confidered, that the 
Player whom I call 4 forces the Trumps neceffarily, if none of the 
other Players whom I call B, C,.D has more than three Trumps ; 
and therefore, if we calculate the Probability of any one of them 
having more than three Trumps, which cafe is wholly againft 4, 
we may from thence deduce what will be favourable to him, but 
let us firft fuppofe that he plays in black. 

Since the number of Trumps in black is 11, and that 4 by fup- 
pofition has 6 of them, then the number of Trumps remaining 
amongft B, C, Dis 5; and again, fince the number of all the other 
remaining Cards which we may call Blanks is 29, whereof Æ has 

M 2 4, 
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4, it follows that there are 25 Blanks amongft B, C, D, and there- 
fore the number of Chances for B in his 10 Cards to haye 4 Trumps 
and 6 Blanks, is by the Corollary of the xix" Problem 


SXAX3X2 25.24.23.22. 22. 20 

Se ae ae aot Me Re EO : 
And likewifé the number of Chances for his having 5 Trumps and 
5 Blanks, is by the fame Corollary. 


Ru bos ok ASR ROL? a SOE + ed 
1.26345 Soa. AE went 


And therefore the number of all the Chances of B againft 4 is 
106x 5x 7x 11x23; but the number of Chances whereby any 10 


os 30. 29. 28. 27.. 26.25 . 24. 23.22.21 | 
Cards may be taken out of 30 is Si ERE Re EEN 


OL a: ee 
which being: reduced to 5x7x 9 x II x 13 x 23 x 29, it follows 
that the Probability of B having more than. three Trumps is 
eR _1°° _ i; but this Probability falls as 
A E dae pre 9X 13.29 s + ` 
well upon Cand D as upon 4, and therefore it ought to be mul- 
tiply’'d by 3, which will make it — = q ; and this 
being fubtracted from Unity, the remainder —°. will exprefs the 


Probability of £- forcing all the Trumps, and therefore the Odds. 
of his forcing the Trumps are 1025 againft 106, that is 29 to 3 
nearly.. 

But if 4 plays the fame Game in red, his advantage will Be con- 
fiderably lefs than before, for there being 12 Trumps in red, whereof 
he has 6, B may have 4, or 5, or 6 of them, {o that the number 
of the Chances which B has for more than three Trumps will be 
refpectively as follows : 


24. 23.22.21. 20...) 

Rvs Rivet Seer h i Se. Gs 
24.23. 22.21.20 

142-63 +4.5 

24 - 23 .22 22 

A e E ® 


Now the Sum of all thofe Chances being 21 5.x 23x 22 x21, and 
the Sum of all the Chances for taking any 10 Cards out of 30, 
being 5x 7x 9 x.11x 13 x.23 X 29, as appears by the preceding 
cafe, it follows, that the Probability of B” having more than three 


Trumps ig ——*8-73-22 23 _ 86 but this: Probabi. 


§ 7-9. 14.13.23.29 3.13.29 * 


lity 
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lity falling as well upon C and D, as upon B, ought to be mul- 


tiply'd by 3, which will make it —“"— == <=. ; and this being 


fubtra&ted from Unity, the remainder PaA , will exprefs the Pro- 
bability of 4’: forcing all the Trumps, and therefore the Odds of 
his forcing all the Trumps is in this cafe 291 to 86, that is mear- 
ly 10 to 3. 


PROBLEM XXVIL 

The Player A. having Spadille, Manille, King, Queen, 
and two {mall Trumps in black, to find the Probability 
of bis forcing all the Trumps. 


SOLUTION; 


A forces the Trumps neceflarily, if Bafle accompanied with two 
other Trumps be not in one of the Hands of B, C, D, and as 
Bafle ought to be in fome Hand, it is indifferent where we place 
it; let it therefore be fuppofed that B has it, in confequence of 
which let us confider the number of Chances for his having be- 
fides Bafe, 

2 Trumps and 7 Blanks.. 
3 Trumps and 6 Blanks, 
4 Trumps and 5 Blanks. 


Now the Blanks: being in all 29, whereof 4 Kas 4; it follows 
that the number of remaining Blanks is 25, and the number of 
‘Trumps being in all 11, whereof 4 has 6 by Hypothefis, and H 
has 1, víz. Bafle, it follows that the number of remaining Trumps 
is 4; and therefore the Chances- which B has againft. the Player. 
are refpectively as: follows: 


4.3 ‘ 25 . 24.23% 22.21 . 20. 19 
‘ Oe AO E oe hy Oren 7 


i 
4.3. 25.» 24 234 22.21.20 
Ae pk Moe ae eA 
$. 24.23.22. 21 
4 oe er +3 +4. 5 
The Sum of all which is 1441 x 5 x 23 x 22 s But the Sum of 
all the Chances whereby: B may join any 9 Cards to the Bafle which 


> 29% 28% 27. 26-. 25.24. 23 X°22, 25 
he has already is 2-7" 22. 2~ 75 7423 ms 29K KBR 


SSRs ee oA ree e j 
13x5 X23 X: LL: and: therefore the Probability of Bafe being in 
one 
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one Hand, accompany’d with two Trumps at feaft, is exprefied 

os y 1441.5. 23 >22 RKA 131.22 cage a2 
by the Fraéion TT Eh cs WE ie ee 29+7-3-13° 7917 
and this being fubtracted from Unity, the remainder will he 
SOE, and therefore the Odds of 4’: forcing the Trumps are 5°35 


to 2882, which are very near 7 to 4. 
But if it be in red, 4 has the {mall difadvantage of 19703 
againft 19882, or nearly 110 againft rrr, 


PROBLEM XXVIII 


The Player having Spadille, Manille, and z other Trumps 
1y g Vp 5 ip 
more by the loweft in red, what is the Probability, by 
playing Spadille and Manille, of his Jorcing 4 Trumps. 


SOLUTION, 


The 5 remaining Trumps being between B, C, D, their various 
difpofitions are the following : 


B, 
I, 
2, 
3> 
4; 
5> 


Which muft be underftood in fuch manner, that what is here 
affigned to B may as well belong to C or D. 

Now it is plain, that out of thofe five difpofitions there are only 
the two firft that are favourable to 4, let us therefore fee what is 
the Probability of the firft difpofition. 

The number of Chances of B to have 1 Trump and g Blanks 


N Y 25a! gal oO ge th. t 

are > x re ie : SS HX SX SXIIXI7X IQ 
x23, but the number of all the Chances whereby he may take 
any 10 Cards out of 30 is 5 x 7X9x 11x 13.x23 x29 as has 
been feen already in one of the preceding Problems, and therefore 
the Probability of B having one Trump and nine Blanks is 
6-5 +§- i i729 . 23 25.19 . 17 


eT RE RE em —_-_-_----> 
76 9-20-83. 23.49 7G. 13-29 -° 
Now 
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Now in order to: find the number of Chances for C to have 2 
Trumps and 8 Blanks, it muft be confidered that 4 having 6 Trumps, 
and B 1, the number of remaining Trumps is 4, and likewife that 
A having 4 Blanks, and B g, the number of remaining Blanks is 
Y5, and therefore that the number of Chances for C to have 2. 
Trumps and 8 Blanks is 

AE x HEE O a me ims fer = 6x9x IOXIIXI3 


But the number of all the Chances whereby C may take any ro- 
Cards out of 20 remaining between him and D is 


20.19. 18. 17-16. ik. 14.13: f2: dii 
RT La A ew ee KE a = 4x IIX 13x 17x 19, 


and therefore the Probability of C’ having 2'Trumps and 8 Blanks:is: 
6. 9+-10.38-133> 6.9.10 9. 1Gb 


——- 


4.1II1.13.17.19 I IG: a 17. 19. 


Now being fuppofed to have had 6 Trumps, Br, and C 2.. 
D muft haye 2 neceffarily, and therefore no new Calculation ought 
to be made on account of D. It follows therefore that the Proba- 
bility of the difpofition 1, 2,2, belonging refpectively to B, C, D 
ought to be exprefs'd by 217 aS See 

i FEIZ 20 17.19 7 43/129 

Now three things, whereof two are alike, being to be permuted: 
3 different ways, it follows- that the Probability of the Difpofition 
I, 2, 2, as it may, happen in any order will be 2:15:25 .— AS 

It will be found in the fame manner, that ne Probabilit BF ie 
Difpofition 2, 3, @ as it belongs refpeétively to B, €, D, is- 
7: 5-1. ; but the number of Permutations of three things which 

Pid (Bisa , i 4 z i 
are all unlike being 6, it. follows that the faid Probability ought to 
be multiply’d by 6, which will make it Żasi = we } 
; i < 12.2 263 
From all which it follows, that the Probability of A" forcing A. 
12¢ +60 7 . . è zx 
‘ st Da aca E » which: fraction being fubtraéted 


from Unity, the remainder will be ae » and therefore the Odds 


of A" forcing 4 Trumps are 1725 to gi4, that is very near 17; 
to 9, 


1125 


Trumps. is 


PROBLEM: 
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PROBLEM XXIX. 

A hating 4. Matadors, in Diamonds, with the two black 
Kings, each accompanied with two {mall Cards of their 
own colour; what is the Probability that no one of the 
others B,C, D has more than 4 Trumps, or in cafe he 
has more, that he bas alfo of the colour of both bis 
Kings, in which cafes he wins neceffarily. 


SOLUTION. 


The Chances that are againft 4 are as follows, it being pofi- 
ble that B may have 


Diamonds, Hearts, Number of Chances, 
55 
6, 
7> 
8, 45 
Sum 20997 
Diamonds, . Hearts, | Number of Chances, 


f 
5; 
5; 
$ 
5) 
6 


? 


70560 
100800 
50400 
8400 
336 
20160 
18900 
5600 
4.20 
2160 
1200 
160 
60 


Om Om NOM NW Om NW SP 


cs 


279171 5 
Et eg a a a E A 


Now 
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Now by reafon that among B, C, D, there are as many Clubs as 
Spades, v/z.-6 of each fort, it follows that the Clubs may be fub- 
ftituted in the room of the Spades, which will double this laft num- 
ber of Chances, and make it 558330; and therefore, adding toge- 
ther the firft and fecond number of Chances, the Sum will be 
579327, which will be the whole number of Chances, whereby B 
may withftand the Expectation of 4, but the number of all the 
Chances which B has for taking any to Cards out of 30 is 5x7x 
QX IEX I3 x 23% 29 == 30045015; from which it follows that the . 
Probability of B” withftanding the Expectation of 4 is nae > 
but as this may fall as well upon C and D as upon B, it follows 
that this Probability ought to be multiply’d by 3, then the Produ& 


17379°' _ will exprefs the Probability of 4" lofing, and this being 


30045015 s ‘ a 
fubtraéted from Unity, the remainder will exprefs the Probability of 
A’: winning, and therefore the Odds of 4 winning will be little 
more than 16 to I. 


PROBLEM XxXxX. 
A having Spadille, Manille, King, Knave, and two 
other {mall Trumps in black, what is the Probability 
that Bafe accompany d with two other Trumps, or the 


Queen accompany d with three other [ball not be in the 
Jame hand, in which cafe A wins necefarily # 


SOLUTION. 
The Probability of Bafte being in one hand, accompany’d with 


two other Trumps, has been found in Problem xxvii to be Brinks 
d i o 7917 
The number of Chances for him who has the Queen, to have 
alfo three other Trumps, excluding Bafte is 


3.2.1 25.24. « 22. 21.. 20 
Sn OT a ea Rarer a eh eal eS dele 


but the number of Chances for joining any ọ Cards to the Queen 

is 3X 5X7 11X13 x 23 x29, and therefore the Probability of the 

Queen's being in one hand, accompany’d with three other Trumps is 
Ss 7aATr 20023 ) 


: a 20 
SERD 4 7 ek ie 8925s 260 ity SGU OS et 


N now 
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now this Probability being added to the former, the Sum will be 


m , and therefore the Odds of 4 not being withftood either 
from Bafte being accompany'd with two other Trumps, or from the 


Queen accompany’d with three, are 4895 to 3022, nearly as 13. 


to 8. 

It may be obferved, that the reafon of Bafte being excluded from 
among the Trumps that accompany the Queen is this, if the Queen 
be accompany’d with Bafte and two other Trumps, the Bafte itfelf 
is accompany’d with three Trumps, which cafe had been taken in 
already in the firft part of this Solution. 


POR O BLE M. XXXI. 

A having three Matadors in Spades with the Kings of 
Hearts, Diamonds, and Clubs, two {mall Hearts, two 
Jmall Diamonds, and one fmall Club, to find the Pro- 
bability that not above three Spades fhail be in one hand, 
or that, if there be above three, there fhail be alfo 
of the colour of the three Kings, in which café A. 


wins necefjarily. 

SOLUTION. 

1°. The Probability of not above three Trumps being in one 
hand = 0.332141. 

The Probability that one of the Oppofers fhall have 4 Trumps, 
and at the fame time Hearts, Diamonds, and Clubs, and that no 
other fhall have 4 Trumps is == 0.393 501. 

The Probability that two of the Oppofers fhall have 4 Trumps, 
and at the fame time Hearts, Diamonds and Clubs is == 0.013836, 

The Probability that one of the Oppofers fhall have 5 Trumps, 
and at the fame time Hearts, Diamonds and Clubs is == 0,1030 IQ. 

The Probability that one of the Oppofers fhall have 6 Trumps, 
Hearts, Diamonds.and Clubs is ==0.coro41, 

The Probability of one of the Oppofers having 7 Trumps, and 
at the fame time Hearts, Diamonds and Clubs is — 0,00031 T 

Now the Sum of all thefe Probabilities is 0.843851, which be- 
ing fubtracted from Unity, the remainder is 0.156149, and there- 
fore the Odds of the Players winning are as 843851 to 156149, 


that is very- near as: 27 to 5. 
PROBLEM 
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PROBLEM XXXIL 


To find at Pharaon, how much it is that the Banker gets 
per Cent. of all the Money that is adventured. 


HYPOTHESIS. 

I fuppofe fr/?, that there is but one fingle Ponte; Secondly, that 
he lays his Money upon one fingle Card at a time; Thirdly. that 
he begins to take a Card in the beginning of the Game; Fourthly, 
that he continues to take a new Card after the laying down of 
every couple: Fi/thly, that when there remains but fix Cards in 
the Stock, he ceafes to take a Card, 


SOLUTION. 


When at any time the Ponte lays a new Stake upon a Card 
taken as it happens out of his Book, let the number of Cards al- 
ready laid down by the Banker be fuppofed equal to x, and the 
whole number of Cards equal to z. / 

Now in this circumftance, the Card taken’ by the Ponte has paft 
four times, or three times, or twice, or once, or not at all. 

Firft, Tf it has paffed four times, he can be no lofer upon that 
account. 

Secondly, If it has paffed three times, then his Card is once in the 
Stock: now the number of Cards remaining in the Stock being 
n—wx, it follows by the firft cafe of the xiiith Problem, that the 
Lofs of the Ponte will be = : but by the Remark belonging to 


the xixth Problem, the Probability of his Cards having paffed three 


times precifely in x Cards is —~—*-*—* 7 4 


Alt 2. > OW fuppo- 
fing the Denominator equal to s, multiply the Lofs he will fuffer, 
if he has that Chance, by the Probability of having it, and the 
product Se will be his abfolute Lofs in that cir- 
cumftance. 

Thirdly, If it has pafled twice, his abfolute Lofs will, by the 
fame way of reafoning be found to be 2-=—*:-"—*h2-6 


29 5 
Fourthly, If it has paffed once, his abfolute Lofs will be found 


x xnxx . n — X2. 
A Pere. 


N 2 oe Fiftbly, 
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Fifthly, If it has not yet paffed, his abfolute Lof will be 
n=— X hmmm x— 2. 2n—2%—5 


28 s 9, i . 
Now the Sum of all thefe Loffes of the Ponte’s will. be 
3 i 2 + — RENEA x -- 3x3 
aE i and this is the Lof he fuffers 
by venturing a new Stake after any number of Cards æ are 
affed. 

But the number of Couples which at any time are laid down, 
is always one half of the number of Cards that are pafled ; where- 
fore calling ¢ the number of thofe Couples, the Lofs of the Ponte 

9 
3 ae in a on — Gt — 64 + 2425 
may be exprefs’d thus eS Ta Ace a ee f 

Let now p be the number of Stakes which the Ponte adven- 

tures ; let alfo the Lofs of the Ponte be divided into two parts, v7z. 


n3 — 2m + gn 


and — 6+— 6t + 2483 
> ae rn 
3 


And fince he adventures a Stake p times; it follows that the firft 


n? — ah nn i 

dare Of his Roa E SE 

In order to find the fecond part, let ¢ be interpreted fucceffively 
by o, 1, 2, 3, &c: to the laft term p— I; then in the room of 
6z we fhall have a Sum of Numbers in Arithmetic Progreffion to be 
multiplied by 6; in the room of 6¢£ we fhall have a Sum of 
Squares, whofe Roots are in Arithmetic Progreflion, to be multi- 
plied by 6 ; and in the room of 242° we fhall have a Sum of Cubes, 
whofe Roots are in Arithmetic Progreflion, to be multiplied by 
24. 
*Thele feveral Sums being collected according to the Rule given 
in the fecond Remark on the xth Problem, will be found to be 


Ra aloe Lies Aa de and therefore the whole Lofs of the Ponte will be 


pus —L pon} spe $4 — 14) +O + 3? 
a 


8 
Now this being the Lofs which the Ponte fuftains by adven- 
turing the Sum p, each Stake being fuppofed equal to Unity, it 
follows that the Lofs per Cent. of the Ponte, is the quantity above- 
‘written multiply’d by 100, and divided by'p, which confidering 


that s has been fuppofed equal to 2 xa — 1 xn— 2 xn— 3 will 

On OW Aa p—1 x Op — pa nif 
make it to be “2. n= lL. BH 3 %100-F : 4 n=] XA 2.3 x 100 5 let 
I now 
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now 7# be interpreted by 52, and p by 235 and the Lofs per Cent. 
of the Ponte, or Gain per Cent. of the Banker will be found to be 
2.99251, that is 2L. — 19/ — 104% per Cent, 

By the fame Method of procefs, it will be found that the Gain 


per Cent. of the Banker at Ba/fette will be pee: 5 Ans) EETA 


n. n=— i . n — 2 


4p-p—'-P—? x00. Letn be interpreted by 51, andp by 233 


n.a—1.n—2Z.2—3 

and the foregoing expreflion will become 0.790582 or 15% —9 i 
the confideration- of the firft Stake which is adventured before the 
Pack is turned being here omitted, as being out of the gene- 
ral Rule ; but if that cafe be taken in, the Gain of the Banker will 
be diminithed, and be only 0.76245, that is 15/4— 3% very near ; 
and this is to be eftimated as the Gain per Cent. of the Banker, 
when he takes but half Face. 

Now whether the Ponte takes one Card at a time, or feveral 
Cards, the Gain per Cent. of the Banker continues the fame : whe- 
ther the Ponte keeps conftantly to the fame Stake, or fome time 
doubles or triples it, the Gain per Cent. is ftill the fame : whether 
there be one fingle Ponte or feveral, his Gain per Cent. is not 
thereby altered. Wherefore the Gain per Cent. of the Banker of 
all the Money that is adventured. at Pharaon is 24+ — 19%: — 104 


and at Ba/jfette 1 gh — 3 d, 


PROBLEM XXXIII. 

Suppofing A and B to play together, that the Chances they 
have refpectively to win are asa to b, and that B 
obliges himfelf to fet to A Jo long as A wins without in- 
rerruption : what is the advantage that A gets by bis 


hand ? 


SOLUTION. 
Firf, If 4 and B ftake 1 each, the Gain of 4 on the firft 


Game is a : | 
Secondly, His Gain on the fecond Game will. alfo be i < 
provided he fhould happen to win the firft: but the Probability 


of 4: winning the firft Game vis er \ Wherefore his Gain on 
‘ a ab 
the fecond Game will be sar Ee 


Thirdl y; 
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Thirdly, His Gain on “ng third Game, after winning the two 
frt, will be likewife “=y _: but the Probability of his winning 


the two firft Games is il- ; wherefore his Gain on the third 


Game is = * were 2 
a--4)* a+b 
Fourthly, Wherefore the Gain of the Hand-of 4 is an infinite 


Series; wiz. I -+ =r Sere ys F =y + FE > &e. 

to be multiplied by Sg but the Sum of that infinite Series is 
i a4- b 

a-} 


=y 3 wherefore the Gain of the Hand of £ is 4 i AA i = 
a—b 
wae 
CoROLLARY 1. : 
If 4 has the advantage of the Odds, and B fets his hand out, 
the Gain of Æ is the difference of the numbers exprefling the Odds, 


divided by the lefler. Thus if 4 has the Odds of 5 to 3, then 


his Gain will be ak = = i 


COROLLARY 2. 
If B has the difadvantage of the Odds, and 4 fèts his hand out, 


the Lofs of B will be the difference of the numbers ST the 


Odds divided by the greater: thus if B has but 3 to 5, his Lof will 


be F ‘ 
CoROLLARY 3 
If 4 and B do mutually engage to fet to one another, as long 


as either of them wins without interruption, the Gain of A will 
be found to be Siesta , that is the Sum of the numbers expref- 
fing the Odds multiplyed by their difference, the Produ@ of that 
Multiplication being divided by the Produ& of the numbers expre{- 
fing the Odds. Thus if the Odds were as 5 to 3, the Sum of i> 
and 3 being 8, and the difference being 2; multiply 8 by 2, and 
divide the product 16, by the product of the numbers exprefiing 


the Odds, which is 15, and the Quotient will be oo or I ra 
which therefore will be the Gain of 4, 


COROLLARY 4. i 
But if he be only to be fet to, who wins the firft time, and that 
he be to be fet to as long as he wins without interruption, aapon 
ain 
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Gain of 4 will be 3 : thus if æ be 5, andd 3; the Gain 


of A will be 2 = “2, 


PROBLEM XXXIV. 


Any number of Letters a, b,c, d, e, f, &e. all of them 
different, being taken promifcuoufly as it happens : to find 
the Probability that fome of them fhall be found in their 
places according to the rank they obtain in the Alpha- 
bet ; and that others of them fhail at the Jame time be 
difplaced. - 

SoLUTION, 


Let the number of all the Letters ‘be ==%; let the number of 
thofe that are to be in their places be == p, and the number of 
thofe that are to be out of their places == g. Suppofe for brevity’s fake 

I 

Lr, A ee 9) ee er, a y 
&c. then let all the quantities 1, 7, s, Z, v, &c, be written down 
with Signs alternately pofitive and negative, beginning at 1,°if-p be 
== 0; atr, if pbe==1; ats, if p be = 2, &. Prefix to thefe 
Quantities the Coefficients of a Binomial Power, whofe index is - 
==; this being done, thofe Quantities taken all together will ex- 
prefs the Probability required ; thus the Probability that in 6 Letters 
taken promifcuoufly, two of them, viz. a and 4 fhall be in their 
places, and three o them, vz. c, d, e out of their places, will be ~ 

at BEE ig Meee: Sed gag ASS tacoma e GAR 
re Nr ei TE O08 6 Gat cach 990 
And the Probability that @ fhall be in its place, and 4, e, de out 
of their places, will be 


1 


4 53 


i 


Ci a 6.54 SO AE We TAE II HY EW ha an 
The Probability that æ fhall be: in its place, and 4, c, dy e, f ont - 


of their places, will be 
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The Probability. that a, b, c, d, e, f fhall all be difplaced is 
š 6 


15 20 tS a 
6.5.4 z5 6.5.43 6. 


I I 
ot 5 ag 


+ ge 


T 
TE or eT ae 


Hence it may be concluded, that the Probability that one of 
them at Jeaft fhall be in its place, is t= -= + — — a a 


Jt ats = 5 and that the Odds that one of them’ at 


120 720 14 
leaft {hall be fo found, are as Q1 to 53. - 
It muft be obferved, that the foregoing Expreflion may ferye for 
any number of Letters, by continuing it to fo many Terms as there 
are Letters: thus if the number of Letters had been feven, the 


oes . 177 
= £ P 7 a 
Probability required would have been -55 


DEMONSTRATION. * 


The number of Chances .for the Letter. a to be in the firft place, 
contains the number of Chances by which a being in the firft place, 
b may be in the fecond, or out of it: This is an Axiom of common 
Senfe of the fame degree of evidence, as that the whole is egual to all 
Its parts. 

Foih this it follows, that if from the number of Chances that 
there are for a to be in the firft place, there be fubtra&ted the num- 
ber of Chances that there are for a to be in the firft place, and 4 
at the fame time in the fecond, there will remain the number of 
Chances by which @ being in the firt place, 6 may be excluded » 
the fecond, . $ 

For the fame reafon it follows, that if from the number of 
Chances for a and 4 to be refpe&tively in the firft and fecond places, 
there be fubtraéted the number of Chances by which a, b, and’ c 
may be refpectively in the firft, fecond, and third places ; there 
will remain the number of Chances by which a being in the firft, 
| 4 in the fecond, ¢ may bẹ excluded the third place: and fo of 
the reft. l 

Let -+ a denote the Probability that æ fhall be in the firft place, 
and let —a denote the Probability of its being out of it. Likewife 
Jet the Probabilities that’s fhall be in the fecond place, or out of it, 
be refpectively expreft by +-4 and —4, 


Let 
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Let the Probability thata being in the firft place, 4 fhall be in the 
‘fecond, ‘be exprefled by a +b- Likewife let the Probability that 2 
pee in the firft place, å fhall be excluded the fecond, be exprefled 

y a—b, 

Univerfally. Let the Probability there is that as many as are to be 
in their proper places, fhall be fo, and that as many others as are 
at the fame time to be out of their proper places fhall be fo found, 
be denoted by the particular Probabilities of their being in_ their 
proper places, or out of them, written all together : So that, for in- 
itance, a- b +-c-—d—e, may denote the Probability that a, 4, 
and c fhall be in their proper places, and that at the fame time both 
d and e fhall be excluded their proper places. 

Now to be able to derive proper Conclufions by virtue of this No- 
tation, it is to be obferved, that of the Quantities which are here 
confidered, thofe from which the Subtraction is to be made are in- 
differently compofed of any number of 'Terms connected by -+ and 
— ; and that the Quantities which are to be fubtraéted do exceed 
by one Term thofe from which the Subtraction is to be made; the 
reft of the Terms being alike, and their Signs alike; then nothing 
more is requifite to have the remainder, than to preferve the Quan- 
tities that are alike, with their proper Signs, and to change the 
Sign of the Quantity exceeding. 

It having been demonftrated in what we have faid of Permutations 
and Combinations, that 4 == =; Ea eaae eA ot Dee 


Rwiu—tI 


I I 


ts! Kew Tet — , sso &e. be refpectively called 
r, 5.45 v, &c. this being fuppofed, we may come to the follow- 
ing Conclufions. 
b <7 
+a 
then b — 2 =r — s 


x t- b—ass—t 
c—a ra by the firft_Conclufion. 
c—a+b== +5s—t by the fecond. 

> 6—a@— b=sr—2547 
d+e+s=—F-- e . 
dtepbpaxv 


3 P E N p TY 
(©) 
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d+ cumeg == s — ź by the fecond Conclufion. 
d+-ecmatb= ¢— ù by the fourth, 
5°. d Ce a eb SS 2t+v 
d—b—a == r—2s--f by the third Conctafisn. 
d — b — g + i == s—2f -+v by the fifth. 
6°: d — b — a = t = r= HB, 


By the fame procefs, if no letter be particularly afligned to be 
in its place, the Probability that fuch of them as are affigned may 
be out of their places, will likewife be found thus. 


— a = I >f, for + a and — a together make Unity. 
— a + b == r = s by the fitt Conclufion. 
7°, —a—b=1— 2 + $ 
— a — b= I — 2r + $ by the feventh Conclufion. 
— a — b 4- c= r — 2s + ž by the third, 
8°, — a — bOI ary hn 


Now examining carefully all the foregoing Conclufions, it will 
be perceived, that when a Queftion runs barely upon the difplacing 
any given number of Letters, without requiring that any other thould 
be in its place, but leaving it wholly indifferent, then the Vulgar 
Algebraic Quantities which lie at the right-hand of the Equations, 
begin conftantly with Unity : it will alfo be perceived, that when 
one fingle Letter is affigned to be in its place, then thofe Quan- 
tities begin with z, and that when two Letters are affigned to be 
in their places, they begin with s, and fo on: moreover ’tis ob- 
vious, that thefe Quantities change their Signs alternately, and that 
the numerical Coefficients, which are prefixed tothem are thofe of a 
Binomial Power, whofe Index is equal to the number of Letters 
which are to be difplaced. 


PROBLEM XXXV. 

Any given number of Letters a, b, c, d, e, f, & ec. be- 
ing each repeated a certain number of times, and taken 
promifcuoufly as it happens: To find the Probability 
that of fome of thofe forts, Jome one Letter of each may 
be found inits place, and at the fame time, that of fome 
ether forts, no one Letter be found in its place. 

SoLu- 
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i SOLUTION. 
Suppofe n be the number of all the Letters, / the number of 


times that each Letter is repeated, and confequently + the whole 


number of Sorts: fuppofe alfo that p be the number of Sorts of 
which fome one Letter is to be found in its place, and g the number 
of Sorts of which no one Letter is to be found in its place. 
Let now the prefcriptions given in the preceding Problem be 


followed in all refpects, faving that muft here be made == => 
s sear o <_ ne , &c. and the Solution of any 
particular cafe of the Problem will be obtained. 

Thus if it were required to find the Probability that no Letter 
of any fort fhall be in its place, the Probability thereof would be 
exprefied by the Series 


9.q—1 en g = qa Log 2 ToN s a ee 
eae cae perce pee SG Car coe ar SE AAA 


of which the number of Terms is equal to g -+ I. 
But in this particular cafe g would be equal to — , and there- 
fore, the foregoing Series might be changed into this, v/z. 


1 — gr -+ 


n—] n— l. n— 2l I n— l , n—2]. n— 3l 


n —i na 2 24 ial E a AE 3 


of which the number of Terms is equal to izi 
COROLLARY I. 
From hence it follows, that.the Probability of one or more 
Letters indeterminately taken, being in their places, will be ex- 


prefied as follows : 


sles oe, &c, 


——— ee 
24 u—1 -awt— 2 -#4 —3 


! COROLLARY 2. | 
The Probability of two or more Letters indeterminately taken, 
being in their places, will be 
' n—l — 3! 4 i— 
2 i Bi rie : peger way? 


a <4 x = D, &c. wherein it is neceflary to obferve, 
that the Capitals 4, B, C, D, &c. denote the preceding TA n 
O g 


» 


tho 
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Altho’ the formation. of this: laft Series flows naturally from- 
what we have already eftablifhed, yet that nothing may be want- 
ing to clear up this matter, it is to be obferved, that if one Species 
is to have fome one of its Letters in its proper place, and the reft 
of the Species to.be.excluded, then the Series whereby the Problem 
is: determined being to begin at 7, according to the Precepts given ~ 
in the preceding Problem, becomes» 


q-9—1 q -1—1 : 7—2 
regar hn er ae? &c. 


but then-the number of Species*being — , andall but one being : 


to be excluded, it follows that g in this cafe is ==. == = 
wherefore. the preceding Series would become after the proper Sub-.- 


ftitutions 


a—l 


I n—l.n—2/l./ I n—l, n—2l.n—=3].] 


eS eb A Rae Se Ee ee IS s, 
Z n. n— i. nmi 6 Kohl k—2.2— 3 » &C. 


And this is the, Probability that fome one of the Letters. of the 
Species particularly given, may obtain its place, and the reft of the 


Species to be excluded ; but the number of Species being , it fol~ 


lows that. this Series ought to be multiplied by =- which will. 
make it 


n—l I zn—].n— 2} I u=}. n— al. n3? 
Ga. gee ey T 


Fcc NEE RTS cSt 
21 #2 A—1.R—2.n—3Z ? &e, 


And this-is the Probability that fome one Species indeterminately 
taken, and.no more than one, may.have fome one: of its Letters-in 
its proper place. 

Now if from the Probability of one or more. being in - their 
places, be fubtracted the Probability of one and no more being in - 
its. place, there will remain the Probability of two. or more indeter-. 
minately taken being in. their places, which confequently will be. 
the difference between: the two following Series, viz, 


t n=l. n=—:2] .n—3] 2 
u—1.n—2 .u—3 ? &e. 
u—l.n—a2l.n—3l 


B—1 jm 2 n ų— 3 ? 


which difference therefore will be.. 
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1 n—l.n—al I a—lin—2l.n— yl 
ie grg n—I . #—2 git n—1l n= 2 in e 3 , &C: 
2 n— 2] n— 3l n— 4l 
x AÁ- 3 x pp s x 5 C&e. 


Ia n— 2- Ziek AAS i Aa * 


as we had expreffed it before; and from the fame way of reafon- 
ing, the other following Corollaries may: be deduced. 


COROLLARY 3: 


The Probability that three or more Letters indeterminately taken 
may be in their places, will begged by the Series 


I n—l.n—al 3 n— 3l 4 
cf eee ke wn 3 Atr.: 7 
5 m— sl 6... »--6l & 

See Aad ETA oe ae OE Waa D, &c. 


n— 4l 
n — 4 B 


COROLLARY 4. 
The Probability that four or more Letters indeterminately taken 
may be in their places, will be thus exprefied 
I n—l.n— 2l. n— 3l 4 n— 4] sa asl 
Ae E a a ag LS a Meine rae 
6 n—6l 
ig. S Jae Ke. 

The Law. of the continuation of thefe Series being manifeft, it 
will always be eafy to affign one that fhall fit any cafe propofed. 

From what we have faid it follows, that.in a common Pack of 
eo Cards, the Probability that one of the four Aces may be in 
Ee firft place, or one of the four Deuces in the fecond, or one of 
the four Trays*in- the third; or that fome of any other fort may 
be in its place (making 13 different places in all) will be exprefied 
by the Series exhibited in the firft Corollary. 

It. follows'likewife, that if there be two Packs of Cards,. and that 
the order of the Cards in one of the Packs be the Rule whereby to 
eftimate the rank which the Cards of the fame Suit and Name are to 
obtain in the other; the Probability that one Card or more in one 
of the Packs may be found in the fame pofition as the like Card 
in the other Pack, will be expreffed by the Series belong’ng-0 the 
frt Corollary, making »—=.52, and /==1. Which Series will in 
this cafe be 1 — aan > Z a = — — are , &c. wherecf 
52 Tetms are to be takem: 


If 
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If the Terms of the foregoing Series are joined by Couples, the 
Series will become 
I 1 


I 
ita 2-4 E 2.3.4.0 aiz 


T 4 
2.324.6. 8 H 2.3.4: 5.8.7.8. 10 


&c. of which 26 Terms ought to be taken. 

But by reafon of the great Convergency of the faid Series, a few 
of its Terms will give a fufficient approximation, in all cafes ; as 
appears by the following Operation 


== 0.500000 


7 O 
2345.078. O0 saiek a 


Sum == 0:632 120 -+ 


Wherefore the Probability that one or more like Cards in two 
different Packs may obtain the fame pofition, is very neatly 0.632, 
and the Odds that this will happen once at leaft as 632 to 368, 
or 12 to 7 very near. 

But the Odds that two or more like Cards in two different 
Packs will not obtain the fame pofition are very nearly as 736 to 
264, or 14 to 15. 


COROLLARY 5. 

If A and B each holding a Pack of Cards, pull them out at 
the fame time one after another, on condition that every time two 
like Cards are pulled ont, 4 fhall give B a Guinea ; and it were 
required to find what confideration B ought to give 4 to play on 
thofe Terms: the Anfwer will be one Guinea, let the number of 
Cards be what it will. 

Altho’ that be a Corollary from the preceding Solutions, yet it 
may eafily be made out thus; one of the Packs being the Rule 
whereby to eftimate the order of the Cards in the fecond, the Pro- 


bability that the two firft Cards are alike is ead , the Probability 
that the two fecond are alike is alfo —— , and therefore there be- 


52 
ing 
\ 
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ipg 52 fuch alike combinations, . it follows that the Value of the 
whole is a aE ie 
COROLLARY 6, 

If the numberof Packs be given, the Probability that any given 
number of Circumftances. may happen in any number of Packs 
will eafily be found by our Method, thus if the number of Packs 
be &, the probability that one Card or more of the fame Sute and 
Name in every one of the Packs may be-in the fame pofition, 
will be expreffed as follows 


sappy a a 
ha? oF 2."n.a—I ket A OS eE 


1 , .&e. 


Lids aac ee 
24:n tomb A —2nNm—Z | 


PROBLEM XXXVI. 


If A and B play together each with a certain number of 
Bowls =n: what are the refpettive Probabilities of 


winning, Juppofing that each of them want a certain 


number of Games of being up. 


SOLUTION. 

Firft, .The Probability that fome Bowl of B may be nearer the 
Jack than any Bowl of 4 is — , Aand- B in this Problem being 
fi fed equal Players. cig 2 
al  guppoang one of his Bowls nearer the Jack than any 
Bowl of 4, the number of his remaining Bowls is #— 1, and the 
number of all the Bowls remaining between them is 22— 1: 
wherefore the- Probability that. fome other of his Bowls may be 


nearer the Jack than any Bowl of 4 will be =, from whence 
it follows, that the Probability of his winning two Bowls or more 
is — x =o 

Thirdly, Suppofing two of his Bowls nearer the Jack than any 
Bowl of 4, the Probability that fome other of his Bowls may be nearer 


the Jack than any Bowl of A, will be 2 ; wherefore the Pro- 


n= | a—Z 


> . . . 1 
bability of his winning three Bowls or more is -> x [> * z= ` 
the continuation of which procef is manifeft. Fourthly, 


iii 
| 

pp 
i ii 
N 
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Fourthly, The Probability that one: fingle of B fhall be nearer 
the Jack than any Bowl of 4 is — — -+ x = = 
for if from the Probability that one or more of his Bowls may 
be nearer the Jack than any Bowl of A, there be fubtraéted ‘the 
Probability that two or ‘more may be nearer, there remains the pro- 
bability of-one fingle Bowl of B being nearer: in this.cafe B is 
faid to win one Bowl at an end. ~ 

Fifthly, ‘The-probability that two Bowls of B, and not more, 
may be nearer the Jack than any Bowl of 4, willbe «found to be 


I nT 
Z pment i aia 
at an end. 

Sixthly, The probability that B- may win three Bowls at an 


n — I n — 2 


end will be found to be — x [>> x e X-pa > the pro- 
cefs whereof is manifeft. 

-It may be obferved, that the foregoing Expreffions might be re- 
duced to fewer Terms, but leaying them mnreduced, the Law of 
the Procefs is thereby made more confpicuqus. 

It is carefully to be obferved, when we mention henceforth 
-the. probability of. winning two Bowls, that the Senfe of-it ought 
to be extended to two Bowls or more; and. that when.we men- 
tion the winning two Bowls at an end, it ought to be-taken in 
the common acceptation of two Bowls only: the like being to be 
obferved in other cafes. 

This preparation being made; fuppofe that Æ wants one Game 
of being up and B two ; and it be required in that circumftance to 
determine their probabilities of winning. 

Let the whole Stake between them be fuppofed == r. Then 
either 4 may win a Bowl, or B win one Bowl at an end, or B may 
win two Bowls, 

In the firft cafe B lofes his Expedation. 


In the fecond cafe he becomes intitled to —.of the Stake, but 


I 
oS N 
2 


in which cafe, B is faid to win two Bowls 


n” 


Wherefore his Expec- 


the probability of this cafe is — x 
tation atifing from that part of the Stake he will be intitled to, 
if this Cafe fhould happen, and from the probability of its hap- 


27—11 


pening will be x =u 
ae 
In the third ca, B wins ‘the. whole Stake 1, but the pro- 
“VW 9 S ¢ l i Ee, 
bability, of this Cafe, is —-x —— .- 
. From 
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From this it follows, that the whole Expectation of B is equal to 
By oy ty Se, or E. Which being fubtracted 


4 2n—I 2 2n—i ? 8x—4 
from Unity, the remainder will be the Expectation of 4, viz. = = : à 


It may therefore be concluded that the Probabilities which 4 and 
B have of winning are refpectively as 52—-2 to 37n —2. 

"Tis remarkable, that the fewer the Bowls are the greater is the 
proportion of the Odds; for if 4 and B play with fingle Bowls, 
the proportion will be as 3 to 1; if they play with two Bowls each, 
the proportion will be as 2 to 1; if they play with three Bowls 
each, the proportion will be as 13 to 6; yet let the number of 
Bowls be never fo great, that proportion will not defcend fo low as 

to 3. 

: Let us now fuppofe that 4 wants one Game of being up, and B 
three ; then either 4 may win a Bowl, or B one Bowl at an end, 
or two Bowls at an end, or three Bowls. 

In the firft Cafe, B lofes his Expectation. 

If the fecond Cafe happen, then B will be in the circumftance 
of wanting but two to £" one; in which cafe his Expectation wiil 


Bë = , as it has been before determined: but the probability 


that this Cafe may happen is = x >; 5 Wherefore the Expedta- 
tion of B arifing from the profpect of this Cafe will be equal to 


7z 3n — 2 
— 


n 


— X 
Zn =—— 1] Bu — 


2 4 . 
If the third Cafe happen, then B will be intitled to one half of 
the Stake: but the Probability of its happening is a WM Sas Ie 


21%—tI 


= 3 wherefore the Expe&ation of B arifing from the profpe@ 
zaas 
of this cafe is — x ST a a a a 
If the fourth Cafe happen, then B wins the whole Stake 1: 
“1° . . ° I n—tI n 
but the Probability of its happening is — x ———- šuo or 
1 n—Z > 


* From this it follows, that the whole Expeĉtation of B will be 


gm stt ; which being fubtraéted from Unity, the remainder 
230m — 107 -4 4 


will be the Expectation of 4, viz. “rae = It may there- 
i fore 
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fore be concluded that the Probabilities which 4 and B have of 
winning will be as 23727— 19” =} 4 to gum— 132+ 4. 

'N. B. If A and B play only with one Bowl each, the Expec- 
tation of B as deduced from the foregoing Theorem would be found 


== 0, which we know from other principles ought to be == — - 


The reafon of which is, that the cafe of winning two Bowls at an 
end, and the cafe of winning three Bowls enter the general con- 
clufion, which cafes do not belong to the Suppofition of playing 
with fingle Bowls; wherefore excluding thofe two Cafes, the Ex- 
pectation of B will be found to be —x—*~— x Y= * — -= 


p 3 
2n— 1 8u— 4 


Se is - 
which will ee if n be made =— 1 ; yet the Expectation of B 
in the cafe of two Bowls would be rightly determined from the 
general Solution: the reafon of which is, that the Probability of 


winning three Bowls being univerfally T x ——— , that Expreffion 


Zim 1. 
becomes == 0, when 2 is interpreted by 2, which makes it that 
the general Expreffion is applicable to this Cafe. | 

After what has been faid, it will be eafy to extend this way of 
reafoning to any circumftance of ‘Games wanting ‘between A and 
B; by:making the Solution of ‘each fimpler Cafe fubfervient to the 
Solution of that which is next more compound. 

Having given formerly the Solution of this Problem propofed to. 
me by the ‘Honourable Francis Robartes Efq; in the Philofephical 
Tranfactions Number 339; I there faid, by way of Corollary, that 
if the proportion of Skill in the Gamefters were-given, the Problem 
might alfo be ‘folved : fince which time M. de Monmort in the-fecond 
Edition ofa Book by him publithed upon-the’ Subjeét-ofiChance, has 
folved this Problem as it is extended to the confideration of the Skill, 
and to carry his Solution to a*great number of Cafes, giving alfo a 
Method whereby itmight be carry’d farther: But altho” his Solution 
is good, as he has'made a right ufe ofthe Do&rine ef Combinations,,. 
yet I'think mine has agreater degree of Simplicity, it being dedu- 
ced from -the -very original Principle-whereby Ihave demonftrated. 
the Doétrine of Permutations and Combinations; wherefore.to make 
it as familiar as poffible, and to thew its vaft extent, “I fhall now 
apply «it to the general Solution of ‘this'Problem, by taking in the 
confideration of -the Skill. of the Gametters, 


But before I proceed, it is neceflary to define what F call “Skill = 
wiz. that-it is the proportion of Chances which the‘Gamefters may: 
be fuppofed to have for winning a fingle Game with one Bowl each. 


PROBLEM 
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PROBLEM XXXVII. 
If A and B, whofe proportion of skill is as a to b, play 


together each with a certain number of Bowls : what 

are their refpettive Probabilities of winning, Juppofing 

each of them to want a certain number of Games o 

being up. 

SoLuTIon. 

Firf, The Chance of B for winning one fingle Bowl being 4, 
and the number of his Bowls being z, it follows that the Sum of 
all his Chances is 7b; and for the fame reafon, the Sum of all the 
Chances of B is za: wherefore the Sum of all the Chances for win- 
ning one Bowl or more is na 4- nb; which for brevity’s fake we 
may call s From whence it follows, that the Probability which 


7 


B has of winning one Bowl is | 

Secondly, Suppofing one of his Bowls nearer the Jack than any 
of the Bowls of A, the number of his remaining Chances is7—=1 xb; 
and the number of Chances remaining between them is s—4: 
whetefore the Probability that fome other of his Bowls may be 


nearer the Jack than any Bowl of 4 will be ee > +; from whence 


it follows that'the Probability of his winning two Bowls or more is 


nb n— xk 


Thirdly, Suppofing two of his Bowls nearer the Jack than any 
of the Bowls of A, the number of his remaining Chances is z—-2x4; 
and the number of Chances remaining between them is s— 26; 
wherefore the Probability that fome other of his Bowls may be 


nearer the Jack than any Bowl of A will be —— ules Se 


whence it follows that the Probability of his winning three Bowls 
or more is a x x an ; the continuation of which 
rocefs is manifeft. i 
Fourthly, If from the Probability which B has of winning one 
Bowl or more, there be fubtraGed the Probability which he has of 
winning two or more, there will remain the Probability of his win- 
ning one Bowl at an end: which therefore will be found to be 


cadigg i fia rg a Sipe o tee 
ay Rm PT 2 A P AET EE or T A Jer 


P 2 Fiftly, 
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Fifthly, For the fame reafons above, the Probability which B’ 


| at. b = 
has of winning two Bowls at an end, will be = x= 7 ms x 
an 


— 2b * 
: Sixthly, And for the fame reafon likewife, the Probability which 
B has of winning three Bowls at an end will be found to be 


: AAS x = x rE ; The continuation of which. 
rocefs is manifeft. 

N. B. The fame Expeétations which denote the Probability of 
any circumftance of B will denote likewife the Probability of the 
like circumftance of 4, only changing 4 into a, and a into 4, 

Thefe things being premifed, fuppofe frf that. each wants one 
Game of being up ; ’tis plain, that the Expettations of 4 and B 


are refpectively —— and /*_. Let this Expectation of B be cal- 


ze Xf 
led P. 

Secondly, Suppofe A wants one Game of being up, and B two, 
and let the Expectation of B be required: then either 4 may win 
a Bowl, or R win one Bowl at an end, or B win two Bowls. 

If the firft. cafe happens, B lofes his Expectation. l 

If the fecond happens, he gets.the Expe@ation P; but the Pro- 


bability of this cafe is — rae : wherefore the Expectation of 
B arifing from the poffibility that it may fo happen is = Xa 


x P. 
If the third cafe happens, he gets the whole Stake 1; but the 


Probability. of this cafe is = x “= ; wherefore the Expectation 


of B-arifing from the poffibility of this-eafe is “2 x- 


“fuuh whe 


pg which it follows, that the whole Expectation. of B will be 
m gn 


TAEAE es . Eet this. Expectation be. cal- 
led Q, 


n—1xh 


an ab 
en ee a 


An. 
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An infinite number of thefe Theorems may be formed in the 
fame manner,. which may be continued by in{pection, having.well 
obferved how each of them is deduced from the preceding. 

If the number of Bowls were unequal, fo that 4 had m Bowls, 
and B 2 Bowls; then fuppofing ma + 2b == s, other Theorems 
might be found to anfwer that inequality: and if that inequality 
fhould not be conftant, but vary at pleafure ; other Theorems might 
alfo be found ‘to. anfwer that Variation of inequality, by following 
the fame way of arguing. And if three or more Gamefters. were 
to play together under any circumftance of Games wanting, and of 
any given proportion of Skill, their Probabilities of winning might 
be determined in the fame manner. 


PROBLEM XXXVIIE 
To find the Expectation of A,. when with. a Die of any 
given number of Faces, be undertakes to fling any num- 
ber of them in any given number of Cafts. 


SoLuTION. 


Let p+ r be the number of all the Faces in the Die, ” the 
number of Cafts, f the number of Faces which he undertakes to 
fling. 

The number of Chances for the Ace to come up once or more 
in any number of Cafts 2, is p-+-11"— p” : as has been proved 
in the Introduction. 

Let the Dlux, by thought, be expunged out of the Die,. and 
thereby the number of its faces reduced to f, then the number of 
Chances for the 4ce to come up will at the fame time be reduced 
to #"— p— D”. Let now the Deux be reftored, and the number 
of Chances for the Ace to come up without the Deux, will be the 
fame as if the Deux were expunged: But if from the number of 
Chances for the Ace to come up with or without-the Deux, viz. 
from p+-1)*—p* be fubtracted the number of Chances for the 
Aceto come up without the. Deux, viz. p" — p— 1)”, there will re- 
main the Number of Chancés for the Ace and the Deux to come 
up once or more in the given number of Cafts, which number of 
Chances confequently. will be p+ D” -— 2p” -+ p— 1)”. 

By the fame way; of arguing it will be proved that the number 
of Chances, for the ce and Deux to come up without the Trey 

wi 


» 
vA 
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will be p" — 2 x p+ D*+ p—z *, and confequently that the 
number of Chances for the Ace, the Deux, and Tray to come up 
once or more, will be the difference between p +-1\” — 26" 4. 5 —r¥, 
and p? —2xp—1°" 4+ p— 2)", which therefore will be j- i)z 
— 3 x P +3xp—1)7—p—2 EN 

Again, it may be proved that the number of Chances for the 
Ace, the Deux, the Tray, and the Quater to come up is p + }) * 
= xp" + 6x p— N"—4 x p—2)"* + p=)" ; the continua 
tion of which procef§ is manifeft. l 

Wherefore if all the Powers p+ 1\*, pf p—r\*, po= 2)», 
p— 3)", &c. with Signs alternately pofitive and negative be writ- 
ten in order, and to thofe Powers there be prefixed the refpec- 
tive Coefficients of a Binomial raifed to the Power f, expreffing 
the number of Faces required to come up; the Sum of all thofe 
Terms will be the Numerator of the Expe@ation of 4, of which 
the Denominator will be p-- 1)”. 


EXAMPLE f. 


Let Six be the number of Faces in the Die, and let 4 under- 
take in eight Cafts to fling both an Ace and a Deux, without any 


. . . GS- 8 s 
regard to order: then his Expeđtation will be near fies tla, 3 ssa) 
964502 


= 4 a nearly. 


1680216 


EXAMPLE 2, 


Let A undertake with a common Die to fling all the Faces in 


12 Cafts, then his Expetation will be found to be 

61? —6 xg 15 x 4**? — 20% 3** +15 X 257 — 6x 577 xo? 10 
62+ —— 23 

nearly. 


EXAMPLE 3. 


If A with a Die of 36 faces undertake to fling two given 
faces in 43 Cafts; or which is the fame thing, if with two 
common Dice he undertake in 43 Cafts to fling two Aces at 
one time, and two Sixes at another time, his Expectation will be 
a R LA x es early, 

3643 TOD 

N. B. The parts which compofe thefe Expectations are eafily 

obtained by the help of a Table of Logarithms. 


PROBLEM 


The DOCTRINE of CHANCES. 


PROBLEM XXXIX 


To find in how many Trials it will be probable that & 
with a Die of any given number of Faces fhail throw 
any propofed number of them. 


SoLUTION, 


Let p-+- 1 be the number of Faces in the Die, and f the num-- 
ber of Faces which are to be thrown: Divide the Logarithm of 


- by the Logarithm of = , and the Quotient will ex- 
I 
i—Vv— 


2 
prefs the number of Trials requifite to make it as probable that the 
propofed faces may be thrown as not. 


DEMONSTRATION. 


Suppofé Six to be the number of Faces that are to be thrown. 
and z the number of Trials: then by what has been demonftrated 
in the preceding Problem the Expetation of 4 will-be 


SEN — 6 xp hs xp IN" + 20xp TA" — 16x P—N™4+6xXp—D”* 49—.\” 
“a = Py)” 4 

Let it be fuppofed that the Terms, p+ 1, f, p—1, p—a, 
&c. are in geometric Progreflion, (which Suppofition will very little 
err from the truth, efpecially if the proportion of pf to r, be not 


very {mall.) Let now 7 be written inftead of È H > and then 


the Expeétation of A will be changed into 1— — 


he 
6 7 1 6 . 
= ay Sit th p = o r= —) - But this Ex- 
zn 
7 


á” z3” 7? 8 


pectation of A. ought to ‘be made equal to - > fince by Suppo-- 


fition he has an equal Chatice to win or lofe, -hence will arife the 


I 6 I 1 : é 
Equation Im a) Sess Or see A, from which it 


n 
r 


r 


| pase 


pos 


may be concluded: that z log. x or ax log. —~>— = log. — 


lie a 


ò 
E T 


and. 
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and confequently that 2-is equal to the Logarithm of a 


I= APET 
divided by the Logarithm of Ż = . And the fame Demonftra- 
tion will hold in any other Cafe, 


EXAMPLE I. 
To find in how many Trials_4 may with equal Chance under- 
take to throw all the Faces of a common Die, 
The Logarithm of 7 — == 0.962 1753 ; the Logarithm of 


2 
PHL o £ = : wa 09621753 a 
of Sa 0.0791812: wherefore n= Seppe = 12 H, 
From hence it may be concluded, that in 12 Cafts 4 has the worft 


of the Lay, and in 13 the beft of it. 


EXAMPLE 2 
To find in how many Trials Æ may with equal Chance with a 
Die of thirty-fix Faces, undertake to throw fix determinate Faces, 
or in how many Trials he may with a pair of common Dice un- 
dertake to throw all the Doublets. 


The Logarithm of 7 — being 0.9621753, and the Logarithm 


t=; 
í zZ 


= being -0.0122345 ; it follows. that the number 
of Cafts requifite to that effet is oes or 79 nearly. 
But if it were the Law of the Play, that the Doublets muft be 
thrown in a given order, and that any Doublet happening to be 
thrown out of its Turn fhould go for nothing ; then the throwing 
of the fix Doublets would be like the throwing of the two Aces 
fix times ; to produce which .effe&, the number of Cafts requifite 
would be found by multiplying 35 by 5.668, as appears from the 
Table annexed to our yth Problem, and confequently would be 
about 198. 
N. B. The Fraction ees , may be reduced to another form, 
‘ i 


gp 4 
Zz 


which will facilitate the taking of its Logarithm. 


4 J2 
= > 


aaa PROBLEM 
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PROBLEM XL 
Suppofing a regular Cylinder having a Faces marked 1, 
b Faces marked 11, c Faces marked 1, d Faces marked 
tv, &c. what is the Probability that in a certain number 
of throws n, Jome of the Faces marked 1 will be thrown, 
as alfo Jome of the Faces marked u, 


SOLUTION. 
Make a -+ b+c- d, &c. = s, then the Probability required 
will beexpreffed by s»— s — A” + s — a — $)”, the Demonftration 
BaN, 
s” 
of which flowing naturally from the Method of arguing employed 
in the xxxviiith Problem, there can be no difficulty about it. 


EXAMPLE. 

Suppofe it be required to. find the Probability of throwing in 
8 throws the two Chances v and vi, with a pair of common Dice, 

The number of all the Chances upon two Dice being 36, where- 
of 4 belong to the Chance v,-and 5 to the Chance vi; it fol- 
lows that s ought to be‘ interpreted by 36, a by 4, and å by 5: 
which being done, the Probability required will be exprefied by 

la 37) + 27's which by help of a Table of Log. will be 
cai ie found thus : 

8 sh 28 318 27° 
a =I, om = 0.38975, = 0.30176, Ser = se aod 
but 1 — 0.38975 — 0.30176 + 0.10012 == 0.40861, and this 
being fubtraéted from Unity, there remains 0.59139, and therefore 
the Odds againft throwing v and vi in 8 throws are 59139 to 
40861, that is about 13 to 9. 

But if it be required, that fome of the Faces marked 1, fome 
of the Faces marked 11, and fome.of the Faces marked 111, be thrown, 
the Probability of throwing thofe Chances in a given number of throws 
n will be exprefied by s” —s—a)x + $ a ga bl e gehen 

—s— hb) + s—a—c\" 
nS See a pa rA 


Q 
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And if the Faces marked 1v are farther required to be thrown, the 
Probability of it will be exprefled by 
gi FEE Bg OT pba pT 
a SON Se ae V — Pa CER | )m y 
E aai inraepRe, En e aS, 
ond I es ae ar N 
ipera 
-Hs — c —d \" 
s” = 
Now the order of the preceding Solutions being manifeft, it will 
be eafy by hare infpection to continue them as far as there is occafion. 


PROBLEM XL. 


If A obliges himfelf in a certain number of throws n with 
a pair of common Dice not only to throw the Chances 
v and vi, but v before vi, with this reftrittion, that if 
he happens to throw v before v1, he does not indeed 
lfe bis wager, but is to proceed as if nothing had been 
done, frill deduéting Jo many throws as have been vain 
from the number of throws which he had at frf given 
him; to find the Probability of his winning, 


SOLUTION. 

Let the number of Chances which there are for throwing v be 
called a, the number of Chances for throwing vr, 4; the number 
of all the Chances upon two Dice s, and the number of throws 
that 4 takes == m This being fuppofed, i 

1°, Jf Æ throws v the firft throw, of which the Probability: is 


= , he has nothing more to do than to throw vrin #—ı times, 


of which the Probability is 1r — = | and therefore the 


Probability of throwing v the firt time, and throwing afterwards 
[=r 


. . . a £ 
vi ing — 1 times is — xr— 
y Tae 
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2°. If A miffes v the firt time, and throws it the fecond, of 


which the Probability is £ Fo x = , then he is afterwards to throw 


vrin 2—2 times, of which the Probability being 1— 


fant 

2—2 ~? 
it follows that the Probability of miffing v the firft time, throwing 
it the fecond, and afterwards throwing v1, will be Sig se 


$ 
f= Na 
xee #—2 5 - ; 
3°. If Z miffes v the two firft times, and throws it the third, 
then he is afterwards to throw vı in #— 3 times, the Probability 
~ 2 ire i—} 
of all which is FERS yy Sy pa oe i—— , andfoon. Now 
g f TEA aie 
all this added together conftitutes two geometric Progreffions, the 
number of whofe Terms in each is 2 — I. 
Wherefore the Sum of the whole will be 


AP er oe ee eee 2 Ayr Sa 

BCS oe lees a—o SS et es 
if a and J are equal, then the fecond. part will be reduced to 
—n—1xaxs—a)\r". ; 

Now for the application of this to numbers; in the cafe propofed 
is == 4, b= 5, s= 36. Letz be == 12, and the Probability re- 
quired will be found to be 0.44834, which being fubtracted the re- 
mainder will be 0.55166, and therefore the Odds againft 4 are 
55166 to 44834, that is nearly as 21 to 17. 

But if the conditions of the Play were that 4 in 12 times fhould 
throw both v and vz, and that vı fhould come up before v, the Odds 
againit 4 would not be fo great, being only 54038 to 45962, that 
is nearly as 20 to 17. ‘ 

It would not be difficult after what we have faid, tho’ perhaps a 
little laborious, to extend thefe kinds of Solutions to any number 
of Chances given. 


PROBLEM XLU. 

Any number of Chances being given, to find the Proba- 
bility of their being produced in a given order without 
any limitation of the number of times in which they are 
to be produced. 

Q 2 SOL vu- 
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SOLUTION. 
1°, Let the Chances be a and 4, and let it be required to pro- 
duce them in the order a, 4. e 
The Probability of producing æ before 4 is or pty which being 
fappofed to have happened, 4 muft be produced of neceflity, and 
therefore the Probability of producing the Chances æ and 4 in the 
given order a, b is — 
2°, Let the Chances given be a, b,c, and let it be required to 
produce them in the order in which they are written, then the Pro- 
bability of producing @ before 4 or c is — =F - , which being 
fuppofed, the Probability -of producing b before ¢ is by the pre- 


ceding cafe =>— , after which ¢ muft neceffarily be produced, 


and therefore the Probability of this cafe is et x T= : 


3°. Let the Chances be a, b, c, d, and let it be required to pro- 
duce them in the order in which they are written, then the Probabi- 


lity of producing a before all the reft is ita , which be- 


4- 
ing uppoked, the Probability of producing 6 before all the reft is 


Eere which being fuppofed, the Probability of producing c 
before d is — ET . Añd therefore the Probability of the whole is 
ee ig BO Tr x= TS and in the fame manner may 
thefe Theorems be continued in infinitum. 

And therefore if it was propofed to find the Probability of throw- 
ing with a pair of common Dice the Chances tv, v, VI, VIII, IX, x 
before vrr ; let the Chances be called refpectively a, 6, c,d, e, f, and 
m, then the Probability of throwing them in the order they are 
writ in will be : 


a b e 
TFF tipet n * bHepdtet fam * paye pyyn X 
d é f 
apetfem * ebfpm ftr 

But as the order in which they may be thrown is not the thing 
particularly required here, except that the Chances m are to be 
thrown the laft, fo it is plain that there will be as many different 
parts like the preceding as the pofition of the 6 Letters a, 4, c, d, e, f 
; I may 
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may be varied, which being 720 different ways, it follows that in 
order to have a compleat Solution of this Queftion, there muft be 
720 different parts like the preceding to be added together. 

However the Chances 1v and x, v and rx, vi and vir being re- 
{peGtively the fame, thofe 720 might be reduced to go, which be- 
ing added together, and the Sum multiplied by 8, we fhould have 
the Probability required. 

Still thofe Operations would be laborious, for which. reafon it 
will be fufficient to have an approximation by fuppofing that all 
the Chances a, À, c, d, e, fy that is, 3, 4, 5, 5, 4, 3 are equal to the 
mean Chance 4, which will make it that the Probability required 
will be exprefied by 


56 4b 36 2b 


Sai Ea he a or 
5b -4 m 


b 
bm 


popa z “36 +m $ 2b -4 m a 


ES FoR Mee he he SEAN NORE 

XT ° ae Viet bis Veo Tre tse a ESOS 

and therefore the Odds againft throwing the Chances tv, V, VI, VIII, 
1x, x before vir are about 13991 to 1024, or nearly 41 to Re 

But the Solution might be made ftill more exact, if inftead of 

taking 4 for the mean Chance, we find the feveral Probabilities of 

throwing all the Chances before vir, and take the fixth part of the 


Sum for the mean Probability ; thus becaufe the feveral Probabi- 
lities of throwing all the Chances before vir are refpectively = > 


A ee eae oo AREE? ‘ah te 1392 s 
ai creel Saree care pr the Sum of all which is pois if 


we divide the whole by 6, the quotient will be i 


nearly, and this being fuppofed == wherein z reprefents the 


zZ 
z-+-6 
mean Chance, we fhall find t==3-5 . And therefore the Pro- 
bability of throwing all the Chances before vir, will be found to be 
Pe Pana Le ens ado 
err ee X 326 267 “ 208 % 149 
being fubtracted from Unity, the remainder is 0.934292, and there- 
fore the Odds againft throwing all the Chances before vir are.934292 


to 65708, that is about 14— to 1 


But if it was farther required not only to throw all the Chances 
before vit, but alfo to do it in a certain number of times affigned, 
the Problem might eafily be folved by imagining a mean Chance. 


== 0.065708 nearly, which 


PROBLEM 
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PROBLEM XLITMI. 
If A, B, C play together on the following conditions, 
pee that g7 Jall each of them ‘Nokes 2- Secondly 
that A and B fhall begin the Play ; Thirdly, that the 
Lofer fhail yield his place to the third Man, which 
is conftantly to be obferved afterwards; Fourthly, that 
the Lofer fhall be fined a certain Sum p, which is 
to ferve to increase the common Stock; Laftly, that 
he fhail have the whole Sum depofited at firft, and in- 


creafed by the feveral Fines, who fhail firft beat the 
other two fucceffively : “Tis demanded what is the Ad- 


vantage or Difadvantage of A and B, whom we Jap- 
pofe to begin the Play. 


SOLUTION. 


Let BA fignify that B beats 4, and AC that 4 beats C, and fo 
Jet always the firft Letter denote the Winner, and the fecond the 
Lofer. 

Let us fuppofe that B beats Æ the firft time; then let us inquire 
what the Probability is that’ the Set fhall be ended in any number 
of Games, and alfo what is the Probability which each Gamefter 
has of winning the Set in that given number of Games. 

Firft, If the Set be ended in two Games, B muft neceffarily be 
the winner, for by Hypothefis he wins the firft time, which may 
be exprefled by BA, BC. 

Secondly, If the Set be ended in three Games, C muft be the 
winner, as appears by the following Scheme, viz. BA, CB, CA. 

Thirdly, If the Set be ended in four Games, 4 muft be the win- 
ner, as appears by the Scheme BA, CB, AC, AB. 

Fourthly, If the Set be ended in five Games, B muft be the 
winner, which is thus exprefled, BA, CB, AC, BA, BC. 

Fifthly, If the Set be ended in fix Games, C muft be the win- 
ner, as appears {till by the following procefs, thus, BA, CB, AC, 
BA, CB, CA. 

And this procefg recurring continually in the fame order needs 
not. be profecuted any farther. 


Now 
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Now the Probability that the fir Scheme fhall take place is 
—, in confequence of the Suppofition made that B beats 4 the 


firft time ; it being an equal Chance: whether B beat C, or C 
beat B. 
And the Probability that the fecond Scheme fhall take place is 


= : for the Probability of C’: beating B is oS , and that being 


fuppofed, the Probability of his beating 4 will alfo be — ; where- 
fore the Probability of C™% beating B and then 4 will be —x — 
= a . . 3 

And from the fame confideration, the Probability that the third 
Scheme fhall take place is -= : and fo on. 

Hence it will be eafy to compofe a Table of the Probabilities which 
B, C, A have of winning the Set in any given number of Games ; 
and alfo of their Expectations : which ExpeCtations are the Proba- 
bilities of winning multiplied by the common Stock depofited at 
firft, and increafed pip aen by the feveral Fines. 


- TABLE of the Probabilities, &c. 


tp posse 
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Now the feveral Expectations of B, C, 4 may be fummed up by 
the following Lemma. 


LEMMA. 


a-+d n 2d d nol 4d ATER ; 
+o + = +H T -Hpi > &e. in infini- 
n d 
Ton) ae A ee: 
Let the Expectations of B be divided into two Series, viz. 


tum is equal to 


The firft Series conftituting a Geometric Progreflion continually 
decreafing, its Sum by the known Rules will be found to be — . 


The fecond Series may be reduced to the form of-the Series in 
our Lemma, and may be thus exprefled 
p 2 5 8 II 14 TA 
TXT tp te Hi te wherefore dividing 
the whole by 2 » and laying afide the firft term 2, we fhall have 


the Series =- EE E E s+ H , &c. which has the fame 


. form as the Series of the Lemma, and may be compared withit: let 
therefore 2 be made == 5, d= 3, and 4 == 8, and the Sum of the 
5 


° > 38 ° e 
Series will be eoe t0 this adding the firt Term 2 


which’ had been laid afide, the new Sum will be a, and that 


being multiplied by & whereby it had been divided, the produé 


will be < p which is the Sum of the fecond Series exprefling the 


Expe@ation of B: from whence it may be concluded that all the 
Expectations of B contained in both the abovementioned Series will 
be equal to ag “bh P. 

And by the help of the foregoing Lemma, it will be found that 


all the Expedtations of C will be equal to = + + p 
It will be alfo found that all the ExpeGations of 4 will be equal to 


3 31 i 
To LOA, 
We have hitherto determined the feveral Expe@ations of the Game- 


{ters upon the Sum by them depofited at firft, and alfo upon the 
Fines 
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Fines by which the common Stock is increafed : it now remains to 
eftimate the feveral Rifks of their being fined; that is to fay, the 
Sum of the Probabilities of their being fined multiplied by the re- 
{pettive Values of the Fines. 

Now after the Suppofition made of 4’ being beat the firft time, 
by which he is obliged to lay down his Fine , B and C have an 
equal Chance of being fined after the fecond Game; which makes 
the Rifk of each to be = = p, as appears by the following 


Scheme. 
BA BA 


Ta  He- 

In like manner, it will be found, that C and 4 have one Chance 
in four, for their being fined after the third Game, and confequently 
that the Rifk of each is zb according to the following Scheme. 

BA BA 
CB oO CB 
AC CA 

And by the like Procefs, it will be found that the Rifk of B and 

C after the fourth Game is 9. 


Hence it will be eafy to compofe the following Table which 
exprefles the Rifks of each Gamefter. : 


TABLE of Rifks. 


1 
Pg 


——__—————— S S 


R 
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In the Column belonging to B, if the vacant .places were filled 
up, and the Terms —-p, =p, -ig were interpoled, the Sum. of 


the Rifks of B would compofe one uninterrupted geometric Pro- 
greffion, the Sum of whofe Terms would be ==; but the Terms 


interpoled conftitute a geometric Progreffion whofe Sum is == = $: 
wherefore if from p there be fubtracted =p there will remain Era 


for the Sum of the Rifks of B: 

In like manner it will be found that the Sum of the Rifks of C will 
be == $y. 

And the Sum of the Rifks of 4, after his being fined the firft 
time, will be =p. f 

Now if from the feveral Expectations of the Gamefters, there be 
fubtraéted each Man’s.Stake, and alfo the Sum of his Rifks, there 
will remain the clear Gain or Lofs of each of them, 

Wherefore, from the Expeétations of B = a a: 

Subtracting frf his Stake 


Then the Sum of his Rifks 
There remains the clear Gain of B == 
Likewife from the ExpeGations of C 


Subtracting frf his Stake 
Then the Sum of his Rifks 


There remains the clear Gain of C = + =>. 


In like manner, from the Expectationsof 4—= > 4 +4, 
Subtracting, jr his Stake =? j 
Secondly, the Sum of his Rifks = 3.4, 
Lofty, the Fine p due to i 
the Stock by the Lof&of$ — $. 
the firt Game 


There remains the clear Gain of 4 =—— = -- 24, 
49 


But 
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But we had fuppofed, that in the beginning of the Play 4 was 
beaten ; whereas 4 had the fame Chance to beat B, as B had to beat 
him: Wherefore dividing the Sum of the Gains of B and 4 into 
two equal parts, each Part will be -- — sb, which confequent+ 
ly muft be reputed to be the Gain of each of them. 


COROLLARY I. 

The Gain of C being — = + $4 let that be made == 0, 
then p will be found to be = = . If therefore the Fine has the 
fame proportion to each Man’s Stake as 7 has to 6, the Gamefters 
play all upon equal terms: But if the Fine bears a lefs proportion 
to the Stake than 7 to 6, G has the difadvantage : thus fuppofing 


p==1, his Lofs would be —— , but if it bears a greater propor- 
tion to the Stake than 7 to 6, C has the advantage. 


COROLLARY 2. 

If the common Stake were conftant, that is if there were no Fines, 
then the Probabilities of winning would be proportional to the Ex- 
pectations ; wherefore fuppofing $ ==0, the Expectations after the 
firt Game would be —, -+ : = , whereof the firft belongs to 
B, the fecond to C, and the third to 4, and therefore dividing the 
Sum of the Probabilities belonging to B and Æ into two equal 
parts, it will follow that the Probabilities of winning would be pro- 
portional to the numbers 5, 4, 5, and therefore it is five to two 
before the Play begins that either 4 or B win the Set, or five to 
four that one of them that fhall be fixed upon wins it. 


PROBLEM XLIV. 


If four Gamefters play on the conditions of the foregoing 
Problem, and be be to be reputed the Winner who 
beats the other three fucceffively, what is the Advantage 
of A and B whom we fuppofe to begin the Play ? 


i R 2 SoLvu- 
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SOLUTION. 

Let BA denote as in the preceding Problem that B beats 4, and 
AC that 4 beats C; and univerfally, let the firft Letter always de- 
note the Winner, and the fecond the Lofer. 

Let it be alfo fuppofed that B beats 4 the firft time: then let 
it be inquired what is the Probability that the Play fhall be ended 
in any number of Games; as alfo what is the Probability which 
each Gamefter has of winning the Set in that given number of 
Games. 

Firft, If the Set be ended in three Games, B muft neceflarily be 
the winner, fince by hypothefis he beats.4 the firt Game, which 
is exprefled as follows : 

= | BA 
2 | BC 
3 | BD ; 

Secondly, IF the Set be ended in four Games C muft be the winner; 

as it thus appears, 
BA 
CB 
CD: 
. CA 

Thirdly, If the Set be ended in five Games D will be the win- 
ner ; for which he has two Chances, as it appears by the following 
Scheme. 

BA BA 
CB BC 
DC or DB 
DA DA 
DB DC 


Fourthly, If the Set be ended in fix Games, 4 will be the win- 
ner ; and he has three Chances for it, which are thus collected.. 
BA BA BA 
CE CB BG 
DC CD DB: 
AD AC AD: 
AB AB AC 
AC AD. AB 
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Fifthly; If the Set be ended in feven Games, then B will have 
three Chances to be the winner, and G will have two, thus; 
BA BA BA BA BA 


DC DC. CD DB DB 

AD DA AC AD DA 

BA BD BA CA CD 

BC BC BD CB CB 

7 {| BD BA BC CD CA 
Sixthly, If the Set be divided in eight Games, then D will 
have two Chances to be the winner, C will have three, and B alfo 

three, thus; 
BA BA BA BA BA BA BA BA 


DC DC DC CD CD DB DB DB 
AD AD DA AC AC AD AD DA 
BA AB BD BA AB CA AC CD 
CB CA CB DB DA BC BA BC 
CD CD CA DC DC BD BD BA 
CA CB CD DA DB BA BC BD 


Let now the Letters by which the Winners are denoted be writ- 


ten in order, prefixing to them the numbers which exprefs their fe- 
veral Chances for winning; in this manner. 


3C + 2D + 3B 3 
3D+ 2A + 3C -+ 3D + 2A 
3A- 2B + 3D + 3A + 2B+ 2C + 3D 


Then carrying this Table a little farther, and examining the Forma- 
tion of thefe Letters, it will appear ; Firfi, that the Letter B is 
always found fo many times in any Rank, as the Letter A is found 
in the two preceding Ranks: Secondly, that C is found fo many times 
in any Rank as B is found in the preceding Rank, and D in the Rank 
„before that. Thirdly, that D is found fo many times in any Rank, 
as C is found in the preceding, and B in the Rank before that: 

And, 
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And, Fourthly, that A is found fo many times in any Rank as D 
is found in the preceding Rank, and Cin thei Rank before that. 
From all which it may be concluded, that the Probability which 


the Gamefter B has of winning the Set inany number of Games, is 
— of the Probability which 4 has of (withing it one Game fooner, 


together with = of the Probability which LÄ has of winning it 


two Games fooner. 


The Probability which C has of winning the Set in any given 
numbér of Games, is ~~ of the Probability’ which: B has of win- 


ning it one Game fooner, together with < of the Probability 


which D has of winning it two Games fooner, . 
The Probability which D has of winning the Set in any num- 


ber of Games is — the Probability which € has of winning it one 


Game fooner, and alfo = of the Probability which B has of win- 


ning it two Games fooner. 
The Probability which 4 has of winning the Set in any num- 


ber of Games is — of the Probability which D has of winning it 


one Game fooner, and alf on of the Probability which C has of 
winning it two Games fooner. 


Thefe things being obferved, it will be eafy to compofe a Table 
of the Probabilities which B, C, D, 4 have of winning the Set 
in any number of Games, as alfo of their Expectations which will 
be as follows : 


6 


sort i 


2 


7 X44-10 


36 2 ———| 9 
1024 x4--1 If 1024 ae 1024 


18 
2048 


—— 9 r 
x4- 12 TT ten Mieke d CYC x4-+-12 


4 
2048 


The Terms whereof each Column of this Table is compofed, 
being not cafily fummable by any of the known Methods, it will 
be convenient, it order to find their Sums to ufe the following 
Analyfis. 

Let B+ B’-+ BY + BY -> B7 4- B”, &c. reprefent the: refpec- 
tive Probabilities which B has of winning the Set, in any number 
of Games anfwering to 3, 4, 5> 6, 7, 8, &c. and let the Sum of 
thefe Probabilities 7 infinitum be fuppofed =y. 

In the fame manner, let C’+ C-C” -HO +0 +07 &e. 
reprefent the Probabilities which C has of winning, which fuppofe 


= Z, 
Let the Probabilities which D has of winning be reprefented 
by D/+ D” + D” + D” + D” + D”, &c. which fuppofe = v. 
Laftly, Let the Probabilities which 4 has of winning be repre- 
fented by Al -p A” AM 4 AY 4 AY 4-2”, &c. which fuppofe 


e 
oe 


i 
ow from the Obfervations fet down before in the Table of 


Probabilities, it will follow, that 5 
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i= hast B’ , kaiini 
pte = B" | ; 
pee a ee. Sete 
4 
D ieai ill I at 
B= ih wA 
BR? = —AY + at 
tf a LED, A 1,4 
jc +A ++ TA 
&c. 

From which Scheme we may deduce the Equation following, 
=> -+- +x: for the Sum of the Terms inthe firft Column 
= e = to the Sum of the Terms in the other two. But the Sum 

the Terms in the firft Column is = y by Hypothefis ;_ where- 
ka y i to be made equal to the Sum of the Terms in the other 
two Columns. 

In order to find the Sum of the Terms of the fecond Column I 
argue thus, 

Ait Al + A” 4 AY 4 AV AM, Be. x by Hypoth. 

Theref. A’ + A” + A7 SELAA pAn &e, = x — 
and Al 4 A” afi = Sl ges TA De ety 

Then adding B'-+ B“ on both Sides of the laft Equation, we 
fhall have 


Bi BY AY AY 4 + Av TAM LAY, &e. 
= xe Alt By BY. 


But A’ =o, B= oe B“ == 0, as appears from the Table : 
esi, the Sum of the Terms of the fecond Cofumn is == = x 
ah — 
The Sum of the Terms of the third Column is =x by Hypo- 


thefis; and confequently the Sum of the Terms in the fecond and 
third Columns is =« x- z , from whence it follows that the 


Equation y = 7 jë i had been rightly determined. 


And 
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And by a reafoning like the preceding, we thall find z = |y 
+- Av, and alfo I= Sey, and laftly s= nf Bors | 
Now thefe four Equations being refolved, it will be foudld that 
Bi. Bi -p BY + BY -+ BY 4+ B”, &c. =y <= 
CO g oia CY Or OT ee ee = 
D! +. D?-+- D” DY + D’ +D”, &c, = v = 
Ae AE Alp AG AZ +. AY 4. A”, &e, =x an 
Hitherto we have determined the Probabilities-of winning :, but 
in order’ to find the feveral Expectations of the Gamefters, each 
Term of the Series exprefling thefe Probabilities is to be multiplied 
by the refpective Terms of the following Series, 
SBE GP AH aps 45s 4+ Ops 4 7p, 44 Bp, Ke, 
The firft part of each product being no more. than a Multiplica- 


tion by 4, the Sums;of all the firft parts of thofe Produéts are only 
the Sums of the Probabilities multiplied by 4; and confequeéntly ‘are 
fy R24 Ae eye 2228 100 . 
Ay, 42, 4D, 4h Or O Fos Tag? tag? refpettively. 
But to find.the Sums of the other parts, 
Let 3B + 4B» -+ sBp+ 6B’, &c. be = pt. 
30 + 4C" +- 5C"p =p 6C; &ec. be == ps. 
3D%+-4D/p-+- 5D"p + 6D pr &e. be = pr. 
JAP- 4A% +o Alp +. 6A, Ke. be == 7. 
7 Pa 
Now fince 3L spi 
i= AT pA 
6B’ = © A” $ Sonu 
2 A 
Wee 2 a“ 
7B ZA" + = A 


gB” — Žar + a” 


it follows that == a + 4 +x; for 1°, the firft Column is 


= t by Hypothefs, 
“22, 3A! ++ 4A" SAM 4-6A7 4 7AT, Sc. = g by Hypothefs. 


ge A’ 4 AY + AU 4. A” 4. AY &c, has been found == a 


= to the value of x. 
S Where- 


4 
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Wherefore adding thefe two Equations together, we fhall. have 
4Al4+ sAu 6A" 4 7A” 8A, &c. = q +x, 
or At Al. San -4 LAY 4. =A’, &c. == >q ia —x. 
But A‘ == o, therefore there remains ftill 
6 8 I 
=A" 4. >A" mh ZA” + A’, &.= 7+ =x. 
Now the Terms of this laft Series, together with. 3B’ -+ 4B% 
compofe the fecond Column: but 3B! = Ż and 4B" = o, asap- 
pears from the Table; confequently the Sum of the Terms of the 


fecond Column is = + 4 +74 =x. ; 
By the fame Method. of proceeding, it will be found that the 
Sum of the Terms of the third Column is == ree as +x. 


From whence it follows, that y on + ES x + z +x 


or t= + 3g +x, 
And by the fame way of reafoning, we thall find 


sont + y+ 5r HT and alfo 


r= s + pz t and laftly 
q= Hits of >z. 

But for avoiding confufion, it will-be proper to reftore the Va- 
lues of x, Jy Zy v, which being done, the Equations will ftand as 
follows. 

3 25 at 3 
H Ott Remon T 
1 1 
+ an mar Sake 
1 1 
1 1 
sp +- Tick an: 

Now the foregoing Equations being folved, it will be found that 

te B 38724 — 37600 ~ 33547 
a 2" a TTT 2°. 22208 A ae Y 


gI 
From. which: we may. concludes that the feveral Expedtations of 
B,C, D, A, &c. are refpectively, 
Firft, 
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Firf, 4 x a + 455364, 5 Secondly, 4% rasa EEA 


149 wo 149 22201 
z 2 2 

Thirdly, 4 x a + Ap = ; Fourthly 4 x a «$. ; - i $ 

The Expeđtations-of the-Gamefters -being found, -it will be ne- 
ceflary to find thé Rifks of their being fined, or otherwife what 
Sum each'of them ought juftly to give to have their Fines infured. 
In order to which, let us form fo many Schemes as are fufficient 
to find the-Law of their Procefs. 

And Hi, :we! may obferve, that upon the Suppofition of B 
beating 4 ‘the firft Game, in confeguënce of which 4 is to be fined, 
Band C have ‘one Chance each for being fined the fecond Game, 
as it thus appears: 


ry BA BA 
2| CB BC 
Secondly, that` C'has one Chañce in. four for being fined the third 


Game, Bone Chance Tikewife, ‘and D two; according to the fol- 
lowing Scheme. 


1 | BA BA BA BA 
2| CB CB BC BC 
3 | DC CD DB BD 


Thirdly, that D ‘has two Chances in eight for being fined the 
fourth Game, that 4 has three, and G one according to the fol- 
lowing Scheme, 


1|BA BA BA BA BA BA 
2 

DC DC CD CD DB DB 
4 | ADDA AC CA AD DA 


N.B. The two Combinations BA, BC, BD, AB, and BA, BC, 
BD, BA, are omitted in this Scheme as being fuperfluous; their 
difpofition fhewing that the Set muft have been ended in three 
Games, and confequently not affecting the Gamefters as to the Pro- 
ability of their being fined the fourth Game; yet the number of 
all the Chances muft be reckoned as being eight; fince the Proba- 


bility of any one Circumftance is but -+ $ 


Thefe Schemes being continued, it will eafily be perceived that 
the circumftances under which the Gamefters find themfelves, in 
refpect of their Rifks of being fined, ftand related to one another 


in the fame manner as did their Probabilities of winning ; from 
S$ 2 which 
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which confideration a Table of the Rifks may eafily be compofed 
as follows. Te > * ARMSA ¢ Aa ee a 


Sal x YL OB Rks -e 


Wherefore fuppofing B’ + BË 4- BY! &c. C! -+ C! -+ C”, &c. 
Dip DY qD &e: At A“ -- A”, &c. to ‘reprefent the feveral 
Probabilities; and fuppofing that the feveral Sums of thefe Probabi- 
lities are refpectively y, x, z, v, we fhall have the following. Equa- 

ney ete aids pa A ERRATEA NOE a O E A 
POERI ES 4 =h nF, D > GLa Ey = Ae igh ss 7 
Sf FI x == t- Lz Which Equations: being folved we 
fhall have y == =e rat < V ; a 


_,Let.now every. one of thofe 
the Produdts ae gh Tree ey oe p will exprefs the refpective 
Rifks of B; C, D, A, or the Sums they ‘might juftly give to have 
their Fines infured. £ 

But if from the feveral Expetations-of the Gamefters there be 
fubtracted, Firj?, the Sums by them depofited in the beginning of 
the Play, and Secondly, the: Rifks of their Fines, there will remain 
the clear Gain or Lofs of each., Wherefore 


From 


Q 
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ater : TON 45536 
From.thé Expeditions -B= + titer l 


Subtracting his own Stake Felt 
And alf@ the Sunfof his Riks | 9, nico p 
Pe Lee E 


F f 20 MEO 4g’ 


| tg - One PEETS y E, _ 
There remains his.clear Gain == H EER 
X $ = pot Cj f 149 22201 
From the Expectations -o£ @ == Hho te rues p. 
a — Sarbtracting~his-own -Stake-———== emie 
And alfo the Sum of his Rifks == se $. 
i 7 ` $ ig f : E “349° 


There remains his clear Gain == — — -p 1176 ps 
149 22201 


„From, the Expettations of D = E 4. Go 
Subtracting his own Stake == 1 i 
_ And alfo the Sum of-his Rifks — i atep: 
149 


C LA 
There remains his clear Gain == m= —— mp +*# x 
149 22201 


From the Expećtations of 4 = Bi 33547 4 
149 22201 


Subtracting his.own Stake == 1 


And alfo the Sum of his Rifks == malih 
Laftly, the Fine due to the é 


149 ** 
Stock by the Lofs of the É 
firft Game 


There remains his clear Gain —=— Sa ea) 
l 2220L 


poussas a S a 


The foregoing Calculation being made upon the Suppofition of 
B beating 4 in the beginning of the Play, which Suppofition nei- 
ther affeéts C nor D, it follows that the Sum of the Gains between 


B and 4 ought to be divided equally ; then their feyeral Gains will 
{tand as follows : 


Gain 


117 
a Ades 
22201 


-Gain of 


Sum. of the Gains == 
sa 


If m °° 5, whichis the Gain of 4 or B be made == 0; 


“149 22201" 


then p will-be'found == —22 ; from which ‘it follows, that if 


2700 7 2 
each Man’s Stake be to the Fine in the proportion of 2700 to 1937, 
then 4 and B are in this cafe neither winners nor lofers; but C wins 


—— which D lofes, 
225 


And in the like manner may be found what the proportion be- 
tween the Stake and the Fine ought to be, to make Č or D play 
without advantage or difadvantage ; and alfo what this proportion 
ought to be; to make them play with any advantage or difadvantage 
given. ' 

COROLLARY I. 

A Speétator S might at firft, in confideration of the Sum 4-- 7p 
paid him in hand, undertake to furnith the four Gamefters with 
Stakes, and pay all their Fines. 


COROLLARY 2. 
If the proportion of Skill between the Gamefters be given, then 
their Gain or Lofs may be determined by the Method ufed in this 
and the preceding Problem. 


COROLLARY 3. 


If there be never fo many Gamefters playing on the conditions 
of this Problem, and the proportion of Skill between them all be 
fuppofed to be equal, then the Probabilities of winning or of being 
fined may be determined as follows. 

Let B, C, D}, E5 F} A‘, denote the Probabilities which B, C, 
D, E, F, A have of winning the Set, or of being fined in any 

number 
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number of Games; and let the Probabilities of winning-or of being 
fined -in any. number of Games. lefs-by one than! the preceding; be 
denoted by B4, C7, D7, E”, F”, A”: and fo on, then I fay that 


| 


cA 
+4444 
=è | 


meje] 
0 


| 2 


Wt ps AW 4. Ar 
W 4. EY +4. Dr 
BY 4. —F7 4. BY 
+ Ss see 
M pe =y CF 4 BY 
E" + =D” 4+ —-C 


~-|-+]- 
| g3 
= 


2 


ml | Bo Q) B 
lt td dd 


sj- So oS od »|- 


H g g Ql el 


i Gas 


Now the Law of thofe relations being vifible, it will be eafy to 
extend it to any other number of Gametters, 


COROLLARY 4. 
If there be feveral Series fo related to one another, that each Term 
of one Series may have a certain given proportion to fome one af- 
figned ‘Term in each of the other Series, and that the order of thefe 


proportions be conftant and uniform, then will all thofe Series be 
exactly faummable. ; 


PROBLEM XLV. 
Of HAZARD. 


To find at Hazard the Advantage of the Setter upon all 
Suppofitions of Main and Chance. 


SOLUTION, 

Let the whole Money. played for be confidered as a common 
Stake, upon which both the Cafter and the Setter have their feyeral 
Expeétations; then let thofe Expectations be determined in the fol- 
lowing manner. 

Firff, Let it be fuppofed that the Main is vir: then if the Chance 
of the Cafter be vi or vır, it is plain that the Setter having 6 Chan- 
ces to win, and 5 to lofe, his Expectation will be a of the Stake: 


1 
but there being 10 Chances out of 36 for the Chance to be vI, or 
VIII, 
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vii, it follows, that the Expectation.of the, Setter, sefulting. from: 
the Probability of the Chance being vr or viri, ‘will’be ihiga 


tiplied by - or 2 divided by 36. 
Secondly, I£ the Main being vit, the Chancé-fhould happen to be 
y or 1x, the Expe@ation of the Setter would be F divided by 


mo 

Thirdly, If the Main being vir, the @hance fhould happen to be 
iv or x, it follows that: the Expectation of the Setter would be 4 
. divided by 36. 


of the Cafter’s Chance being 1r, 111, or x11, will be 4 divided by 
36. 
3 

Laftly, If the Main being vi1j the Cafter fhould happen to throw 
VII, -Or X1, the Setter lofes his Expectation. 

From the Solution of the foregoing particular Cafes.it follows, 
that the Main being vrr, the Expe€ation of the Setter will be ex- 

Peet a4 
I 

36 
which may be reduced to = 3 now this fraction being fubtraéted 
from Unity, to which the whole Stake is fuppofed equal, there will 


remain the Expetation of the Cafter, viz. — : 
‘Butethe Probabilities of winning being always proportional ‘to the 


Expectations, on Suppofition, of the Stake being fixt, it follows that 
the Probabilities of winning for the Setter and Cafter are refpectively 
proportional to the two numbers 251 and 244, which properly de- 
note the Odds of winning. 

Now if we fuppofe ‘each Stake tobe) ry-of the°whole ‘Stake ‘to 


be 2, the Gain of the Setter will be exprefied by the fra@ion —2— > 


it being the difference of the numbers expreffing the Odds, divided 
by their Sum, which fuppofing :each Stake to bea Guinea of 21 


Shillings willbe about? aah 


preffed by the following Quantities, viz. . = 


3 By. 


OL 
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By the fame Method of Procefs, it will be found that the Main 


being vi or vit, the Gain of the Setter will be a which is 
about 54 — 3— in a Guinea. 
It will be alfo found that the Main being v or 1x, the Gain of 


the Setter will be S which is about 34 — 3—f in a Guinea. 


2335 

COROLLARY I. 

If each particular Gain made by the Setter, in the Cafe of any 
Main, be refpectively multiplied by the number of Chances which 
there are for that Main to come up, and the Sum of the Products 
be divided by the number of all thofe Chances, the Quotient will 
exprefs the Gain of the Setter before a Main is thrown: from whence 
it follows that the Gain of the Setter, if he be refolved to fet upon 
the firft Main that may happen to be thrown, is to be eftimated by 


2 1670 344 ss . . 
= erin Rage the whole to be divided by 24, which being 


. 2 : 1 . . 
reduced will be -og Very near, or about 4.4 — 2—/ in a Guinea, 


, COROLLARY 2. 
The Probability of no Main, is to the Probability of a Main as 
109 -+ 2 to 109 — 2, Or as 111 to 107. 


CoROLLARY 3. 
If it be agreed between the Cafter and Setter, that the Main fhall 
always be vit, and it be farther agreed, that the next Chance hap- 
pening to be Ames-ace, the Cafter fhall lofe but half his Stake, then 


the Cafter’s Lofs is only —— of his Stake, that is about =f in a 
Guinea. 


3960 


CoROLLARY 4. 


If it be made a ftanding Rule, that whatever the Main may hap- 
pen to be, if the Cafter throws Ames-ace immediately after the 
Main, or in other words, if the Chance be Ames-ace, the Cafter 


fhall only lofe x of his own Stake, then the Play will be brought 
fo near an Equelity, that it will hardly be diftinguifhable from it ; 


the Gain of the Cafter being upon the whole but ons of his own 


Stake, or = of a farthing in a Guinea. vn. 
T The 


S 
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The Demonftration of this is eafily deduced from what we have 
faid before, viz. that the Lofs of the Cafter is nearly - of his 
own Stake, which ftill would have been a little nearer the Truth, if 
we had made it — ; now let us confider what part of his own 
Stake fhould be returned him in cafe he throws Ames-ace next after 
* the Main ; Let æ be that part, but the Probability of throwing Ames- 


ace next after the Main is aa , therefore, the real Value of what 


is. returned him is —2, and fince the Play is fuppofed to be redu- 


ced to an Equality, then what is returned him muft equal his Lof ; 


for whi TON ee ee BE Peas 
for which reafon, we have the Fquation oS er TAS | 


which being very near =, it follows that — of his own, Stake 


ought to be returned him, whereby he will łofe but — part of it. 
3 


PROBLEM XLVI. 


To find at Hazard the Gain of the Box for any number 
of Games divifible by 3. 


SOLUTION. 


Let a and 4 refpectively reprefent the Chances for Winning a Main 
‘or for lofing it, which is ufually called a Main and no Main; then, 

1°, It is very vifible that when the four laft Mains are baaa, 
otherwife that when a Main has been loft, if the four following Mains 
are won fucceffively, then the Box mutt be paid. 

2°, That the laft 7 Mains being ġaaaaaa, there is alfo. a Box to 
be paid. 

3°, That the laft 10 Mains being baaaaaaaaa, the Box is to be 
paid, and fo on, 

Now the Probability of the 4 laft Mains being baaa is = ze 


> 
j : ao)? 
and confequently, if the number of Mains thrown from the begin- 


ning is reprefented by #, the Gain of the Box upon this account 
will be <53 tat. 
a 


3 


+8, K { é . 
But to obviate a difficulty which may perhaps arife concerning the 


foregoing Expreflion which one would naturally think mufte be 
nba? 


=e it muft be remembered that the Termination aaa be- 
longs 
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longs to 4 Games at leaft, and that therefore the three firt Games 
are to be excluded from this cafe, tho’ they fhall be taken notice of 
afterwards, 


Again the Probability of the 7 laft Mains terminating thus dacaaaa, 


will be <a , but this Cafe does not belong to the 6 firft Mains, 


. ° . — bat 
the Box u 7 ——— 
therefore the Gain of pon this account will be = 
and fo on, 


And therefore the firt part of the Expeétation of the Box is èx- 
prefled by the Series 


u— 6 x ba® 


n—3x bai nox ba? # — 12x bat* 
a +6)" oe a+s\ + a+ -- nie & y's > &c. 


of which the number of Terms is ——~ . 


3 
The fecond part of the Expeétation of the Box arifes from all 
the Mains being won fucceffively without any interruption of a no 
Main, and this belongs particularly to the three firft Mains, as well 
as to all thofe which are divifible by 3, and therefore the fecond 
part of the Expectation of the Box will be exprefled by the Series 


a a9 a12 ; 
“a+b )3 -- a +6 \° + a+é\ -H ried a Dg p] &c. of which the: 
number of Terms is =, 


Thofe who will think it worth their while to fum up thofe Series, 
may without much difficulty do it, if they pleafe to confult my Mif- 
cellanea, wherein thofe forts of Series, and other more compound are 
largely treated of. 

In the mean time, I fhall here give the Refult of what they may 
fee there demonftrated. , 

If the firft Series be diftinguifhed into two others, the firft pofi- 
tive, the other negative, we fhall now have three Series, the Sums 


of which will be, fappofiig 2 =r. 


a eh ve 
ri — n? 


2 nh 
13 a- a 


1 rng? 


m ews ne a e 
gb 3 3 
ab L= r)’ 
LOMES 


I — 73 > 


2°, — 
3, = 
the fam of all which will be reduced to the Expreffion aa be 2e 
5 


, when 4 and 4 are ina ratio of Equality. : 
n 
49 x2 


d MaE COROL-= 
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CoROLLARY I. 


If zbe an infinite number, the Gain of the Box will be univer:- 
fally exprefled by — = ke <a , but when.¢ and J are in a 


ratio- of Inequality by — 


CoROLLARY 2. 


The Gain: of the Box being fuch as has been determined’ for an 
infinite number of Mains, it follows that, one with another, the: 
Gain of the Box for one fingle Main ought to be eftimated by 

A 


: as ir he 
Sak x Basin $5.08 are a and é are equal. 


COROLLARY 3. 
And’ confequently, it follows that in fo many Mains as are ex- 


prefs’d by sche gees es , or in 14 Mains-if æ and å are equal, 


the Expeétation of the Box is 1, calling 1 whatever is ftipulated to” 
belong to the Box, which ufually is 1 Half-Guinea: 


CoROLLARY 4. 

Now fuppofing that æ and.d are. refpectively as 107 to 111, one. 
Box. is paid one with another in about 14.7 Mains. 

After I had folved the foregoing Problem, which is about 12 years: 
ago, I {poke of my Solution to Mr. Henry Stuart Stephens, but with- 
out communicating to him the manner of it: As he isa Gentleman 
who befides other uncommon Qualifications has a particular Sagacity 
for reducing intricate Queftions. to fimple ones, he brought me, a. 
few days after, his Inveftigation of the Conclufion fet down in my 
third Corollary ; and as I have had occafion to cite him before, in 
another Work, fo I here renew with pleafure the Expreffion of: the 
Efteem which I haye for his extraordinary Talents: Now his Invef- 
tigation was.as follows. 

Let a and 4 refpectively: reprefent the number of Chances for a 
Main and no Main; Let alfo 1 be the Sum which the Box muft re- 
ceive upon Suppofition of three Mains being won fucceffively ; now 


a 


the Probability of winning a Main is ——— , and the Probability of 


. . >» . 23 
winning: three Mains. is SEN , and therefore. the Box-keeper 
might. 


The Doctrine of CHANCES — 141 
might without advantage or difadvantage to himéfelf receive from 
the Cafter at a certainty, the Sum raz x 1; which would be an 


Equivalent for the uncertain fum 1, payable after three Mains. 
Let it therefore be agreed between them, that the Cafter fhall pay but 


3 . . 
the Sum Ty x 1 for his three Mains ; now let us fee what con- 


fideration the Box-keeper gives to the Cafter in return of that Sum.. 
1°, heallows him one Main fure, 2°, he allows him a fecond Main 
conditionally, which is provided he wins the firft, of which the 


Probability being = y » it follows that the Box allows him only, 
if one may fay fo, the portion — ce z of a fecond Main, and for the 


- fame reafon the portion = of a third-Main, and therefore the 


. aa . 
Box allows in all to the Cafter 1+ a + The Mains, or 
gaa} 3ab + hh 
até’? SE E 
a . 
there be the allowance of Ameta Mains, how many are 


allowed for the Sum 1; and the Term required will be 


SEN i B\+ b e 
7a zab- bb x-a + b „or a+ ina? s : and therefore in fo 


a? ao 
many Mains as are denoted by the foregoing Expreffion, the Box 
gets the Sum 1, which Expreflion is reduced to 14. if aand bare. 


equal. 


: P| a 
; and therefore if for the Sum received aa: x Ts: 


PROBLEM XLVI. 
Of RAFFLING, 


If any number of Gamefters: A, B, C, D, &c. play at 

Rafes, what is the Probability that the firf of them 

having thrown bis Chance, and before the other Ghances. 
are. thrown, wins the Mony of the Play. 


SOLUTION: 

In order to folve this Problem, it is neceflary to have a Table ready 
compofed of all the Chances which there.are in three Raffles, which 
Table is the following. 

A 
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4 TaBe of all the Chances which are in three Raffles. 


3 Chances to Chances to) Equality of 
Points. winorlofe. winor lofe. Chance. 


884735 o 

884726 I 

884681 10 

884534 55 

884165 202 

883400 571 
XLVIII 881954 1336 
XLVII 879470 2782 
XLVI S7559 ) Ee 
XLV. 69632 9235 
XLIV 861199 15104 
XENI Sore XD 849706 23537 
XLII 834679 35030 
XLI 815392 50057 
XL 791506 69344 
XXXIX a 762838 93230 
XXXVIII 728971 121898 
XXXVII 690100 155765 
XXXVI 646929 194.636 
XXXV XXVII 599472 237807 
XXXIV XXIX 548865 285264 
XXXIII XXX 496314 335871 
XXXII j (XXXI 442368 388422 


The Sum of all the numbers expreffing the Equality of Chance 
being 442368, if that Sum be doubled it will make 884736, which 
is equal to the Cube of 96. 

The firft Column contains any number of Points which 4 may 
be fuppofed to have thrown in three Raffles, 

The fecond Column contains the number of Chances which 4 
has for winning, if his Points be above xxx1, or the number of 
Chances he has a lofing, if his Points be either xxxr or below it. 

The third Column contains the number of Chances which A has 
for lofing if his Points be above xxx1, or for winning if they be 
either xxx1 or below it, 


The 
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The fourth Column which is the principal, and out of which the 
other two are formed, contains the number of Chances whereby any 
number of Points from 1x to Liv can be produced in three Raffles, 
and confequently contains the number of Chances which any of the 
Gamefters B, C, D, &c. may have for coming to an equality of 


Chance with /. 
The Conftruétion of the fourth Column depends chiefly on the 


number of Chances which there are for producing one fingle Raffle, 
whereof xv1i1 or 111 have 1 Chance 

xvir or.1iv have 3 Chances 

xvi orv  haye 6 Chances 

xv orvr have 4 Chances 

xIv. or vir have g Chances 

xrrr or vīri have g Chances 

xir orix havey Chances 

xı = orx have g Chances 


Which numbers of Chances being duly combined, will afford all 
the Chances of three Raffles. 

But it will be convenient to illuftrate this by one Inftance; let it 
therefore be required to find the number of Chances for producing 
x11 Points in three Raffles. 

1°, It may plainly be perceived that thofe Points may be produ- 


ced by the following fingle Raffles 111, 111, VI, of III, IV, V, or 
Iv, Iv, Iv3 then confidering the firft cafe, and knowing from the 
Table of fingle Raffles, that the Raffles 111, 111, v1, have refpec- 
tively 1, 1, 4 Chances to come up, it follows from the Doétrine of 
Combinations that thofe three numbers ought to be multiplied toge- 
ther, which in the prefent cafe makes the product to be barely 4, 
but as the difpofition, III, III, vi, may be varied twice; wiz, by 
111, VI, 141, and vi, 111, 111, which will make in -all three dif 
potitions, it follows that the number 4 which exprefies the Chances 
of one difpofition ought to be, multiplied by 3, which being done, 
the product 12 muft be fet apart. 

2°, The Difpofition 111, 1v, v, has for its Chances. the pro- 
duct of the numbers 1, 3, 6, which makes 18, but this being 
capable of 6 permutations, the number 18 ought to be multiplied 
by 6, which ‘being done, the produét 108 muft likewife be fet 
apart. i : 
Pe, The Difpofition 1v, 1y,,ıv bas. for its Chances the produ& 
of 3, 3, 3 which makes 27; but this not being capable of any. va- 
riation, we barely write 27, which muft be fet apart. 


4°, 
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4°, Adding together thofe numbers that were feverally fet apart, 
the Sum will be found to be 147, which therefore expreffes the num- 
ber of Chances for producing x11 Points in three Raffles, and in 
the fame manner may all the other numbers belonging to the Table 
of three Raffles be calculated. 

This being laid down, let us fuppofe that 4 has thrown the Points 
xL in three Raffles, that there are four Gamefters befides himfelf, 
and that under that circumftance of 4, it be required to find the 
Probability of his beating the other four. 

Let m univerfally reprefent the number of Chances which any 
other Gamefter has of coming to an equality with 4, which number 
of Chances in this particular cafe is 23886 ; Let a univerfally reprefent 
the number of Chances which Æ has for beating any one of his 
Adverfaries, which number of Chances is found in the ‘Table to 
be 7915063 Let / reprefent the number of all the Chances that 
there are in three different Raffles, which number is the Cube of 
96, by reafon that there are no more than 96 fingle Raffles in three 
Dice, and therefore / conftantly ftands for the number 884736 ; 
Let p univerfally reprefent the number of Gamefters in all which in 
this cafe will be 5, tien the Probability which 4 has of beating the 


ae EY «SS ii i ‘ 
other four will be EET Ste , and therefore if each of the 


; mpfi 
Gamefters ftake 1, the Expećtation of 4 upon the whole Stake p, 
aF nN — oP 


PeR 


will be exprefled by ; and cenfequently his Gain, or 


what he might clearly get from His. Adverfaries by an equitable 
compofition with them for the Value of his Chance, will be 
anv — ab 

aft xg) 

Now the Logarithm of a -m= 5.9113665, log.a== 5.8984542, 
log. m == 4.3781434, log. /== 5.9468136; and therefore log. 
a+ m\ = or log. a 4+ m3 ==29.5568325, log. a? =— 29.49227 10, 
log. m/t—! == 28.1653978, from which logarithms it will be conve- 
nient to reject the leaft index 28, and treat thofe logarithms as if they 
were refpectively 1.5568325, 1.4922710, 0.1653978 : But the num- 
bers belonging to the two firft are 36.044 and 31.06 5, whofe diffe- 
rence is 4.979 from the logarithm of which, vz. 0.6971421, if 
the log. 0.1653978° be fubtracted, there will remain the log. 
0.5317433, of which the correfponding number being 3.4.02, it 
follows that the Gain of 4 ought to be eftimated by 2.402. 


DEMON- 
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DEMONSTRATION. 

1°, When 4 has thrown his Chance, the Probability of B™ hav- 
` ing a worfe Chance will be Ss ; wherefore the Probability which 
A has of beating all his Adverfaries whofe number is —1, will be 
ge! 

ji ` 

2°, The Probability which B has in particular of coming to an 
Equality with Æ is f , which being fuppofed, the Probability 
. which 4 has of beating the reft of his Adverfaries whofe number is 


a 


p—2, is m , which being again fuppofed, the Probability 


which 4 now has of beating B, with whom he muft renew the 
Play, is —- ; wherefore the Probability of the happening of all thefe 


: p—2 ma 
things = F eee 1 ES yes but becaufe C, or D 


z 
or E, &c. might as well have come to an equality with 4 as B him- 
felf, it follows that the preceding Fraction ought to be multiplied 
by #— 1, which will make it, that the Probability which’ 4 
has of beating all his Adverfaries except one, who comes to an 
equality with him, and then of his beating him afterwards, will be 
mah 

z 

Pas 

3°, The Probability which both B and C have of coming to an 
equality with 4 is-—F 5 which being fuppofed, the Probability 
which J has of beating the reft of his Adverfaries whofe number is 

cra, 2 : : : . H 
p— 3S aen which being again fuppofed, the Probability 
pa 
which Æ now has of beating B and C with whom he muft re- 
new the Play, (every one of them being now obliged to throw 
for a new Chance) is = ; wherefore the Probability of the hap- 
“ie : mm “=o 

pening ofall thele things will be === x a ste 
mma’? i 
33 but the number of the Adverfaries of 4 being $ —1, 

p- 
U and 
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and the different Variations which that number can undergo by elec- 
p=! j— z2 


tions made two and two being —— x +—— as appears from the 


Doétrine of Combinations, it follows that the Probability which any 
two, and no more, of the Adverfaries of 4 have of coming to an 
Equality with him, that 4 fhall beat all the reft, and that he fhall 
beat afterwards thofe two that were come to an Equality, is 
i = -= mma >? 


rer and fo of the reft. 


f 
From henee it follows that the Probability which Æ has of beat- 
ing all his Adverfaries, will be exprefled by the following Series, 


FE ma 4 x = mma’ $4 x = x Sal TE &e. 


fart ; À 
the Terms of whofe Numerator are continued till fuch time as their 
number be =—= p; now to thofe who underftand how to raife a Bino- 
mial to a Power given, by means of a Series, it will plainly appear 


that the foregoing Expreflion is equivalent to this other ae 
d e f mx 
which confequently denotes the Probability required. 


PROBLEM XEVIIF. 


The fame things being given as in the preceding Problem, 
to find how many Gamefters there ought to be in all, to 
make the Chance of A, after he has thrown the Point 
XL, to be the moft advantageous. that is poffible. 


SOLUTION. 

It is very eafily perceived that the more Adverfaries Æ has, the 
more his Probability cf winning will decreafe; but he has a Coms 
penfation, which is, that if he beats them all, his Gain wilk be 
greater than if he had had. fewer Competitors, for which reafon, 
there being a Balance between the Gain that he may make’ on 
one fide, and the decreafe of the Probability of winning on the 
other, there is a certain number of Gamefters, which till it be at- 
tained, the Gain will be more prevalent than the decreafe of Proba- 
bility; but which being exceeded, the decreafe of Probability will 
prevail over the Gain, fo that what was advantage, till a certain time, 
may gradually turn to equality, and even to difadvantage. This 
Problem is therefore propofed in order to determine thofe Circum- 
{tances, M aA Let 
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Let log. /—log.a be made ==g, let alfo log. /— log. a -+m be 
made = f, which being done, then the number of Gamefters re- 
quifite to make the Advantage the greateft poflible will be exprefied 
by the fraction eT , fo that fuppofing as in the pre- 
ceding Problem that a == 791506, m= 23886, and confequently 
a- m= 815392, as alfo /== 884736, and log. /== 5.94681 36 
log. a= 5.8934.542; log. m= 4.378 1434 log.a+m==5 9113665, 
then g will be == 0.0483 594, and f willbe == .03 54471. Theref. 
log. g — lóg: f==.01 349014, and log. ¢-m — log.a==0.0129123 


and therefore the number of Gamefters will be Ae = 10.4 


neatly, which .fhews that the number required will be about ten or 
eleven. 

As the Demontftration of this laft Operation depends upon prin- 
ciples that are a little too remote from the Doétrine of Chances, I 
have thought fit to omit it in this place ; however if the Reader will 
be pleafed to confult my Mifcellanea Analytica, therein he will find 
it, pag. 223 and 224. 

It is proper to obférve, that the Solutions of this laft: Problem, as 
well as that of the preceding, may be applied to an infinite variety 
of other Problems’ which may happen to be fo much eafier than 
thefe, as that they. may not require Tables of Chances ready calcu- 
lated. H 


PROBLEM XLIX: 
Of Wuiskx. 


If four Gamefters play at Whisk, to find the Odds that 
any two of the Partners, that are pitch d upon, have 
not the four Honours. 


SOLUTION. 

Firft, Suppofe thofe two Partners to have the Deal, and the laft 
Card which is turned up to be an Honour. 

From the Suppofition of thefe two Cafes, we are only to find 
what Probability the Dealers have of taking three fet Cards in twenty- 
five, out of a Stock containing fifty-one. To refolve this the fhorteft 
way, recourfe muft be had to tte Theorem given in tke Remark be- 
‘longing to out x1xth Problem, in which making the Quantities 7, 

U 2 C, 
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ĉ, d; p, a; refpectively equal to the numbers $1,25, 26,3, 3+ the 

Probability required will be found to be Ty ran or — ; 
Secondly, If the Card which is turn’d up be not an Honour, then: 


we are to find what Probability the Dealers: have of taking four given: 
Cards in twenty-five out of a Stock containing fifty-one, which by 


x à 25 X24 X 23 X 22 
; He ESEE AAEE on 
the aforefaid Theorem will be found to be REITIT ET: teed 
253. 


10 ee 

“But the Probability of taking the four Honours being: to: be eftf- 
mated before the lft Card is turned up ; and there being fixteen 
Chances in fifty-two, or four in thirteen for an Honour to turn up, 
and nine in thirteen againft it, it follows that the Probability of the 
firft cafe ought to be multiplied by 4; that the fraction exprefling 
the Probability of the fecond ought to be multiplied by g; and that 
the Sum of thofe Produéts ought to be divided by 13, which being 


done, the Quotient or nearly, will exprefs the Probabi- 
lity required. 

_ And by the fame Method of proceeding it will be found, that. 
the Probability which the two Eldeft have of taking four Honours is 


TA , that the Probability which the Dealers have of taking three. 
68 


Honours is A , and that the Probability which theEldeft have of 
364 


taking three Honours is Zr . 


there are no Honours on either fide will be 


115 
1666 


Moreover, that the Probability that 
650 
1666. * 

Hence it may be concluded, 1°, that it is 27 to 2 nearly that: 
the Dealers have not the four Honours. : 

That it is 23 to x nearly that the Eldeft have not the four 
Honours, 

That it is $ to 1 nearly that neither one fide nor the other have 
the four Honours. : 

That it is 13 to 7 nearly that the two Dealers do not reckon 
Honours. 

That it is 20 to 7 nearly that the two Eldeft do not reckon 
Honours. 

And that it is 25 to 16 nearly that either one fide or the other 
do reckon Honours, or that the Honours are not equally divided, 


ge CoROLLARY 
From what we have faid, it will not be difficult to folve a Cafe 
at Whifk ; viz. which fide has the beft, of thofe who have vir 


of the Game, or of thofe who at the fame time have 1x. In 
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Tn order to folve this cafe, it will be neceflary to premife the 
following. Principle, ; 

1°, That there is but 1 Chance in 8192 to get vir by Triks.. 

2°, That there are 13 Chances in 81g2 to get vi. 

3°, That there are 78 Chances in 8192 to get v: 

4°, That there are 286 Chances in 8192 to get iv. 

5°, That there are 715 Chances in 8192 to get rrr. 

6°, That there are 1287 Chances in 8192 to get 1r. 

7°, That there are 1716 Chances in 8192 to get 1. 

All this-will. appear evident to thofe who can. raife the Binomial’ 
a -+ å to its thirteenth power. 

But it muk carefully be obferved that the foregoing Chances ex-- 
prefs the Probability of getting fo many Points by Triks, and nei-. 
ther more nor lefs. 

For if it was required, for Inftance, to aflign the Probability of 
getting one or more by Triks, it is plain that the Numerator of 
the Fraction exprefijng that Probability would be the Sum of all: 
the Chances which have been written, viz. 4096,. and. confequently 


that this Probability would be 1 or +. 
2°, That the Probability of getting two or more by Triks* would’ be“ 
2380 1190 s 
r 3 
8192 ? 


6 9 
3°, That the Probability of getting three or more by Triks-would: 
be a r ; 

4°, That the Probability of getting 1v or more by Triks would: 


378 
T mma. 
5°, That the Probability of getting v or more by Triks would be: 


s, 
e That the Probability of getting vI. or more would be- 
14 
8192 H dy : Ps 
7°, That the Probability of getting v11'would be -gygy =- 
This being laid down, I proceed thus. : R. 
If thole Eit have v111 of the Game are Dealers;. their Probabi* 
lity of getting 11. by Honours is 3 , 
The Probability which. they have of getting them. by Triks- is 
ee or ae NG 
“And therefore adding thefe two Probabilities together, the Sum 
4370508 Now’ 


will be 2323936. ° 
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Now fubtradting from this, the Probability of both circum- 


{tances happening together, vz. ee the remainder will be 


3676738 
6823930 ` 
Stake which we fuppofe to be == 1. 

But they have a farther Expedtation, which is that of getting one 
fingle Game by Triks, which is Eea aoe , and their Pro- 
bability -of not getting by Honours is 33 , and therefore their 
Probability of getting one fingle Game by Triks independently 
from Honours is — ; but then if this happen they will be 
but equal with their Adverfaries, and therefore this Chance entitles 
them to no more than half of the common Stake, therefore taking 


the half of the foregoing fraction, it will be — and therefore 


the whole Expectation of the Dealers is So ea ai 
3732 2 
and therefore there remains for thofe who have 1x of the Game 


aa , which will'make that the Odds for the v111 againft the 


. 


1x will be 4141345 to 2682591, which is about 3 to 2, or fome- 


thing more, w/z. 17 to II. ; 
But if thofe who have vr11 of the Game are Eldeft, then their 


ee . so 354 : 
Probability of having three of the four me ee and their 
9 


ira and therefore their 


+7" . ee) > . 364 + 69 ai 
Probability of getting their two Games by Honours is t == 


433 enhabilt« . Hy DRieado: S 
Se The Probability of getting them by Triks is as before ro 
now adding thefe two Probabilities together, the Sum will be 
3756108 


68239360 7 
s : z . 838 

happening together, viz. “42 , there will sm a 
ces happ 5 tog > 0023930.” on 6823636 


and this expreffes the Expe&ation arifing from the Profpect of their 
Winning at once either by Honours or by Triks. 

But their Expectation arifing from the profpect of getting one fin- 
gle Game, and then being upon an equal foot with their Adverfaries, 


is the pS now as it was in the Suppofition of their being Dealers, 
464607 
6823930." 


and this expreffes their Expectation upon the common 


Probability of having the four Honours is 


from which fubtraéting, the Probability of both circum- 


VIZ. 
. And 
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3240828 -- 464607 


And therefore their Expectation upon the whole is TEL 


3795445 ins: f 3118491 
OPE and confequently there rem the rx, ack 


and therefore the Odds of the vırır againft the 1x are now 3705445 
to 3118491, which is nearly as 34 to 29. 

From whence it follows that without confidering whether the 
vIII are Dealers or Eldeft, there is one time with another the Odds 
of 7 to § nearly. 


PRAO 2B, ho BM, Ex 
Of PIQUET. 


To find at Piquet the Probability which the Dealer has 


for taking one Ace or more in three Cards, he bav- 
ing none in bis Hands. 


SOLUTION 


From the number of all the Cards which. are thirty-two, fab- 
tracting twelve which are in the Dealer’s Hands, there remain twenty, 
among which are the four Aces, l 

From which it follows that the number of all the Chances for 
taking any three Cards in the bottom, is the number of Combinations 


which twenty Cards may afford being taken three and three; which 


9: i . 19 -148 
by the Rule given in our xv Problem is 22-9- or rrgos 


The number of all the Chances being thus obtained, find the 
number of Chances for taking one Ace precifely with two other 
Cards; find next the number of Chances for taking two Aces pre- 
cifely with any other Card; laftly, find the number of Chances for 
taking three Aces: then thefe Chances being added’ together, and 
their Sum- divided by the whole number of Chances, the Quotient 
will exprefs the Probability required. 

But the number of Chances for taking one Ace are 4, and the 
number of Chances for. taking any two other Cards, are ~2 7 -5 A 
and therefore the number of Chances for taking one Ace and two 


g 16. 1¢ 
other Cards are = x. > == 480 as appears from what we have 
faid in the Doétrine of Combinations. 


Mire 2 
If there remains any difficulty. in knowing ‘why the number of 
Chances for joining any, two other Cards with the Ace already taken 


is 
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js 22-45, it will be cafily refolved if we confider that there 
being in the whole Pack ‘but 4 Aces and 28 other Cards, out of 
«which other-Cards, the Dealer has 12 in his Hands, there remain 
only 16, out of which he has a Choice, and therefore the num» 
ber of Chances for taking two other Cards is what we have de- 
termined, 

In like manner it will appear that the number of Chances for 


taking two Aces precifely are ++ or 6, and that the number of 


i 6 
Chances for taking any other Card are ao or 16; from whence 


it follows that the number of Chances for taking two Aces with an- 
other Card are 6 x 16 or ‘96. 
Laftly, it appears that the number of Chances for taking three 
Aces is equal to ++ == 4. 
Wherefore the Probability required will be found to be 
480 +} 96 -+ 4 580. “40 . a ‘ 
e or —— or — , which fraction being fubtraéted from 
40 Sopa 57 


Unity, the remainder will be 2 


From whence it may be concluded that it is 29 to 28 that the 
Dealer takes one Ace or more in three Cards, he having none in his 
Hands. 

The preceding Solution may be contracted by inquiring at firt 
what the Probability is of not taking any Ace in three Cards, which 
may ‘be done thus. 

The number of Cards in which the four Aces are contained be- 
ing twenty, and confequently the number of Cards out of which 
the four Aces are excluded being fixteen, it follows that the num- 
ber of Chances which there are for the taking of three Cards, amon 
which no Ace fhall be found, is the number of Combinations which 
fixteen Cards may afford being taken three and three, which num- 
ber of Chances by our%¥Z! Problem will be found to be ne 
or 560. Š 

But the number of all the Chances for taking any three Cards in 
twinty has been found to be 1140; from whence it follows that 


the Probability of not taking any Ace in three Cards, is °° or 


= , and therefore the Probability of the contrary, that is of taking 


one Ace or more ‘in ehree Cards is F as we had found it before. 


PROBLEM 
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PROBLEM II. 
To find at Piquet the Probability which the Eldeft has 
of taking an Ace in five Cards, he having no Ace in bis 
Hands. : 


SOLUTION. 


Firft, Find the number of Chances for taking one Ace and four 
other Cards, which will be 7280. 

Secondly, The number of Chances for taking two Aces and three 
other Cards, which will be found to be 3360. 

Thirdly, The number of Chances for taking three Aces and two 
other Cards, which will be found to be 480. 

Fourthly, The number of Chances for taking four Aces and any 
other Card, which will be found to be 16, 

Laftly, The number of Chances for taking any five Cards in 
twenty, which will be found to be 15504. 

Let the Sum of all the particular Chances, wz. 7280- 3360 -+ 
480 + 16, be divided by the Sum of all the Chances, viz. by 15504, 
and the Quotient will be 1 or pa which being fubtraéted 
from Unity, the remainder will be 03 , and therefore the Odds 


of the Eldeft hand taking an Ace or more in five Cards are as 232 
to 91, or § to 2 nearly. 
But if the Probability of not taking an Ace in five Cards be in- 


quired into, the work will be confiderably fhorten’d, for this Pro- 
xX ISX 14.13.12 


bability will bé found to be exprefled by -y z y or 


I. 2 


. . 4 . 5 
4368 to be divided by the whole number of Chances, vig. by 15504, 
or g1 by 323 which makes it = as before. 


PROBLEM LIL 


To find at Piquet the Probability which the Eldeft has 
of taking both an Ace and a King in five Cards, he 


having none in his Hand. 


SoLUTION. 
Let the following Chances be found; viz. 
x 
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1°, For one Ace, one King, and three other Cards; 

2°, For one Ace, two Kings, and two other Cards, 

3°, For one Ace, three Kings, and any other Card, 

4°, For 6ne Ace, and four Kings. ; 

5°» For two Aces, one King, and two other Cards. 

°, For two Aces, two Kings, and any other Card.. 

7°, Fortwo Aces, and three Kings. 

8°, For three Aces, one King, and any other Card, 

9°, For three Aces, and two Kings. 

10°, For four Aces, and one King. 

Among thefe Cafes, there being four pairs that are alike, viz. 
the fecond and fifth, the third and eighth, the fourth and tenth, the: 
feventh and ninth; it follows that there are only fix Cafes to be cal-- 
culated, whereof the firft and fixth are. to be taken fingly, but the 
fecond, third, fourth and feventh to be doubled ; now the Opera- 
tion is as follows. 


Š E, 
The firf Cafe has + x — x =m or 3520 Chances. 
Re ha ia a y 


The cond £x t x i or 1584, the double of which. 
is 9168, 

The third -i x 7 - -= À x = or 192, the double of which is 
384 Chances, ge 

The fourth = x a 7 cereal the double of which is 8 
Chances, 

GS AER SA ES. 
The fxth x =s x m or 432 Chances. 


Lag 
E 


The feventh tn 3 y x of 24, the double of which is 


24 ; 
Tian ti. Reig 
48 Chances, ; 
Now the Sum of all- thofe Chances being 7.560; and'the whole 
number of Chances for taking any five Cards out of 20 being 


50219 tT or 15504, it follows that the Probability re- 


3 > 
quired will be TEP or 3 » and therefore the Probability of 


xi opie © 


the contrary will be ir from whence it follows that the Odds 


againft the Eldeft' hand taking an Ace and a King are 331 to 315, 
or 21 to 20 nearly, 


PROBLEM 
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PROBLEM LUL 


To find at Piquet the Probability of having twelve Cards 
dealt to, without King, = or Knave, which café 
is commonly called Cartes Blanches. 


` 
SOLUTION. 


Altho this may be derived from what has been faid in the xıx'* 
Problem, yet Į fhall here prefcribe a Method which will be fome- 
what more eafy, and which may be followed in| many other In- 


ftances. 

Let us therefore imagine that the twelve Cards dealt. to are taken 
up one after another, and let us confider, 1°, the Probability of the 
firft’s being a Blank; now there being 20 Blanks in the whole Pack, 
and 32 Cards in all, it is plain-that the Probability of it is —~'s 
2°, Let us confider the Probability of the fecong’s being a Blank, 
which by reafon the firft Card is-accounted for, and becaufe, there 
remain now but 19 Blanks and 31 Cards in all,. will be found to be 


2 ; and in like -manner the Probability of the third Card’s 
31 

being a Blank will be a , and fo on; and therefore the 

Probability of the whole wilf be exprefied by the Fradtion 
0.19.18. 7.16.15. 14 . 13 57S 2 IIs 10% *9 

= . 3t + 30. 29. 28 i 27 « 26 . 25 24. 23) ee mals the aumber of Mul- 

tiplication in both Numerator an Denominator being equal to twelve. 

Now that Fraétion being shorten’d will be reduced to PET or 

2 

—— nearly, and therefore the Odds againft Cartes Blanches are 
1792 

1791 to 1 nearly. 


PROBLEM ÈV 
Yo find how many different Sets effentially different from 


one another, one may have at Piguet before taking in. 


SOLUTION: 
Let the Suits be difpofed in order, and let the various difpofitions 


of the Cards be written underneath, together with the number of 
i > Chances 
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Chances that each difpofition will afford, and the Sum of all thof 
Chances will be the thing required, 

Let alfo the Letters D, H, S, Crefpectively reprefent Diamonds, 
Hearts, Spades, and Clubs. 


Chances. 


Q 


? 


SO ON AW Bw NH 


1404928 
2195200 
614656 
2458624 
3851600 
2; 6146560 
39 9834496 
Sum 28,967,278 


2, 


ee 


O AAU DARA ANG ON OR au ANY COON ooN o 


Which Sum would feem incredibly great, if Calculation did not 

prove it to be fo, ty 
But it will not be inconvenient to thew by one Example how 
the numbers expreffing the Chances have been found, for which 
recourfe muft be had to our x1xth and xxth Pre blems, and there ex- 
amine the Method of Solution, the fame being to be obferved ney 
è P ace ; 
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place; let it therefore be required to affign the 19 cafe, which is 
for taking 1 Diamond, 2 Hearts, 3 Spades and 6 Clubs. Then it 
will eafily be feen that the variations for taking 1 Diamond are 8, 


as ; OR 
that the variations for taking 2 Hearts are — — == 28, and that 


AS ? I RP 
the vatiatioris for taking 3 Spades are ie ==56, and that the 


ASE š E ae A 
variations for taking 6 Clubs are IEA amaTI Bf eee Ad 
therefore that the number of Chances for the 19" cafe is the pro- 


duét of the feveral numbers 8, 28, 56, 28, which will be found 
1232. 

>There is one thing worth obferving, which is, that when the 
number of Cards of any one Suit being to. be combined together, ex- 
ceed one half the number of Cards of that Suit, then it will be fuf- 
ficient to combine only the difference between that number and the 
whole number of Cards in the Suit, which will make the operation 
fhorter ; thus being to combine the 8 Clubs by fix and fix, I take 
the difference between eight and fix, which being 2, I combine the 
Cards only two and two, it being evident that as often as I take 6 
Cards of one Suit, I leave 2 behind of the fame Suit, and that there- 
fore I cannot take them oftner fix and fix, than F can take them 
two and two. 

It may perhaps feem ftrange that the number of Sets which we 
have determined, notwithftanding ‘its largenefs, yet fhould not come 
up to the number of different Combinations whereby twelve Cards 
might be taken out of thirty-two, that number being 225792840; 
but it ought to be confidered, that in that number feveral fets of the 
fame import, but ee in fuit might be taken, which would not 
introduce an effential difference among the Sets. 


REMARK, 


It may eafily be perceived from the Solution of the preceding 
Problem, that the number of variations which there are in twelve 
Cards make it next to impoffible to calculate fome of the Probabi- 
lities relating to Piquet, fuch as that which refults from the priority 
of Hand, or the Probabilities of a Pic, Repic or Lurch; however 
notwithftanding that difficulty, one may from obfervations often re- 
peated, nearly eftimate what thofe Probabilities are in themfelves, 
as will be proved in its place when we come to treat of the reafon- 
able conjectures which may be deduced from Experiments, for which 
reafon I will fet down fome Obfervations of a Gentleman who has 

a 
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avery great degree of Skill and Experience in that Game, after 
which I fhall make an application of them, 


HYPOTHESES. 


1°, That ’tis-5 to 4 that the Eldeft hand wins a Game. 

2°, That it is-2 tọ 1, -hat the Eldeft wins rather without lurch- 
ing than by lurching. 

3°, That it is 4 to 1, that the Youngeft hand wins rather with- 
out lurching than by lurching. 

But it muft carefully be obferved that thefe Odds are reftrained to 
the beginning of a Game. 

From whence, to avoid Fractions, we may fuppofe that the Eldeft 
has 75 Chances to win-one Game, and the Youngeft 60. 

That out of thefe 75 Chances of the Eldeft, he has ṣo to win 
without Lurch, and 25 with a Lurch. 

That of the 60 Chances of the youngeft, he has 48 to win with- 
out a Lurch, and 12 witha Lurch. _. 

This being laid down, P fhall proceed to determine the Probabi- 
lities of winning the Set, under all the circumftances in which 4 
and B may find themfelves. 

1°, When 4 and B begin, he who: gets the Hand has the Odds 
of 6478643 to 3362857 or 23 to 20 nearly that he wins the 
Set 


2°, If Ahas rGame and B: none. 

Before they cut for -the Hand, the Odds in favour of 4 are 
682459 to 309067 or 38 to 23 nearly. 

If 4 has the Hand, the Odds: are 4627 to 1448, or róito 5 
nearly. 

If B hasthe Hand, the Odds im favour:of A are 5111058 to 309067; 
or 38 to 23 nearly. 

3°, If Æ has 1 Game, and B 1 Game. 

He who gets the Hand has the Odds of 10039 to 8186 or 27 to 
22 nearly. 

4°, If A has 2 Games and B none. 

Before they cut for the Hands the Odds are 59477 to 1342 3, OF 
31 to 7 nearly. 

If 4 has the Hand, the Odds are s117 to 958, or 16 to 3 
nearly. 

IFB has the Hand, the Odds in favour of Aare 1151 to 307; Or 
25 to 7 nearly. 

5°, If 4 has 2 Games and B 1. 

Before they cut-for the Hand, the Odds are g2 to 43, or r5 to 
7 nearly. If 
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if A has the Hand, the Odds are 11 to 4. 

If B has the Hand, the Odds in favour of 4 are 17 to io. 

6°, If A has 2 Games and B 2 Games, he who gets the Hand 
has 5 to 4 in his favour. j l 

I hope the Reader will eafily excufe my not giving the Demon- 
tration of the foregoing Calculation, it being fo eafily deduced 
from the Rules given before, that this would feem entirely fuper- 


fluous.. 


PR: O- Bail Bove LV: 
Of SAviNnG CLAUSES... 


A has 2 Chances to beat B; and’ B has 1 Chance to beat 
A, but there is one Chance which intitles them both to 
withdraw their own Stake, which we fuppofe equal to Íy 
to find the Gain of A. 


SoLUTION. 


This Queftion tho’ eafy in itfelf, yet is brought in to caution Be- 
ginners againft a Miftake which they might commit by imagining 
that the cafe, which intitleseach Man to recover his own Stake, needs 
not be fégarded, and that it is the fame thing as if it did not exift : 
This I mention fo much more readily, that fome people who have 
pretended great fkill in thefe Soeculstitins of Chance have them- 
felves fallen into that error. Now there being 4 Chances in all, 
whereof Æ has 2 to gain J, tis evident that the Expectation of that 


Gain is worth a fs but Æ having 1 Chance in 4 to lof f the Rifk 
of that is a Lofs which muft be eftimated by oe and therefore the 
abfolute. Gain of Æ is —/— =f or at but fuppofing the faving 


Claufe not confidered, Æ would have 2 Chances in 3 to win I, and 
1 Chance in 3 to lofe 1, and therefore the Expectation of his Gain 


would be worth rri and the Rifk of his Lofs would be eftimated 


by sh which would make his Gain. to be * f— = f= > J 
from whence it may evidently be feen that the condition of drawing 
Stakes is to be confidered ; and indeed in this laft cafe, there are the 
Odds of 2 to 1 that Æ beats B, whereas in the former it cannot b> 


faid but very improperly that 4 has 2 to 1. the beft of the stig ; 
or 


t. 
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for if 4 undertakes without any limitation to beat B, then he muft 

lofe if the faving claufe happens, and therefore he has but an equa- 
lity of Chance to beat or not to beat; however it may be faid with 
{ome propriety of Expreffion, that it is 2 to 1 that 4 rather beats 
B than that beats him. 

But to make the Queftion more general, let 4 and B each depo- 
fite the Sum /} let a reprefent the Chances which 4 has to beat B, 
and 4 the Chances which B has to beat 4; let there be alfo a certain 
number m of Chances which may be called common, by the hap- 
pening of which 4 hall be entitled to take up fuch part of the com- 


mon Stake 2/ as may be denominated by the fraction = , and B 


fhall be entitled to take the remainder of it. 
Then 1°, it appears that the number of all the Chances being 
a-b -+ m, whereof there are the number a of them which intitle 


A to gain f, then his Gain upon that {core is > i reed 

2°, It appears that the number of Chances whereby 4 may lofe, 
being 4, then his Lofs upon that account is TETA 

3°, Itappears that if the Chances m fhould happen, then 4 would 
take up the part < of the common Stake 2/ and thereby gain 


+ /— or a xf; but the Probability of the happening of 


> 


. mm bd . . 
Sta ed t X a 5 : 
thiseis n and therefore his Gain arifing from the Proba- 
ays PAF) : m 2p— ` 
bility of this circumftance is ———-— x 2—7 x/. 
d s LA + “a r 
From all which. it.appears. that. his» abfolute . Gain. is 
a ~ i m ryen i 
a-4- b Hon aye aot x / Te a@--b+m x r xf. 
Now fuppofe there had been no common Chances, the Gain of 


a 


<38 
A would have been ape SS 
3 i ; 
Let it therefore be farther required to affign what the proportion 
of p to r ought to be, to make the Gain of 4 to be the fame in 
both cafes. 
` Py . EENT Php nase 
This will be eafily done by the Equation —2—"— p #mn—m | 
: y y q at- b -4 m + rXa-hb-+pm 
— TARA wherein multiplying all the Terms by a+b- m we 
fhall have the new Equation a—4-+- ee Le eee 
r até 


t fma rm am— bm apane 
or ——— 5 e r s ae F 
2 aeh -? 


a—b 
= = eaa rA > or 2pa— ra -+ 
2hp — br == ra — br, “or 2pa + 2bp == 2ra, and therefore 


A 


pe 
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pa't- bp ra, and = = +3 y > from which we may conclude, 


that if the two parts of the common Stake 2/ which 4 and B are 
refpectively to take up, upon. the happening of the Chances m, are 
refpectively in the proportion of a to 4, then the common Chance 
give no advantage to 4 above what he would have had if they had 
not exifted, 


Pow Db i ECM LV 
Odds of Chance, and Odds of Money compared. 


A and B playing together depofit ÍL- apiece; A has 2 
Chances to win £, and Bx Chance to win {, whereupon 
A tells B that he will play with him upon an equality 
of Chance, if he B will fer him 2f to 1f, to which 
B affents: to find whether A has any advantage or 
difadvantage by that Bargain. 


SOLUTION. 


. had 
In the firft circumftance, A having 2 Chances to win f; and 1 
Chance to lofe /; his Gain, as may be deduced from the Introduction, 
is x a — - k 
In the fecond circumftance, 4 having 1 Chance to win 2/, and 1 


Chance to lofe / his, Gain is Phe = —/; and therefore he gets 


<S by that Bargain. 

But if B, after the Bargain propofed, fhould anfwer, let us play 
upon an equality of Chance, and you fhall ftake but =; and I fhall 
ftake /; and fo I fhall have fet 2to 1, and that 4 fhould affent, then 
he has 1 Chance to win /, and 1 Chance to lofe —/; and therefore 
his Gain is foal — Th and therefore he is worfe by — 
than he was in the firft circumftance. : ; 

But if 4, after this propofal of B, anfwers; let us preferve the quan- 
tity of the whole Stake 2/; but do you ftake oy and I fhall ftake sss 


whereby the proportion of 2 to 1 will remain; and that B affents, 
Y 


then 
2 
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then 4 has r Chance to win tf and 1 Chance to lofe —/; which 
3 


4 2 
—f— ae 
2 


. +4 2 4 . 
makes his Gain to be — =S T= =f which 


is the fame as in the firft circumftance. 

And univerfally, Æ having a Chances to win /; and B having 4 
Chances to win /, if they fhould agree afterwards to play upon an 
equality of Chance, and fet to each other the refpcective Stakes 


i fand ay : J, then the Gain of 4 would thereby receive no al- 


. . . . a— b 
teration, it being in both cafes cer Me 


Or rue DURATION oF Pray. 


‘PROBLEM LVI 
Two Gamefters A and B whofe proportion of skill is asa 


to b, each having a certain number of Pieces, play to- 
gether on condition that as- often as A wins a Game, 
B fhallygive him one piece; and that as often as B 
wins a Game, A fhail give him one Piece; and that 
they ceafe not to play till fuch time as either one or the 
other has got all the Pieces of his Adverfary : now let us 
Suppose two Spectators R and S concerning themfelves 
about the ending of the Play, the firf of them laying 
that the Play will be ended in a certain number of 
Games which he affigns, the other laying to the con- 
trary. To find the Probability that S has. of win- 
ning bis wager. 


SOLUTION. 


This Problem having fome difficulty, and it having given me 
occafion to inquire into the nature of fome Series naturally refult- 
ing from its Solution, whereby. I have made fome improvements. in 
the. Method of fumming up Series, I think it neceflary to begin with 
the fimpleft cafes of this Problem, in order to bring the Reader by 
degrees. to a. general Solution of it, 

CASE 
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Case I. 


Let 2 be the number of Pieces, which each Gamefter has; let 
alfo 2 be the number of Games about which the Wager is laid: now 
becaufe 2 is the number of Games contended for, let 2 +4 be raifed 
to its Square, viz, aa + 2ab -+ bb; then it is plain that the Term 
2ab favours S, and that the other two are againft him, and confe- 
quently that the Probability he has of winning is = 


ate 2 e 
COROLLARY. 


If a and 4 are equal, neither R or § have any Advantage or Dif- 
advantage; but if a and å are unequal, R has the Advantage. 


Case II. 


Let 2 be the number of Pieces of each Gamefter, as before, 
but let 3 be the number of Games about which the Wager is laid: 
then a -+ b being raifed to its Cube, viz. a3 34ab +. 3abb 4. b: 
it will be feen that the two Terms a? and 4* are contrary to 8, they 
denoting the number of Chances for winning three times together ; 
it will alfo be feen that the other two Terms gaah and gabb are 
partly for him, partly againft him; let therefore thofe two Terms 
be divided into their proper parts, wz. 3aab into dab + aba -+ baa, 
and 346d into abb -+ bab + bba, and it will plainly be perceived 
that out of thofe fix parts there are four which are favourable to S, Vid. 
aba, baa, abb, bab or zaab +- 2abb; from whence it follows that 
the Probability which S has of winning his Wager will be 


b eo gs 

a. , ot dividing both Numerator and Denominator by 
a 

2ab 


a-+-4&, it will be found to be a5 which is the fame as in the 


preceding cafe ; the reafon of which is, that the winning of acertain 
number of even Pieces in an odd number of Games is impoffible, un- 
lefs it was done in the even number of Games immediately preceding 
the odd number, no more than an odd number of Pieces can be 
won in an even number of Games, unlefs it was done in the odd 
number immediately preceding it; but ftill the Problem of winning 
an even number of Pieces in an odd number of Games is rightly 
ropofed ; for Inftance, the Probability of winning either of one 
fide or the other, 8 pieces in 63 Games; for, provided it be done 
either before or at the Expiration of 62 Games, he who undertakes 
that it fhall be done in 63 wins his Wager. : 
h ee CASE 


i jere A eee 
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Case III. 


Let 2 be the number of Pieces of each Gametter, and 4 the num- 
ber of Games upon which the Wager is laid: let therefore a -+ 4 
be raifed to the fourth Power, which is a+ -+ 40*d + 6aabb -+ 4ab* ` 
-+ 4+; which being done, it is plain that the Terms a*t -+ 4036 4 
4ab* + b+ are wholly againft S, and that the only Term 6aabå is 
partly for him, and partly againft him, for which reafon, let this 
Term be divided into its parts, vig. aabb, abab, abba, baab, baba, 
biaa, and 4 of thefe parts, viz. abab, abba, baab, baba, or 4aabb 
will be found to favour S; from which it follows that his Probabi- 
; PA 5 aabb 
lity of winning will be =a A 

Case IV. 

If 2 be the number of Pieces of each Gamefter, and 5 the num- 
ber of Games about which the wager is laid, the Probability which $ 


has of winning his wager will be the fame as in the preceding cafe, viz. 
Aaabb 


Univerfally, Let 2 be the number of Pieces of each Gamefter, 
and 2-+ d the number of Games upon which the Wager is laid , 


2ab \ I-+-—d 


and the Probability which S has of winning will be EN ee 


-pit 
if d be an even number; or AF if d be odd, writing d—1 
inftead of d. 

Case V, 


If 3 be the number of Pieces of each Gamefter, and 3 -+d the 


number of Games upon which the wager is laid, then the Probabi- 
À 26 EN 3ab) 1d | 
lity which S has of winning will be wap ae if d be an 


i-+d 
gab) 2 


a+) +d 
Case VI, 


If the number of Pieces of each Gamefter be more than 3, the 
Expectation of S or the Probability there is that the Play will not 
be 


if it be odd. 


even number, or 
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be ended in a given number of Games may be determined in the ’ 


following manner. 


A General Rule for determining what Probability there is that the 
Play will not be determined tn a given number of Games. 


Let n be the number of Pieces of each Gamefter. Let alfo »+-d 
be the number of Games given ; raife ¢-+-4 to the Power z, then 
cut off the two extream Terms, and multiply the remainder by 
aa + 2ab + bb: then cut off again the two Extreams, and multi- 
ply again the remainder by aa -+ 2ab +- bb, ftill rejecting the two 
Extreams, and fo on, making as many Multiplications as there are 


Units in >d ; let the laft Produét be the Numerator of a Fraction 


whofe Denominator be a+ 0)"+4, and that Fraction will exprefs 
the Probability required, or the Expectation of § upon a common 
Stake 1, fuppofed to be laid between R and S; ftill obferving that 
if d be an odd number, you write d—1 in its room. 


ExamPte JI. 


Let 4 be the number of Pieces of each Gamelter, and 10 the 
number of Games given: in this cafe n= 4, n+ d= 10; where- 


fore d==—6, and —d= 3. Let therefore a-+-b be raifed to the 


fourth Power, and rejeéting continually the extreams, let three Mul- 
tiplications be made by aa -+ 2ab + bb. Thus, 
at*|+ 4a7b4- 6aabh-4ab? | 4-54 
aa -+-2ab +b 
405b|+ 6a*bb-+- 4a%bs 
+ 8a+bb+-1243b3-+- Saabs 
+ 4b baab+|4- 40° 
14a*bb-1-200b?--144ab+ 
aa + 2ab + bb 
14a°bb\ 2005) + 14.044 
+4-28a'!b3-+-4004h4+-+-28a5b5 
+ 14046+-+-20a*55|-++-144ab$ 
48a%b3+-68204b+-4-48a305 
aa +- 2ab == bb 


I= 
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48a7b3|+- 6825d+-+- 48a*d+ 
+ 96ab++-136a5h!+4. g6aths 
+ 48ashs4 680445|+4-48255? 
164a°b4+-1-23.2a°b'-+- 1640455 l 


Wherefore the Probability that the Play will notbeended in ro Games 

è 1640624 -4 232a553 + 1644425 k : 
will bs SS se es bas which Expreffion will be reduced 
to —., if there bean equality of Skill between the Gamefters ; 
Loz4 ? 5 


i: é s60 
now this Fra¢tion 


or Er being fubtraéted from Unity, the 


1024 


remainder will be E , which will exprefs the Probability of the 


Play’s ending in 10 Games, and confquently it is 35 to 29 that, if 
two equal Gamefters play together, there will not be four Stakes 
loft on either fide, in 10 Games. 

N. B. The foregoing operation may be very much contracted b 
omitting the Letters æ and 4, and reftoring them after the Jaft Mul- 


tiplication ; which may be done in this manner. Make z + >d Gy 


=, and d+ I = 4; then annex to the refpective Terms re- 


fulting from the laft Multiplication the literal Products a1, a’—'g7+1, 
gh—*hit?, &e. 

Thus in the foregoing Example, inftead of the firtt Multiplicand 
40°b + 6aabb + 4ab3, we might have taken only 4 4 6-+ 4, and 
inftead of multiplying three times by aa + 2ab + bb, we might 
have multiplied only by 1-++ 2-+ 1, which would have made the 
laft Terms to have been 164-+-232-+ 164. Now fince that 
n==4and d= 6, p will be == 6 and g==4, and confequently 
the literal Produéts to be annexed refpettively to the Terms 164 
+232 -+ 164 will be 2644, ats, abs, which will make the Terms 
refulting from the laft Multiplication to be 164a6ġ4 232a5%" —. 
164a4+b5, as they had been found before, 


ExAMPLE II 


Let 5 be the number of Pieces of each Gamefter, and 10 the 


number of Games given: let alfo the proportion of Skill between 
A and Bhbe as 2 to x. 


Since 7== 5, and 2 -+ d = 10, it follows that d— 5. Now d 
being an odd number muft be fuppofed = 4, fo that —d==2: 


let 
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jet therefore 1-1 be raifed to the fifth Power, and always re- 
jecting the Extreams, multiply twice by 1-+ 2 + 1, thus 


1|--5-+-10-++-10-++- 5]-+-1 20-+-35-+- 35+ 20 
I--2-+-I I-+2-++1 
5|4-10-+- 104-5 20]-+35-+ 35+ 20 
-H 10-+-20-+-20-+ 10 +40-+ 70+ 70-F40 
+ St 10+10[+5 + 20+ 35-+35|-+2° 
20-+-35-+3 54-20 75+-125-+-1254-75 


Now to fupply the literal Produéts that are wanting, let 
n-+-—d— 1 be made =f, and <d+ 1==g, and the Pro- 


duQs that are to be annexed to the numerical quantities will be a4?, 
git, at—2bit*, a—3Ut+3, Bec. wherefore n, in this cafe, being 
== 5, andd==4, then-p will be — 6, and g = 3, it follows that 
the Products to be annexed. in this cafe be 2*d*, a'd+, aths, a2b$, 
and confequently the Expectation of S will be found to be 
maSh3 + 12505/4 Æ 125a4)5 4- 752306 

a+ ’ ” 

N. B. When z is an odd number, as it is in this cafe, the Ex- 
pectation of S will always be divifible by ad. Wherefore divi- 
ding both Numerator and Denominator by ¢.+- b, the foregoing Ex- 
preffion will be reduced to 

750353 — coath¢ + 754355 
ata 


pa aS 
zaa +- 2eb -+ 3bb 
a+é z 
Let now a be interpreted by 2, and 4 by 1, and the Expectation 


4 800 
of S will become i A 
2 


or 25ab3 x 


PROBLEM LVIUL 


The fame things being given as in the preceding Problem, 
to find the Expectation of R, or orherwife the Proba- 
bility that the Play will be ended in a given number of 
Games. 

SOLUTION. 


Firjt; It is plain that. if. the Expectation of S obtained by the pre- 
ceding Problem be fubtracted from Unity, there will remain“ the 


Expectation of R. 
Secondly, 


: - 
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Secondly, Since the Expeétation, of S decreafes continually, as. the 
number of Games increafes, and that the Terms we rejected in the 
former Problem being divided by aa -+ 2ab -+ db are the Decrement 
of his Expeétation ; it follows that if thofe rejected Terms be divided 
continually by aa -+ 2ab + bb or a+-6)*, they will be the’ In- 
crement of the Expectation of R. Wherefore the ExpeGation of R 
may be exprefled by means of thofe rejected Terms. Thus in the 
fecond Example of the preceding Problem, the Expectation of R 
exprefied by means of the rejected ‘Terms will be found to be 

as-is gabh $ gahs 2041bb 4- zoaab 
e a seep hl a” a N On 
aS +. )5 cab 20aabb 

ERE ut Sh eens’ vay 

In like manner, if 6 were the number of the Pieces of each 
Gamefter, and the number of Games were 14, it would be found 
that the Expectation of R would be 


a6 +16 bav 27aabb 110.3.3 429 
pray iam mare jaa ali es aka SY ea we Po 
And if 7 were the number of Pieces of each Gamefter, and the 
number of Games were 15, then the Expectation of R would be 
found to be 
pre ee ee ee ee, aR se SS 
ai +7 aie hLA 35aabb 1542353 6374424 
Sor aa a+ 6)? F a+ b)+ TU a+b) As aF Ae 
N.B. The number of Terms of thefe Series will always be 
7 d 
equal to —d-+ 1, if d be an even:number, or to +i , if it be 


odd. 

Thirdly, All the Terms of thefe Series have to one another cer- 
tain Relations, which being once difcovered, each Term of any 
Series refulting from any cafe of this Problem, may be eafily ge- 
nerated from the preceding ones. 

Thus in the farft of the two laft foregoing Series, the numerical 
Coefficient belonging to the Numerator of each Term may be derived 
from the preceding, in the following manner. Let K, L, M be 
‘the three laft Coefficients, and let N be the Coefficient of the next 
Term required ; then it will be found that N in that Series will con- 


ftantly be equal to 6M —gL-+ 2K. Wherefore if the Term which 
would follow aS in the cafe of x6 Games given were defired ; 


then make M==429, L= 119, K= 27, and the following 
Coefficient 
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Coefficient will be found 1638. From whence it appears that 


‘ 16384545 
the Term itfelf would be nt 


Likewife, in the fecond of the two foregoing Series, if the Law 
by which each Term is related to the preceding were demanded, it 
might thus be found, Let K, L, M be the Coefficients of the three 
laft Terms, and N the Coefficient of the Term. defired. Then N 
will in that Series conftantly be equal to 7M -— 14L + 7K, or 
M— 2L +K x7. Now this Coefficient being obtained, the Term 
to which ityeelongs is formed immediately. 

But if the univerfal Law by which each Coefficient is generated 
from the preceding be demanded, it will be expreffed as follows. 

Let 2 be the number of Pieces of each Gamefter : then cach Co- 
efficient contains 


n times the laft 
i— 


2 times the laft but one 


ORNS 


+a x +x = times the laft but two 


ee 1—3 x ERr e times the laft but three 


pa a a = re pata times the laft but four. 
&c. 


Thus, the number of Pieces of each Gamefter being 6, the firft 
Term 7 would be = 6, the fecond Term nx — : 


the third Term n x = x == would be ==2. The reft of 
the Terms vanifhing in this cafe. Wherefore if K, L, M are the 
three laft Coefficients, the Coefficient of the following Term will be 
6M — 9L + 2K. ; : 

Fourthly, The Coefficient of any Term of thefe Series may be 
found independently from any relation they may have to the pre- 
ceding: in order to which, it is to be obferved that each Term of 
thefe Series is proportional to the Probability of the Play’s ending in 
a certain number of Games precifely : thus in the Series whieh ex- 
prefies the Expectation of R, when each Gamefter is fuppofed to 
have 6 Pieces; viz. 

‘PERI ONOSOEUNESOR eE CO T ee ee 

ab +46 bab 27aabh 1104363 42004 4 

he x I- be + Sere a4b)° a eee: 
the lat Term being multiplied by the common Multiplicator 


A 2ga4ht xas +4 t6 
#6 +18 fat down before the Series, the Product rca 
a+ 6)§ - a+ : 
- 7, will 


would be == 9, 
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will denote the Probability of the Play’s ending in 14 Games pre- | 
cifely. Wherefore if that Term were defired which exprefies- the 

Probability of the Play’s ending in 20 Games precifely, or in any 

number of Games denoted by -+ d, I fay that the Coefficient of 

that Term will be 


d n+d— d—z d— d— : 
= x EiL E fe A E Ee oh eo: SA iiet , &c. continued 


3 4 
to fo many Terms as there are Units in —d. 


3n 
rie 


n-+-d—1 a-+-d—z n+-d—3 n+d— A 
ee ae EN 6 hie' EN Sr ae , 8a continued 
to fo many Terms as there are Units in — d — x, 


s dom’ n-+-d—z n+ i—3 a+ d— . 


to fo many Terms as there are Units in — d— 2%. 
d—t n+-d—z A-d- d= nt+d— 
7” sis x A z te b g 


——— X 
1 


4 : 
; &c, continued. 
to fo many Terms as there are Units in —d— 3i 


&c. 

Let now nd be fuppofed == 20, 7 being already fuppofed 
== 6, then the Coefficient demanded will be found from the generat 
Rule to be 

16 1 14 
A ic eare TTRY == 23256 


1 
Wherefore the Coefficient demanded will be 23256 — 18 — 
23238, and then the Term itfelf to which this Coefficient does be. 
long, will be ae , and confequently the Probability of the. 


ao +. 16 _23238a7b7 


Play’s ending in 20 Games precifely will be ie saad Fes 
But fome things are to be obferved about this formation of the 
Coefficients, which: are, 
. I 
Firft, that whenever it happens-that =d, or —d— 7; or <d—2 n, 


= us d— 3n, &c. exprefling refpedtively the number of Multiplica- 


tors to be taken in each Line, are == 0, then 1 ought to be taken 
to fupply that Line. 


Secondly, That whenever it happens that thofe quantities —d, of 


~d — 7, OF =d == 28, OF —d — 37, &c, are lef, than- nothing, 
other. 
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otherwife that they are negative, then the Line to which they be- 
long, as well as all the following, ought to be cancelled, , 


PROBLEM LIX 


Suppofing A and B to play together till Jech time as four 
Stakes are won or loft on either fide; what muft be 
their proportion of Skill, otherwife what muft be their 
proportion of Chances for winning any one Game affigned, 
to make it as probable that the Play will be ended in- 
four Games as not? 


SOLUTION. ~ 
The Probability of the Play’s ending in four Games is by the pre- 
ceding Problem -hi x 1: now becaufe by Hypothefis, it is to 
be an equal Chance whether the Play ends or ends not in four 
Games; let this Expreflion of the Probability be made = =- thes 


we {hall have the Equation ee = =. which making 4, a :; 


7 d d z4+1 I T> 
I, % Is reduced to = =F or Zt = ABI me OZ me gee 
-+ 1==09. Let 12%z be added on both fides of the Equation 
then will 2* —42% + 6z2— 4% -+ 1 be =o, and extracting the 
Square-root on both fides, it will be reduced to this guadratic Equa- 
tion, 2% — 22 -+ 1 = gy 12, of which the two Roots are 


z= 5.274 and z = — 


ocr Wherefore whether the Skill of 4 


be to that of B, as 5.274 to J, or as 1 to 5.274, there will b 
Equality of Chance for the Play to be ended or not ended in rae 
Games. 


PROBLEM “EX. 
Suppofing that A and B play till Juch time as four Stakes 
are won or lft: What muf be their proportion of 


Skill to make it a Waser o thrée to one, that 
Play will be ended in Tidy ae 2 1, that the 


Z 2 SoLv« 
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SOLUTION, , 


The Probability of the Play’s ending in four Games arifing from 
the number of Games 4, from the number of Stakes 4, and from 


the proportion of Skill, viz. of 2 to b, is oe ; the fame Pro- 


bability arifing from the Odds of three to one, is ve : Wherefore 


anes = 7 > and fuppofing 4, a aUI, 2, that Equation will be 
changed into SEE = A orge rag 4822s I 
== 5622, and extracting the Square-Root on both fides, 2%— 6z. 
+ I = 2/56, the Roots of which Equation will be found to. be 


13.407 and ~— : Wherefore if the fkill of either be to that of 


13.407 è 
the other as 13.407 to 1, ’tis a Wager of three to one, that the 
Play will be ended in 4 Games, . 


PROBLEM. LXI. 


Suppofing that A and B play till fuch timeas four Stakes 
are won or lof; What muf be their proportion of skill 
ta make it an equal Wager that the Play will be ended 
in fix Games? 

SOLUTION. 


The Probability of the Play’s ending in fix Games, arifing from 
the given number of Games 6, from the number. of Games 4, and 
from the proportion of {kill æ to 4, is = x Er ; the fame 
Probability arifing from an equality of Chance, is == + , from 
whence refults the Equation aS er —_ = » Which maz 
king 4, a :: 1, z muft be changed ‘into the ‘following 2° + 62! 
— 1324 — 2023 — 132% + 6% 4+ 1 ==0. DP 

In this Equation, the Coefficients of the Terms equally diftant 
from the Extreams, being the fame, let it be fuppofed that the Equa- 
tion is generated from the Multiplication of two other Equations of 
the fame nature, viz. zg — yz -+ I = o, and Zt  P2e gae -t 
z+ 1 =o. Now the Equation refulting from the Multiplication 
of thofe two will be 


zt 
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BE mm yz -4 1B4t + 2pz> +HZ t 1== 0. 
ob pz! mpy zt —gyrt re JR 
+ 92" 
which being compared with. the firft Equation, we fhall have 
p—s = 6, 1 — py +I — 13, 9 - YS — 20, from whence 
will be deduced a new Equation, vz. y* + 6yy — 16y — 32 == 0, 
of which one of the roots will be 2.9644, and this being fubftitu- 
ted in the Equation z% — yz -+ I == 0, we fhall at laft come to 
the Equation 2% — 2.9644% + 1 = 0, of which the two Roots 


will be 2.576 and ——~ ; it follows therefore that if the fkill of 


cither Gamefter be to that of the other as 2. 576 to 1, there will be an 
equal Chance for four Stakes to be loft or not to be loft,.in fix Games. 


COROLLARY. 


If the Coefficients of the extream Terms of an Equation, and 
likewife the Coefficients of the other Terms equally diftant from 
the Extreams be the fame, that Equation will be reducible to an- 
other, in which the Dimenfions of the higheft Term will not exceed 
half the-Dimenfions of the higheft Term. in the former. 


PROBLEM LXII 


Suppofing A and B whofe proportion of skill is asa to b, 
to play together till fuch time as A either wins a cer- 
tain number q of Stakes, or B Jome other number p of 
them: What is the Probability that the Play will not 
be ended in a given number of Games ? 


SOLUTION. 


Take the Binomial a -+ $, then multiply. it fo many times by) it 
&lf as there are Units in p++-9— 1, always obferving after every 
Multiplication to reject thofe Terms in which the Dimenfions of 
the Quantity a exceed the Dimenfions of the Quantity b, by g; as 
alfo thofe Terms in which the Dimenfions of the Quantity 4 ex- 
ceed the Dimenfions of the Quantiiy 4, by p; then fhall the laft 
Produa@ be the Numerator of a Fraction exprefling the. Probability 
required, of which Fraction the Denominator muft be the Bino- 
mial a-+4 rafed to that Power which is denoted by p -Hg 


EXAMPLE. 
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EXAMPLE, 


Let p be == 3, g= 2, and let the given number of Games be 
== 7. Let now the following Operation be made according to the 
foregoing Directions, - 

ats 
a-b 
aa | 4+ 2ab + bb 
ats 
2aab + 3abb | +- 6 
a+ 
2036 | + saabb -+ 3ab* 
a-sb 
~~ -5a3bb 4 Saab? | + 3064 
iar we i 
5atbb | + 13b + 8aab+ 
a -4-b 
134463 + 29ab* | + Sabs 


From this Operation we may conclude, that the Probability of 


; é . ° t 134453 + 21a3h4 
the Play’s not ending in'7 Games is equal to Ss SCNow 


a b 
if'an equality of Skill be fuppofed between 4 and B; the Expref. 
fion of this Probability will be reduced to cnaas or Th : : Where- 
fore the Probability of the Play’s ending in 7 Games will be 4; 
from which it follows that it is 47 to 17 that, in feven Games, 
either 4 wins two Stakes of B, or B wins three Stakes of Z, 


PROBLE M- LXIII. 
The Jame things being Juppofed as in the preceding Problem, 
to find the Probability of the Play's ending in a given 
number of Games, 


SOLUTION, 


Firfi, IF the Probability of the Play’s’ not ending in thé given 
number of Games, which we may obtain from the preceding Pro- 
blem, be fubtracted from Unity, there‘will‘remain the Probability 
of its ending in the fame number of Games, 

i Secondly, 
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Secondly, This Probability -may: be exprefled by means of. the 
Terms rejected in the Operation belonging to the preceding Pro- 
blem»; Thus if the number of. Stakes be 3 and 2, the Probability 
of the Play’s ending in 7 Games may be expreffed as follows. 


aa 2ab Gaabb 
ag ble EL aF A’ + a+d\+ 
33 3ab Saabb 
ae E ae | 
Suppofing both 2 and -equal to Unity, the Sum of the firft’ 
Series will be = » and the Sum of the fecond will be = ; 


which two Sums being added together, the aggregate P exprefles- 


the Probability that, in feven Games, either 4 fhall win three Stakes 
of B, or B three Stakes of A. 

Thirdly, The Probability of the Play’s ending in a certain num- 
ber of Games is always compofed of a double Series, when the 
Stakes are unequal : which double Series is reduced to a fingle. one, 
in the cafe of an Equality of Stakes. 

The firft Series always expreffes the Probability there is that 4, in 
a given number of Games, or fooner, may win of B-the number g 
of Stakes, excluding the Probability there is that B before that time 
may have been in a circumftance of winning the- number p of 
Stakes, both which Probabilities are not inconfiftent together ; for 
A, in fifteen Games for Inftance or fooner, may win two Stakes of 
B, though B before that time may have been ina circumftance of 
winning three Stakes of 4. À 

The fecond Series always exprefies the Probability there is that 
B, in that given number of Games; may win of 4 a certain-num- 
ber p of Stakes, excluding the Probability there is that 4, before 
that time, may win of B the number g of Stakes. ; 

The firft Terms of each Series may be reprefented refpectively 
by the following Terms. 
al ab 1+ 4-7 . 4363 
Tare T e e E ST i + E 
et le, e aaa 


9-945 -9+6-9+7- a*b* 
1.2.3-4-a-+ 6)8 > 


pab =a p.pt3. aabb a pepta- pts. 2393 
1.2.a-+0\* 1:2+3.a+6)° 
p- pts -pt6.p-+7.a*ht gc 
bu2e3+4-a-b)* 2 ’ 
Each 


176 The DocTRINE of CHANCES. 


Each of thefe Series continuing in that regularity till {uch time 
as there be a number p of Terms taken in the firft, and a number g 
of Terms taken in the fecond ; after which the Law of the conti- 
nuation breaks off. 

Now in order to find any of the Terms following in either of 
thefe Series, proceed thus; let p++ ¢— 2 be called /; let the 
Coefficient of the Term d:fred be T; let alfo the Coefficients of 
the preceding Terms taken in an inverted order, be S, R, Q, P, 


&c. then will T be equal to S — =" x IER + i x = a x 


=tou irs x <4 x tow? Ae B: &c. Thus if p be == 3 
. Then / will be 3 -+ 2 — 2 == 3, wherefore S— 

— x = R would in this cafe be equal to 33 — R, which thews 
that the Coefficient of any Term defired would be three times the 
laft, minus once the laft but one. 

To apply this, let it be required to find what Probability there is 
that in fifteen Games or fooner, either 4 thall win two Stakes of B, 
or B three Stakes of 4, or which is all one, to find what Probability 
there is that the Play fhall end in fifteen Games at fartheft, 4 and 
B refolving to play till fuch time as 4 either wins three Stakes or 
B two. 


Let 2 and 3, in the two foregoing Series be fubftituted refpec- 
tively in the room of g and p, the three firft Terms of the firft Se- 


ries will be, fetting afide the common Multiplicator, 1 + pi 


par a 


ie : likewife the two firft Terms of the fecond will be 


z . Now becaufe the Coefficient of any Term defired in 


each Series is refpectively three times the laft, nus once the laft 
but one, it follows that the next Coefficient in the fecond Series 
will be found to be 13, and by the fame Rule the next to it 
345 and fo on. In the fame manner, the next Coefficient in 
the fecond Series will be found to be 8; and the next to it 21, 
and fo on. Wherefore reftoring the common Multiplicators the 
two Series will be 7 


a+b Y 
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zanhb 134393 


anr 3i a 9 wala ae 


a- 


If we fuppofe.an equality of Skill between 4 and B, the Sum of 
the firft Series will be a Sum of*the fécond will be 
22, and the Aggregate of thofe two Sums will be n ; 
which wil! exprefs the Probability of the Play’s ending in fifteen Games 
or fooner. This lat Fration being fubtracted from Unity, there 
will remain ae , which expreffes the Probability of the Play’s 
continuing beyond fifteen. Games: Wherefore ’tis 31171 to 1597, 
or 39 to 2 nearly that one of the two equal Gamefters that thall be 
pitched upon, fhall in fifteen Games at fartheft, either win two 
Stakes of his Adverfary, or lofe three to him. 

N. B. The Index of the Denominator in the laft Term of each 
Series, and the Index of the common Multiplicator prefixed. to it 
being added together,-muft either equal the number of Games 
given, or be lefs than it by Unity.. Thus in the firft Series, the 
Index 12 of the Denominator of the laft Term, and the Index 2 
of the common Multiplicator being added together, the Sum is 14, 
which is lefs by Unity than the number of Games given. So like- 
wife in the fecond Series, the Index 12 of the Denominator of the 
laft Term, and the Index 3 of the common Multiplicator being 
added together, the Sum is 15, which precifely equals the number 
of Games given. 

It is carefully to be obferved that thofe two Series taken together 
exprefs the Expectation of one and the fame perfon, and not of two 
different perfons; that is properly. of a Spectator, who lays a wager 
that the Play will be ended in ‘a given number of Games. | Yet in 
one cafe, they may exprefs the Expeétations of two different perfons: 
for Inftance, of the Gamefters themfelves, provided that. both Series 
be'continued infinitely ; for in that Cafe, the firft Series infinitely 
continued will exprefs the Probability that the Gamefter 4 may 
fooner win two Stakes of B, than that he may lofe three to him : 
likewife the fecond Series infinitely continued will exprefs the Pro- 

Aa ; ability 


178 The DocTRINE of CHANCES. 


bability that the Gamefter B may fooner win three Stakes of 4, 
than lofe two to him. And it will be found, (when I come to 
treat of the Method of fumming up this fort of Series, whofe Terms 
have a perpetual recurrency of relation to a fixed number of prece- 
ding Terms) that the firft Series infinitely continued is to the fecond 
infinitely continued, in the proportion of aa x aa -+ ab +- bb to b x 
a -+ b; that is in the cafe of an Equality of Skill as 3 to 2, which 
is conformable to what I have faid in the 1x Problem. 

Fourthly, Any Term of thefe Series may be found independently 
from any of the preceding : for if a Wager be laid that 4 Mall either 
win a certain number of Stakes denominated byg, or that B thall win a 
certain number of them denominated by p, and that the number of 
Games be expreffed by g +d; then I fay that the Coefficient of any 
Term in the firft Series anfwering to that number of Games will be 
i d— d— d— 

2S eS ee 5, OCC; 
«ge . ' I 
many Multiplicators as there are Units in —d. 
2 — d— im 
oxy ta E APENN Pa dme on e socere PRAT Cis Car A 
l < 3 4 
many Terms as there are Units in — d — p. 
37+ 2p g+d—1 gtd—z q44-d—3 
E I a 2 x 3 3 4 
many Terms as there are Units in —d— p — q. 
37 -+ 4b +d—1 q-+d—z i eel S . 
———— * x “3 ioe 1,9, 00. Continued to fo 
many Terms as there are Units in ~d— 2p—¥. 


9-4- d— 1I g-+d— 2 g F d— ` 
ais sues x atei y n eee , &c. continued to fo 


continued to fo 


, &c. continued to fo 


, &c, continued to fo 


BS Fc 
many Terms as there are Units in —d— 2p — 29. 
+ a— +d—2 A pad, 
Eg 6p y ate i Š q e g+ 3 


, &c. continued to fo 


> 1 


3 4 
. ° 1 , 
many Terms as there are Units in —d— 3p — 2g. 


hs ia wh peat x ae ie tek 1S , &c. continued to fo 
. . I 

many “Terms as there are Units in —d— 3f — 34. 

And fo on. 

And the fame Law will hold for the other Series, calling p- å 
the number of Games given, and changing g into p, and p into g, as 
alfo d into d, Rill remembring that when d is an odd number, d— 1 
ought to be taken in the room of it, and the like for d. 


x 


And 
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And the fame obfervation muft be made here as was made at the 
end of the Lvirr® Problem, viz. that if —4, or —d— py or 
I I I 4 
zdI—p—4, or On 2p— 9, Or res e 2p == 29, &c, ex- 
prefling refpeđtively the number of Multiplicators to be taken in 
each Line, are = O, then 1 ought to be taken for that Line, 
. I I ja 
and alfo, that if =d, or —d—p, or -z4 —p— q, &e. are lef 
than nothing, otherwife negative, then the Line to which- they be- 
long as well as all the following ought to be cancelled. 


PROBLEM LXIV. 


If A and B, whofe proportion of skill is fuppofed asa to b, 
play together: What is the Probability that one of 
them, fuppofe A, may in a number of Games not ex- 

ceeding a number given, win of B a certain number of 

Stakes ? leaving it wholly indifferent whether B, before 

the expiration of thofe Games, may or may not bave 

been in a circumftance of winning the fame, or any 


other number of Stakes of A. 


SoLUTION. 


Suppofing z to be the number of Stakes which 4 is to win of B, 
and 2 -+ d the number of Games ; let @-+ ġ be raifed to the Power 
whofe Index is n-d; then ifd be an odd number, take fo many 


Terms of that Power as there are Units in EL ; take alfo fo 


many of the Terms next following as have been taken already, but 
prefix to them in an inverted order, the Coefficients of the preceding 
Terms. But if dbe an even number, take fo many Terms of the 


faid Power as there are Units in —d +.1; then take as many of 


. . . I 
the Terms next following as there are Units in —d, and prefix to 
them in an inverted order the Coefficients of the preceding Terms, 
omitting the laft of them; and thofe Terms taken all together will 
compofe the Numerator of a Fraction exprefiing the Probability re- 
quired, the Denominator of which F raction ought to be a--o **, 


Aa 2 EXAMPLE 
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EXAMPLE I. 


Suppofing the number of Stakes, which Æ is to win, to be Three, 
and the given number of Games to be Ten; let a 4+4 be raifed to 
the Tenth power, viz. a° + 10096 + 45a°bb + 1204743 + 
2104a%h4-+4- 2 52a°b5-4- 21044-4 120a°47-+4- 4.5aab® + 10ab9 +. 41°, 
Then by reafon that n= 3, and z+ d= 10, it follows that d is 


ae a == 4. Wherefore let the Four firft Terms of 


2 
the faid Power be taken, viz. a° + 1009) + 4 5a°bb + 1202783, 
and let the four Terms next following be taken likewife without re- 
gard to their Coefficients, then prefix to them in an inverted order, 
the Coefficients of the preceding Terms: thus the four Terms fol- 
lowing with their new Coefficients will be 120a%+ -+ 4 5a54* +- 
1oaths + 14347. Then the Probability which 4 has of winning 
Three Stakes of B in Ten Games or fooner, will be expreffed by the 
following Fraction 


atOte 10095 + 45083 44 1204753 -H 1204634 -+ 45a5b5 + 100416 4 a337 
a+é)*° 
which in the cafe of an Equality of Skill between 4 and B will be 
352 I! 


reduced to eae 


== 7, and 


Exampte II. 

Suppofing the number of Stakes which Æ has to win to be Four, 
and the given number of Games to be Ten ; let aå be raifed to 
the tenth Power, and by reafon that 2 is == 4, and 2 + d== 10, 
F . I : z 7 
it follows that d is== 6, and —d- 1 == 4 ; wherefore let the four 
firt Terms of the faid Power be taken, viz. at? ++ 10496 = 4.50545 
+ 12047? ; take alfo three of the Terms following, but prefix to 
them, in an inverted order, the Coefficients of the Terms already 
taken, omitting the laft of them; hence the three Terms following 
with their new Coefficients will be 4.5a%4+ +. 10a*d5 + 1a+b*.° Then 
the Probability which 4 has of winning four Stakes of B or fooner, 
will be expreffed by the following Fraction 

1029} -4 aga Soh -H 1200783 4 4ca6!4-L roasls -j 104!6 
SS; ;-- ress 


which in the cafe of an equality of Skill between Æ and B will be 
29 


T, Dikar ) 
reduced to or Ero 
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Another SOLUTION. 


Suppofing as before that be the number of Stakes which 4 is 
to win, and that the number of Games be -+ d, the Probability 
which 4 has of winning will be expreffed by the following Series 

240" xI- apo © a ae E Er E Zee 

a f ” -arb* 
an. wire. Lae » &c, which Series ought to be con- 


. ~ . . I 
tinued to fo many Terms as there are Units in - d -+ 1; always 


obferving to fubftitute d—1 in the room of d in cafe d be an odd 
number, or which is the fame thing, taking fo many Terms as there 


ree det 1 
are Units in ——— . 

Now fuppofing, as in the firft Example of the preceding Solution, 
that Three is the number of Stakes, and Ten the given number of 
Games, and alfo that there is an equality of Skill between 4 and 

eee BK 

> Va) > i -i ry nia 2G 9 28 

B, the foregoing Series will become > x 1 + ee as 
as before. 


REMARK. 


In the firft attempt that I had ever made towards folving the ge- 
neral Problem of the Duration of Play, which was in the Year 
1708, I began with the Solution of this rxivth Problem, well 
knowing that it might be a Foundation for what I farther wanted, 
fince which time, by a due repetition of it, I folved the main 
Problem; but as I found afterwards a nearer Way to it, I barely 

ublifhed, in my firft Effay on thofe matters, what feemed to me 
moft fimple and elegant, {till preferving this Problem by me in or. 
der to be publithed when I fhould think it proper. Now in the 
rear 1713 Mr. Monmort printed a Solution of it in a Book by him 
sublifhed upon Chance, in which was alfo inferted a Solution of 
+. fame by Mr. Nicolas Bernoulli; and as thofe two Solutions feemed 
to me, at firft fight, to have fome affinity with what I had found 
before, Iconfidered them with very great attention ; but the Solu- 
tion of Mr. Nicolas Bernoulli being very much crouded with Symbols, 
and the verbal Explication of them too fcanty, Town I did not 
underftand it thoroughly, which obliged me to confider Mr. Mon- 
morts Solution with very great attention.: I found indeed that he 
was very plain, but to my great furprize I found him very erroneous ; 


fill 
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ftill'in my Do&rine of Chances I printed that Solution, but rectified 
and afcribed it to Mr. Monmort, without the leaft intimation of any 
alterations made by me; but as I had no thanks for fo doing, I re- 
fame my right, and now print it as my own: but to come to the 
Solution. 

Let it be propofed to find the number of Chances there are for 
A to win two Stakes of B, or for B to win three Stakes of 4, in 
fifteen Games, 

The number of Chances required is exprefled by two Branches 
of Series ; all the Series of the firft Branch taken together exprefs 
the number of Chances there are for 4 to win two Stakes of B, 
exclufive of the number of Chances there are for B before that time, 
to win three Stakes of Æ. All the Series of the fecond Branch 
taken together exprefs the number of Chances there are for B to 
win three Stakes of 4, exclufive of the number of Chances there 
are'for 4 before that time to win two Stakes of B. 


Fir/t Branch of Series. 
ats a'th at3h* a12b3 gttht gt°Zs 2936 a®h7 ab? ah? asb1o atht® gtht® grhis 
Feb 15 ros- 455-1365 + 3003 -+ 5005-5005-3003 1 3654 455+ 105 -4 15 +i 
a 15 105 45S — 5G = TOS tg 


ort phat 


Second Branch of Series, . 
gts rra “bt3a* b**at btoas Goas a7 ‘bras Ba? b5at? hgt B3gt® brais 
1 -H15 -+ 105 455 + 1365 -+ 3003 + 5005 ++ 3003 + 1365 -H455 tos tes +1 
— 1 15 105 — 455 — 1365 — 455 — 105 = is — 1 


+ r+ st oi 


The literal Quantities which are commonly annexed to the nu- 
merical ones, are here written on the top of them ; which is done, 
to the end that each Series being contained in one Line, the de- 
pendency they have upon one another, may thereby be made more 
confpicuous, » 

The firft Series of the firft Branch expreffes the number of Chan- 
ces there are for 4 to win two Stakes of B, including the number 
of Chances there are for B before, or at the expiration of the fifteen 
Games, to be in a Circumftance of winning three Stakes of 4; 
which number of Chances may be deduced from the rxivth Pro- 
blem. 

The fecond Series of the firft Branch is a part of the firft, and 
exprefies the number of Chances there are for B to win three Stakes 


I of 
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of A, out of the number of Chances there are for 4, in the firft 
Series, to win two Stakes of B. It is to be obferved about this Se- 
ries, Firff, that the Chances.of B exprefled by it are not reftrained 
to happen in any order, that is, either before or after 4 has won two 
Stakes of B. Secondly, that the literal products belonging to it are 
the fame with tho of the correfponding Terms of the firft Series. 
Thirdly, that it begins and ends at an Interval from the firft and 
lat Terms of the farft Series equal to the number of Stakes which 
Bis to win. Fourthly, that the numbers belonging to it are the 
numbers of the firft Series repeated in order, and continued to one 
half of its Terms; after which thofe numbers return in an inverted 
order to the end of that Series: which is to be underftood in cafe 
the number of its Terms fhould happen to be even, for if it fhould 
happen to be odd, then that order is to be continued to the greateft 
half, after which the return is made by omitting the laft number, 
Fifthly, that all the Terms of it are affected with the fign menus. 
The Third Series is part of the fecond, and exprefles the num- 
ber of Chances there are for Æ to win two Stakes of B, out of the 
number of Chances there are in the fecond Series for B to win 
three Stakes of 4; with this difference, that it begins and ends at 
an Interval from the firt and laft Terms of the fecond Series, 
equal to the number of Stakes which 4 is to win; and that the 
‘Terms of it are all pofitive. 
It is to be obferved, that let the number of thofe Series be what 
it will, the Interval between the beginning of the firft and the 
eginning of the fecond, is to be equal to the number of Stakes which 
B is to win; and that the Interval between the beginning of the fe- 
cond and the beginning of the third, is to be equalto the number 
of Stakes which Æ is to win; and that thefe Intervals recurr alter- 


nately in the fame order. It isto be obferved likewife that all 


thefe Series are alternately pofitive and negative. 

All the Obfervations made upon the frt Branch of Series be- 
longing alfo to thé fecond, it would be needlefs to fay any thing 
more of them. : 

Now the Sum of all the Series of the firft Branch, being added 
to the Sum of all the Series of the fecond, the Aggregate of thefe 
Sums will be the Numerator of a Fra@tion exprefling the Proba- 
bility of the Play’s terminating in the given number of Games ; 
of which the Denominator is the Binomial 2 -+ 4 raifed to a Power 
whofe Index is equal to that number of Games. Thus fuppofing 
that in the cafe of this Problem both zand 4 are equal to Unity, 


the Sum of the Series in the firft Branch will be 18778, the Sum of 
the 
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the Series in the fecond will be 12393, and the Aggregate of both 
31171; and the Fifteenth Power of 2 being 32768, it follows that 
the Probability of the Play’s terminating in Fifteen Games will be 


ote , which being fubtracted from Unity, the remainder will be 
/ 


I£ oy 48 
ss : From whence we may conclude that it is a Wager of 31171 
IEL: 


to 1597, that either Æ in Fifteen Games fhall win two Stakes of 
B, or B-win three Stakes of 4: whichis conformable to what was 
found in the tx111¢ Problem. 


PROBLEM LXV. 


To find what Probability there is that in a given number 
of Games A may be winner of a certain number q of 
Stakes, and at fome other time B may likewife be 
winner of the number p of Stakes, fo that both cir- 
cumftances may happen. 


SOLUTION. 


Find by our Lx1v™ Problem the Probability which 4 has of win- 
ning, without any limitation, the number g of Stakes: find alfo 
by the 1x11? Problem. the Probability which 4 has of winning 
that number of Stakes before B may happen to win the number 
f; then from the firft Probability fubtra@ting the fecond, the re- 
mainder will exprefs the Probability there is that both 4 and B may 
be in a circumftance of winning, but B before 4, In the like man- 
ner, from the Probability which B has of winning, without limita- 
tion, fubtraéting the Probability which he has of winning before 4, 
the remainder will exprefs the Probability there is that both Æ 
and B may be in a circumftance of winning, but 4 before B: 
wherefore adding thefe two remainders together, their Sum will ex- 
prefs the Probability required, 

Thus if it were required to find what Probability there is, that 
in Ten Games 4 may win Two Stakes of B, and that at fome 
other time B may win Three: 

The firft Series will be found to be 


zab saabb 148343 Toast 
4. 


aa 
a+é4)* 


le XE ay ta poy Ft apae Ft Spam 


z 


} 
i 


The 
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The fecond Series will be 


aa gab saabb us 13a3b3 34a4h4 4% 
aA — KML AN + a+o\* arb) 6 a46)? 

. ‘ ° aa es 

The difference of thefe Series being <a Sane + > 


a-+6 È 


exprefies the firft part of the Probability required, which in the 
cafe of an equality of fkill between the Gamefters would be re- 
duced to — 

The third Series is as follows, 


3 


bs TT ft AAOS Ty AOA. o> aBa 
a-+s\’ aa a-ti) ea a-o)4 Tr a-b)’ 
The fourth Series is 


b3 : 3ab 8aabb 214363 

aa? * a Bees ot a+s)* -+ a+6)§ 
The difference of thefetwo Series being =r x SS -+ er 
exprefles the fecond part of the Probability required, which in the 


it 


cafe of an equality of Skill would be reduced to iz: Wherefore 


the Probability required would in this cafe be na +r = ee $ 


Whence it follows, that it isa Wager of 495 to 17, or 29 to I very 
near, that in Ten Games 4 and B will not both be in a circumftance 
of winning, viz. Æ the number g and B the number 9 of Stakes, - 
But if by the conditions of the Problem, it were left indifferent 
whether 4 or B fhould win the Two Stakes or the Three, then the 
Probability required would be increafed, and become as follows; 
VIZ. 
D ERa a 
atA GFN O IFN 
ah aabb å O gh 
Spay * Tay eee 


which, in the cafe of an equality of Skill between the Gamefters, 
would be double to what it was before. 


Bb PROBLEM 
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PROBLEM LXVI. 


To find what Probability there is, that in a given num- 
ber of Games A may win the number q of Stakes ; 
with this farther condition that B during that whole 
number of Games may never have been winner of the 


number p of Stakes. 


SoLUTION. 


From the Probability which 4 has of winning without any li- 
mitation the number g of Stakes, fubtract the Probability there is 
that both Æ and B may be winners, viz. A of the number g, and 
B of the number p of Stakes, and there will remain the Probability 
required, 

But if the conditions of the Problem were extended to this alter- 
native, viz, that either 4 fhould win the number g of Stakes, and B 
be excluded the winning of the number p; or that B fhould win 
the number p of Stakes, and Æ be excluded the winning of the num- 
ber g, the Probability that either the one or the other of thefetwo 
cafes may happen, will eafily be deduced from what we have faid, 

The Rules hitherto given for the Solution of Problems relating 
to the Duration of Play are eafily practicable, if the number of 
Games given is but fmall; but if that number is large, the work 
will be very tedious, and fometimes fwell to that degree as to be 
in fome manner impracticable ; to remedy which inconveniency, I 
fhall here give an Extract of a paper by me produced before the 
Royal Society, wherein was-contained a Method of folving very ex- 
peditioufly the chief Problems relating to that matter, by the help 
of a Table of Sines, of which I had before given a hint in my Doc- 
trine of Chances, pag. 149, and 150. 


PROBLEM LXVIL 
To folve by a Method different from any of the pre- 


ceding, the Problem vil, when a is to b in a ratio 


of Equality. 


SoaLu- 
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SOLUTION. 
Let n be the number of Games given, and ġ the number of 
Stakes; let Q reprefent go degrees of a Circle whofe Radius is 
equal to Unity; let C, D, E, F, &c. be the Sines of the Arcs 


SX, 32 2, &e. till the Quadrant be exhanfted 5 


let alfo, c, d, ¢, ff bc. be the Co-fines of thofe Arcs: then if the 
difference between ” and p be an even number, the Probability of 
the Play’s not ending in the given number of Games will be repre- 

fented by the Series ` 


à f+ guti 
Or ee 
of which Series very few Terms will be fufficient for a very near 
approximation. But if the difference between zand pbe odd, then 
1 . \Voe th z Bd n 

the Probability required will be - xT p HH £L i 
êc. ; s 

In working by Logarithms, you are perpetually to fubtra&, from 
the Logarithm of every Term, the Produét of to into the number 
n, in cafe the number 2—p be even; but in cafe it be odd, you 
are to fubtract the Produ@& of 10 into n=- 1, and if the Subtrac- 
tion cannot be made without making the remainder’ negative, add 
10, 20, Or 30, &c. and make fuch proper allowances for thofe addi- 
tions as thofe who are converfant with Logarithms know how to 
make. 

To apply this to fome particular cafes, let it be required to find 
the Probability of Twelve Stakes being not loft in 108 Games. 

Here becaute the difference between 108 and 12 is 96, I take 
the firft form, thus 

) 30 p 4 

The Arcs =, ee re a, 25, 2>, <= , &e. 
being refpectively 74 — 30, 224 — 30, 377—30', 524 — 30; 
bgd — 30, 824-— 30, 974 — 30, &c. I take only the fix firft, 
as not exceeding go” ; 

Now the Logarithm of the Co-fine of 77 — 30’ being 9.9962686, 
I multiply it by m-+-1, that is in this cafe by 109, and the pro- 
duct will be 1089.5932774, which is the Logarithm of the Nu- 


merator of the firft Fraction 
‘ Bb 2 From 
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Wrom that Logarithm, I fubtra& the Logarithm of the Sine of 
74 — 30 here reprefented by C, which being 9.1156977, the re- 
mainder will be 1080.4775797, out of which rejecting 1080. pro- 
du&t of ro by'the given number of Games 108, and taking. only 
0.4775797 the number anfwering will be 3.00327, which being 


multiplied by the common Multiplicator- = , that is in this-cafe by 


> or = , the produé will be o. 50053, which Term alone de- 
termines nearly the Probability required. 

For if we intend to make a Correction by means of the fecond Term 

pt + 
= DT » we fhall find the Logarithm of = to be 1076.6692280 
to which adding 10, and afterwards fubtraéting 1080, the remain- 
der will be 6.6692280, to which anfwers 0.0004669, of which 
the 6" part is 0.0000778, which being almoft nothing may be 
fafely rejected. And’ whenever it happens that z is a large number 
in refpect to p, the firft Term alone of thefe Series will exceeding 
near determine the Probability required, 

Let it now be required to find the Probability of 45 Stakes 
being not loft on either fide in 1519 Games, 


The Arcs ee JS. , &c. being refpedtiively 24, 64, 104, 
&c. I take, 1°,. the Logarithm. of the Co-fine of 27 which is 
9:9997354, Which being multiplied by -+-1, that is in this cafe 
by. 1520, the product will be 15199.5988080, out of which fub- 
tracting the Logarithm of the Sine of 24, wiz. 8.5428192, the re- 
mainder will be 15191.0559888, out of which reje@ing 15190, 
the number anfwering will be 11.3759, which being multiplied by 


2 


— , that is, in this cafe by ve , the produc will be .so5sy 
which nearly determines the Probability required. 

Now if we want a Correction by means of the fecond Term, 
we fhall find si - = .00002081, which Term being fo very 
inconfiderable may be entirely rejected, and much. more. all- the 
following. i 


Confidering therefore that when the Arc - is fall, the: firit 


Term alone is fufficient for a. near approximation, it will not be 
amifs to inquire what muft be the number of Games that’ fhall 
make it an equal Probability of the Play’s being: ended in that. num- 
ber of Games; which to do, 


Suppofe 
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at 
Suppofe <—— x —== +, hence 4c*Ft == Cp, then fup- 
pofing p a large number, whereby the number n muft be_ fill 
much larger, we may barely take for our Equation 4c” == pC, then 


taking the Logarithms, we fhall have log. 4-+ 2 log. c = log. C 
-+ log. Pp; let the magnitude of the Arc -> be fuppofed =% ; 


now fince the number # has been fuppofed very large, it follows 
that the Arc z muft be very {mall; wherefore the Sine of that Arc 


will alfo be nearly == Z, and its Co-fine 1 — 22 nearly, of which 
Co-fine the Logarithm will be — 22 nearly ; we have therefore 
the Equation log. 4——nzz = log. p + log..2; let now the Mag- 
nitude of an Arc of 90%, toa Radius equal to Unity,.be-== M, 
lence we {hall have =- =z, and log. z = log. M'— log. f, 
wherefore the Equation will at hfe be changed’ into this, log. 4 

i 

Sri =— log. M, and therefore n= 20&4—2teM y A 


— 


pP 
—2log.M 
but 2log. 4—21. == 0.756 nearly, and therefore 7 == 0.7 56pp.. 


N. B. The Logarithms here made ufe of’ are: fuppofed- to be Hy- 
perbolic Logarithms, of which I hear a Table will foon be pub- 
lifhed. 

Mr. Monmort in the fecond Edition of his Tract, Des jeux de 
Hazard, tells us that he found that if p denoted an odd number of 
Stakes to- be. won or loft, making Li == j; that then the Quan- 
tity 3 I> 3f -+- 1 would denote a number of Games wherein there 
would be more than an equal Probability ofthe Play’s being ended ; 
but at the fame time he owns, that he has not been able to find a 
Rule like it for an even number of Stakes. 


Whereupon I fhall obferve,. frf, that his Expreffion may be 
reduced to “tp + = » Which tho’ near the Truth in fmalk 


numbers, yet is very defective in large ones, for it may be proved that. 
the number of Games found by his Expreffion,. far from being above 
what is requifite, is really below it. Secondly, that his Rule does not 
err more in an even number of Stakes than in an odd one; but that 
Rule being’ founded upon an induGtion gathered from the Solujion: of 
fome of the fimpleft cafes of this Problem, it is no wonde; chat he 


retrained it to the odd cafes, he happening to be miftaken in dèter- 
mining 
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mining the number of Games requifite to make it an even Wager 
that twelve Stakes would be won or loft before or at the expiration 
of thofe Games, which he finds by a very laborious calculation to 
have been 122 3 in which however he was afterwards re@tified by 
Mr. Nicolas Bernoulli, who informed him that he had found by his 
own Calculation that the number of Games requifite for that purpofe 
was above 108, and below 110; and this is exaétly conformable to 
our Rule, for multiplying p= 144 by 0.756, the Produé& will 
be 108.864. 

For a Proof that his Rule falls fhort of the Truth, let us fuppofe 
p== 45, then /will be == 23, and 3f — 3/41 will be = 1519, 
let us therefore find the Probability of the Play’s terminating in 
that number of Games; but we have found by this rxvrith Pro- 
blem, that the Probability of the Play’s not terminating in that 
number of Games is 0.50559; and therefore the Probability of its 
terminating within them is 0.49441; which being lefS than > > 


fhews ’tis not more than an equal Wager that the Play would be 
terminated in 1519 Games. 

But farther, let us fee what number of Games would be neceflary 
for the-equal wager, then multiplying 2025 {quare of 45 by 0.756, 
the Produé& will be 1530.9 ; which thews that about 1531 Games 
are requifite for it, 


PROBLEM LXVIIL 


The fame things being given as in the preceding Pro- 
blem, except that now the ratio of a to b is Juppyfed of 
inequality, to folve the fame by the Sines of Arcs, 


SOLUTION. 


Let  reprefent the number of Games given, » the number of 
Stakes to be won or loft on either fide, let alfo 4 be the Semi- 
circumference of a Circle whofe Radius is equal to Unity : let C 

A 


D, E, F, &c. be the Sines of the Arcs A ; Bh Shy 7A deb 


; + PE BS, i 
till the Semi-circumference be exhaufted ; let alfo c, d,e, f, &e. be 
the refpective verfed Sines of thofe Arcs 3 let cages 


aha)" be made = L, 


a—by ab 
Th =, Sooper Gee let c, 27 3: CC, m; d, ar: DD, 4; 


ê; 
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e, 2r !! EE, /, &c. then the Probability of the Play not ending in 
n Games will be exprefled by the following Series 


C Ln D -a E —n, &c 
Pn e 2 ae eee 2 + —— ? e 
Zrce mtt aR ard+¢ pee zre -f t ip JS $ 


the whole to be multiplied by 2L 


6 PF i 

As there are but few Tables of Sines, wherein the Logarithms of 
the verfed Sines are to be found, it will be eafy to remedy that in- 
conveniency, by taking the Logarithm of the Sine of half the Arc, 
and adding to it the Logarithm of the number 4; for that Sum 
will give the Logarithm of the verfed Sine of the whole Are, 

It will be eafily perceived that inftead of referring the Arcs to the 
Divifion of the Semi-circumference, we might have referred them to 
the Divifion of the Quadrant, as in the cafe of the preceding Problem. 


P R'OBEEM LXIX 

If A, B, C, D, &@c. whofe Dexterities, or Chances for win- 

ning a Game, are refpeétively in the given ratios of 

a, b,c, d, @c. play with that condition, that the frf 

who fhall win a certain given number of Games fhail 

be conqueror; and that after a certain number of 

Games are paf, A wants p Games of being up; B, gq 

Games; C, r Games, Bc. their feveral Probabilities of 

winning are required, and firff ‘the Probability of 

A" winning. 

SOLUTION. Sa 

Altho’ this Problem isexa@lly the fame as the vith Problem, yet as 
in the Solution of the former there were fome Operations that were 
not exempt from Trial, I fwppofe the prefent Selation, which is 
more. direct, will be acceptable. Let therefore, 

1°, Unity be written, . 

2°, Write all the Letters whereby the Dexterities of the Game- 
fers are-denoted,. that excepted. which regards. that Gamefter whofe 
Expectation is inguired into. 

2°, Write all the Combinations of thofe Letters taken two and 
two, three and three, four and four, &c, 

4”; 
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4°, Out of thofe Combinations reject perpetually thofe which 
denote that B has got g Games, or that C has -got r Games, &c. 
which they refpectively want of being up. 

5°, Multiply all thofe Terms by a-', the Letter æ denoting the 
Dexterity of the Man whofe Expectation is inquired into, and p—1, 
the Index of that Power of a which is lefs by Unity than the num- 
er of Games he wants of being up. 

6°, Prefix to thofe feveral Produéts the numbers which denote 
the various permutations which the Letters compofing thofe Pro- 
duéts can undergo. 

7°, Add feverally into Sums the Produdts of the fame numbers of 
Dimenfions. 

8°, Let thofe Sums taken in order be refpectively divided ‘by 
Si—, fr, fort, Prz, &c, fuppofing /= a b-c, &c. 

9°, Multiply all that which thus arofe from the feveral Divifions 
by — , and this laft Produé will exprefs the Expe@tation required, 


and in the fame manner may the other Expeétations be collected. 


EXAMPLE. 

Suppofing p==2, 7 = 3, r= 5, let there be written accor- 
ding to the foregoing prefcription, 1, 6+4-c, bb- be- ce, 
bbc 4- bee c3, bbce + bc? + c+, bbc? bct, bbc+: then multiply 
all thofe Products by a", that is, in this cafe, by a, which being 
done, prefix to the feveral Products the numbers expreffing their 
various permutations, dividing at the fame time thofe Produéts by 
fr, fe-2, fe-3, &c. that is, in this cafe, by S /*, /*, &c; 
laftly, multiply the whole by 7 , then you will obtain the Ex- 
pectation of 4, which will be 


-a E 2ab + 2at i 3abb -+ Set nace 


12abbe +- 1 2abec 4- 4acé 30abbcc +- 20abc3 4- gact 


a abc 10sabbc4 
sedie 30 ate ese i 
. So that if a, 4, c were every of them == 1, and confe- 
quently /= 3; the Expectation of 4 will be expreffed by 


28 53 ` 90 10 5 
us i 


the whole to be multiplied ‘by 


a 


A aoe 12 

3 T 5 suche ralipuaie my en A a 
he by the fame Rule, the Expectation of B will he ond es ee 
ee , and the Expetation of C sae - 4 
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Of the Summation of recurring Series. 


The Reader may have perceived that the Sotution of feveral Pro- 

blems relating to Chance depends upon the-Summation of Series; I 
have, as occafion has offered, given the Method of fumming them 
up; but as there are others that may occur, I think it neceflary to 
give a fummary View of what is moft requifite to be known in this 
matter, defiring the Reader to excufe me, if Ido not give the Demon- 
ftrations, which would fwell this Tract too much, efpecially con- 
fidering that I have already giyen them in my Mi/cellanea Ana- 
lytica. 
“ I call that a recurring Series which is fo conftituted, that having 
taken at pleafure any number of its Terms, each following Term 
{hall be related to the fame number of preceding Terms, according 
to a conftant law of Relation, fuch as the following Series < 


AB C D E F 
L- 2x + 3x% -+ 10x3 -4 344+ + 97x5, &e. 
in which the Terms being refpectively reprefented by the Capitals 
A, B,C, D, &c. we fhall have 
D == 3Cx — 2Bxx +- 5ÅAx? 
E == 3Dx — 2Cxx + 5Bx 
F == 3Ex—2Dxx + 5Cx? 
&e. 

Now the Quantities 3x — axx +- 5x3, taken together and con- 
nected with their proper Signs, is what I call the Index or the Scale 
of Relation; and fometimes the bare Coefficients 3-—2 + 5 are 
called the Scale of Relation. 


Prorosirion I. 

If there be a recurring Series d 4- dx a= txx -p dx? +- ext, &c. 
of which the Scale of Relation be fv =— gxx; the Sum of ‘that 
Series continued im infinitum will be w 

; a = bx. 
— fax l- 
T— fx p gxis 


TOF s d J à 
Proposi Tron “dio - 
Suppofing that in the Series a -+-'bw 4+ txk-- dx? 4--ext, ec. 
the Law of Relation be fc—gxw + bx*; the Sum of that Serice 
continued in infinitum will be y 
Cc a 
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a-+be -exx 
— fax — fbxx 
+ gaxx 
I— jX -+ gxx — bx! 


Proposrrion III. 
Suppofing that in the Series, a + bx -+ cxx, &c. the Law of Re- 
lation be fx —gxx 4- hx? — xt, the Sum of the Series will be: 
a -+ bx ee cxx + dx? 
— fax — fbxx — fex? 
“+ gaxx + gbx* 
— hax? 


I — foe -H gx —=— bx? 4 x+ 


As the Regularity of thofe Sums is confpicuous, it would be 
needlefs to carry them any farther. 
Still it is convenient to know that the Relation being given, it 
will be eafy to obtain the Sum by obferving this general Rule. 
1°, Take as many Terms of the Series as there are parts in’ the 
Scale of Relation. 
2°, Subtra&t the Scale of Relation from Unity, and let the re- 
mainder be called the Differential Scale. l 
3°, Multiply thofe Terms which have been taken in the Series 
by the Differential Scale, beginning at Unity, and fo proceeding or- 
derly, remembering to leave out what would naturally be extended 
beyond the laft of the Terms taken. 
Then the Produét will be the Numerator of a Fraction exprefling. 
the Sum, of which the Denominator will be the Differential Scale, 
Thus to form the preceding Theorem, 
Multiply @ -+ dx -+ cxx -+ dx? 
-by 1 — fx + gss — hx? 
and beginning from Unity, we fhall have 
a-+- bx +--oxx + dx 
— fax — foxx — fox? ... 
+ gaxx + ghx?... 
— hax? ... 
emitting the fuperfluous Terms, and thus will the Numerator be 
formed; but the Denominator will be the Differential Scale, viz. 
tr fx + gx m h? + RA 
C ORQAL= 
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CoROLLARY. 

If the firft Terms of the Series are not taken at pleafure, but be- 
gin from the fecond Term to follow the Law of Relation, in fo 
much that 

5 hall be == fa 

c = fb — ga 

d == fe — gb + ha 

&c. 
then the Fraétion exprefling the Sum of the Series wifl have barely 
the firft Term of the Series for its Numerator. 


Proposition. IV, 

If a Series is fo conftituted, as that the laft differences of the 
Coefficients of the Terms whereof it is compofed be all equal to no- 
thing, the Law of the Relation will be found in the Binomial 
1r —x y, # denoting the rank of thofe laft Differences ; thus fup- 
pofing the Series mag 

A B C D E F G 
I- 4X -4 Ioxx =f 20x? + 35x4 - SOx! +e 84x5, 8c 
whereof the Coefficients are, 
1+4 +10 +20 +35 +56 + 84 

1“ differences -- 3 + 6 +10 -+-I5 +21 +28 

2° differences +4+5 +647 

34 differences ee Gee ae Ga a y 

4 differences oa = Oo =p 6 
I fay that the Relation of the Terms will be found in the Binomial 
j—x)4, which being expanded will be 1 — 4% -- 6xx — 4x3 -4 %4 
and is the Differential Scale, and therefore the Scale properly fo cal- 
led will be 4x— 6xx -+ 4x? —x* ; thus, in the foregoing Series, 


the Term ; 
- G == 4Fx — 6Exx + 4Dx? — 1Cx*. 


CoROLLARY. 

The Sums of thofe infinite Series which begin at Unity, and 
have for their Coefficients the figurate numbers of any order, are 
always expreflible by the Fraétion -=F , wherein p denotes the 
rank or order which thofe figurative numbers obtain’; for Inftance 


if we take the Series 
Ct 2 ; 1 
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I-H IK - ixx- 1x? + 1X4 -b 1X7 - 1x6, &c. which is a geo- 
metric Progreflion, and whofe Coefficients are the numbers of the 
firft order, the Sum will be — and if.we take the. Series 
I 2x 30K +E Ax? + 5x4 + 6x% +. 7x5, &c. whofe Coefficients 
compofe the numbers of the fecond order, the Sum will be = - 3 


and again if we take the Series 1 -+ 3x + 6xx + 10x? 4 rows, 
&c. whofe Coefficients are the numbers of the third order, other- 


wife called Triangular numbers the Sum will be = == . 


$ 


> 


PRoPosITION V. 
The Sum of any finite number of Terms of a recurring Series. 
at bx +- ox + dx® +- ext, Sc. is always to be obtained. i 
Thus fuppofing the Scale of Relation to be fx — gxx; n the 
number of Terms whofe Sum is required; and ex” + @x"+! the 
two Terms which would next follow the laf of the given Ferms, 
if the Series was continued; then the Sum will be 
a bu — x” x a -+ Bx 
aie n AA 
I — fx + gxx 
But if the Scale of Relation be fx — gxx -+ hx3, n the number 
of Terms given, and ax” + BXH 4- yx", the three Terms. that 
would next follow the laft of the given. Terms, then the Sum will be 
7 a bx exs — x" xa4- Bx Foxx 
— fax— foxx —fax —fpx 
+ gaxx -Faxy 
1— fx + gxx — bx? - 
The continuation of which being obvious, thofe Theorems need: 
not be carried any farther. 
` Bat as there is a particwlar elegancy for the Sums of a finite num- 
ber of Terms in thofe Series whofe Coefficients are figurate num- 
bers beginning at Unity, I fhall fet down the Canorfor thofe Sums, 
Let # denote the number of Terms whofe Sum is to be found,, 
and p the rank or order which. thofe figurate numbers obtain, then: 
the Sum will be 
Tey Pats moe” eter n, +h I a 


1—x)? i — y pai I2. Lx pz 


nant. nez. x” ramie u.n-ti ntz. nd3 fed 
1. 24 3.1—a\P—3 1. 2 --$. ho tae N 
which is to. be continued till the number of Terms be ==. 
Thus: 
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Thus fuppofing that the Sum of twelve Terms of the Series, 
Y= 3x Ox + 10x? -H 15x, &c, were demanded, that Sum 
will be 


I= y"? 12x"? E E Y = 
e iiai 


law)” 1.2.1 ——*V 1.2.3 ix 


PropostTion VI, 

In a recurring Series, any Term may be obtained whofe place ig 
affigned. ; i 

It is very plain, from what we have faid, that after having taken 
fo many Terms of the Series as there is in the Seale of Relation, 
the Series may be protracted till it reach the place affigned ; however 
if that place be very diftant from the beginning of the Series, the 
continuation of thofe Terms may prove laborious, efpecially if there 
be many parts in the Scale. 

But there being frequent cafes wherein that inconveniency may. 
be avoided, it will be convenient to fhew by what Rule this may be 
known, and then to fhew how we are to proceed. 

The Rule will be to take the Differential Scale, and to fuppofe it 
——o, then if the roots of that fuppofed Equation be all real, and: 
unequal, the thing may be effected as follows.. Let the Series be re- 
prefented by 

a+ breeerr 4- dr? + ert, &c. 
and 1° iff grr be'the Seale of Relation, and confequently 1— fr 
-- grr the differential Scale, then having made 1 — fr + grr =O} 
multiply the Terms of that Scale refpectively’ by xx, w, 1, fo asto 


have XX — frx 4- grr =o, let mand p be the two roots of that 


br == ma 
-= and 


zquati en having <M emeim et 

Equation, then having made A == HE and B== == 
fappofing / to be the interval between the frit Termvand the place 
afligned, that Term, will be Am! -+ By" 

Secondly, HE the Scale of Relation be fm grr + hrs, make 
pom fr git — hr? ==, the Terms of which Equation being 
multiplied refpectively by x°, xx, x. 1, WE fhall have the new E- 
guation x? — fran 4p grin — hrè == O let m,.p, g, be the roots of 
<) or -> p +x br -+ pga 
-——- m= px mmg 
err =— m- 4 X br 4 mqa corr — hrk tX br 4 mpa 

i att ag C= e r e ——7, 

p—uxp-g gr uxg—j 
And fuppofing as before / to be the Interval between the Sift Term 
and the Term whofe place is afligneds that Term willbe Aw- 


Bp- Ca’ : 7 . 
Thirdly, 


that’ Equation, then having made A == 


Baz 


zata 
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“Thirdly, If the Scale of Relation be fr — grr -p bri — kri 
make 1— fr +- grr — br? + krt == 0, and multiply its Terms 
refpectively by x4, x3, xx, x, 1, fo as to have the new Equation 
xt me frx + grrxr— brix 4 krt =o, letm, P; q, fbe roots of 
that Equation, then having made 


i dr3 SETETE crr H TETEE by — pax a 
m= p X m — q X m—]j 

E— di3 — 7 FI mx err 4 @) + 9m + jm x br — afm xa 

I eee Sah sr ha dees on 
C dis L] m+ p xerr A int p F mp x br — fnp x a 

jan 1 *g nxb 
pa -rE ort PE TEX br — ty 

oa J—mxJ—pxJ—4 
then, ftill fuppofing / to be the Interval between the firft Term, and 
the Term whofe place is affigned, that Term will be Avi + Bp! 
+ C7 + D/’. 

Altho’ one may by a narrow infpection perceive the Order of thofe 
Theorems, it will not be amifs to exprefs them in words at length, 


GENERAL Rute. 

Let the Roots m, p, q, f; &c. determined as above, be called re- 
{fpectively, firft, fecond, third, fourth Root, &c. let there be taken as 
many Terms of the Series beginning from the firft, as there are 
parts in the Scale of Relation: then multiply in an inverted order, 
1°, the laft of thefe Terms by Unity; 2°, the laft but one by 
the Sum of the Roots wanting the firft; 3°, the lat but two, by 
the Sum of the Produéts of the Roots taken two and two, exclu- 
ding that produc wherein the firft Root is concerned; 4°, the laft 
but three, by the Sum of the Produéts of the Roots taken three 
_and three, ftill excluding that Produ@& in which the firt Root is: 
concerned, and fo on ; then all the feveral parts which are thus ge- 
nerated by Multiplication being conneéted together by Signs alter- 
nately pofitive and negative, will compofe the Numerator of that 
Fraction to which 4 is equal ; now the Numerator of that Fraction 
to which B is equal will be formed in the fame manner, excluding 
the fecond Root inftead.of the firft, and fo on. 

As for the Denominators, they are formed in this manner: From 
the firft Root fubtract feverally all the others, and let all the remain- 
ders be multiplied together, and the Produé will conftitute the De- 
nominator of the Fraétion to which 4 is equal; and in the fame 
manner, from the fecond Root fubtraéting all the others, let all the 
remainders be multiplied together, and the Produé will conftitute 

the 
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the Denominator of the Fra¢tion to which B is equal, and fo on 
for the reft. 


COROLLARY |. 


If the Series in which a Term is required to be affigned, be the 
Quotient of Unity divided by the differential Scale 1 — fr 4- grr — 
hr? +- kr+; multiply the Terms of that Scale refpeétively: by x4; 
x3, x*, x, 1, fo as to make the firft Index of x equal to the laft-of 
r, then make the Produc xt — frx? -+ grrux — brix + krt to 
be ==0. Letas before m, p, g, f; be the Roots of that-Equation, 
let alfo z be the number of thofe Roots, and. / the Interval between: 
the firt Term, and the Term required, then make 

ant Z f 
Ae eek E Poe pea T ETET 
ia D a m 
e pee e ey r E 


and the Term required will be As? +- Bg’ -+ Co’ -+ De’, and the 
Sum of the Terms will be 


i+ 7 - —— 
k Cr E Dx EEE 


7 
Ax sant +Bx 
1—7 1 — $ 
Tt is to be obferved, that the Interval between the firft Term and the 
Term required is always meafured by the number of Terms want- 
ing one, fo that having for Inftance the Terms, .4,.d, c; d; e, ff 
whereof a is the firft and f the Term ‘required, the Interval be- 
tween a and f is 5, and the number of all-the- Terms 6, 


COROLLARY 2, 


If in the recurring Series a + br- err dr? +. ert; 8e. wheres 
əf the Differential Scale is fuppofed to be 1— fr + grr — hri 4 
zrs, we make x4 — fra? ++ grréx — brix — kr+== o, and that 
the Roots of that Equation be-m, p, g,.f, and that it fo happen that 
fo many Terms of the Series æ -+ bi crr +. dr + ert, 8c, as 
there are Roots, be every one.of them equal to Unity, then any 
Term of the Series may be obtained thus; let / be the Interval- be- 
tween the firft Term, and the Term required, make 

pawl CaP SS oy eps 
BNE Sk OELE es? N p— 9% P—/xp— am 
eee EN SS Aa pig OT ISR cand ad Soe! Lae Soe a 
C= q—f xq — m xg—p ? D= J= m xf—pxf—e 
and.the. Term required. will: be An? -+ Bp -+ Cg -+ D/* 
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ProrosiTion VIL 


If there be given a récurting’ Series whofe Scale of Relation he 
Jr — grr, and out of that Series be compofëd- two other Series, 
whereof the firft fhall contain all the Terms of the Series given’ 
which are pofited in an odd place, and the fecond fhall contain: all 
the Terms that are pofited:in even place ; then the Scale of Relation 
in each of thefe two new Series may be“ obtaitied as follows : 

. Take the differential’Scale 1— fr +- grr, out of which compofe 
the Equation xx — frx- grr =o; then making xx == g, expunge 
the Quantity x, whereby the Equation will become g= Pyza 
grr =0, or B+ grr == fry% and fquaring both parts, to take 
away the Radicality, we fhall have the new Equation’ 2% =j- 2277 
+ gorrt = ffrrz, Of Z5 + eect &3r+== o, and dividing its 
— rr © 
*Terms refpectively by zz, g, 1, we fhall have a new differential 
Scale for each of the two new Series into which the Seties given 
was divided, which willbe 1 -+ 2grr + &gr+ ; and this being ob- 


—ffri 
tained, it is plain from our fir? Propoftion, that each of the two 
new Series may be fumm’d up. 

But if the Scale of Relation be extended to the three Terms, 
fuch as the Scale f-—grr+- brs, then the Differential Scale“ fot 
€ach of the two Series into which the Series given may be fuppofed 
to be divided, will be 1— ffrr — 2fhr+ = bbrs, whereby it ap- 

+ 2grr -+ gert 
spears that-each of the two new Series may be fummed up. 

If inftead of dividing the Series given into two Series, we di- 
‘vide it into three, whereof the firft {hall be compofed of the 
1, 4th, th, roth, Bcs Terms; the fecond of the 
2d, sth, Bch, grh, &c. Terms; the third of the 

34, Oth, oth, rath, &c. Terms; and that the Scale of Ret 
lation be fuppofed fr — grr, ‘then. taking the differential Scale 
1—fr + grr, and having out of it formed the Equation: xg 
Jrx + grr = o, fuppole x? == z; let now x be expunged, and 
the Equation-will be changed into this zz +. JEZ + girs =o, 
¿ - — irig : 
of which the Terms being divided relpebtiveh? kp ZZ, Z, I, we 
fhall have a differential Scale 1 — Prè ++ grs, which will ferve 

+ ayers 
for every one of the three Series into which the Series given is di- 
vided, and therefore every one of thofe three Sertes may be fumm’d 
up, by. help of the two firft Terms of each, If 
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If the-Scale of Relation be compofed of never fo many parts, 

{till if the Series given be to be divided into three other Series ; from 
the fuppofition of x? being made = z, will be derived a Scale of 
Relation for the three parts into which the Series given is to be di- 
vided, 
_ But if the Series given was to be divided into 4, 5, 6, 7, &c. 
Series given, fuppofe accordingly z+ == x, «§ = Z, x6 == x, x7 == 2, 
&c. and x being expunged by the common Rules of Algebra, the 
Scale of Relation will be obtained for every one of the Series’ into 
which the Series given is to be divided. 


ProrositTrion VIII 


If there be given two Series, each having a particular Seale of 
Relation, and that the correfponding Terms of both Series be added 
together, fo as to compofe a third Series, the differential Scale fog . 
this third Series will be obtained as follows, 

Let 1—/r-+-grr be the differential Scale of the firft, and 
1—mr-—-prr, the differential Scale of the fecond ; let thofe two 
Scales be multiplied together, and the Produ& t— m4 fxr 


ed 


+ ptg--mfxrr—mg+pfxrt + pexrt, will expres the 
wife rential Scale of the Series refulting from the addition of the 
other two. 

And the fame Rule will hold, if one Series be fubtracted from 
the other. 


PRoposiTion IX. 

If there be given two recurring Series, and that the corre{pond« 
ing Terms of thofé two Series be multiplied together, the differen. 
tial Scale of the Series refulting from the Multiplication of the other 
two may be found as follows. 

Suppofe 1-—/r + grr to be the differential Scale of the firft, and 
ï — ma + paa the differential Scale of the fecond, fo that the firft 
Series fhall proceed by the powers of 7, and the fecond by the 
powers of a; imagine thofe two differential Scales to be Equations 
equat to nothing, and both x and a to be indeterminate quantities ; 
make ar == z, and now by means of the three Equations, 1 — fr 
+ grr==0, 1 — ma +- paa = o, ar==2, let both a and 7 be 
expunged, and the Equation refulting from that Operation will be 


1 — finz +-fipzz —jempz -+ ggppzt == o 
+- mmgzz 
m= 2OD BS 
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OF Iam finar +- ffparr* = fgmpa'r ++ goppatrt m= o 
+ mmga*r* 
— agparsy* 


by fubftituting ar in the room of z; and the Terms of that Equa- 
tion, without any regard to their being made ==0, which was- 
purely a fiction, will exprefs the differential Scale required, and in 
the fame manner may we proceed in all other more compound 
cafes. 

But it is very obfervable, that if one of the differential Scales be 
the Binomial 1— a raifed to any Power, it will be fufficient to 
raife the other differential Scale to that’ Power, only fubftituting: 
ar for r, or leaving the Powers of r as they are, if a be reftrained 
to Unity, and that Power of the other differential, Scale will confti- 
tute the differential Scale required. 

Ea 


Some Ufes of the foregoing Propofitions. 


We have feen in our rvii" Problem, that if two Adverfaries, 
whofe proportion of Skill be asa to 4, play together till fuch time 
as. either of them wins a certain number of Stakes, fuch as 4. for 
inftance, the Probability of the Play’s not ending in any given number. 
of Games will be determined. by 

aah -+ 6aabb + qab for 3 . 
T 4 Games; 
1444355 + 204333 + 14aal4 f 
< a TOR 
; ga r 6'Games.. 
ASe5 25 + Gatit- ake5ds fi 
——— er for 8 Games: 
ap o8 š 
aiut hr et g pG: 
FA 
roat S4- 73.20% = 5604 537 
a b\* 
&c. 


Wherein it is evident that each Term ineach of the. three Columns 
written above is referred to the two preceding by a.conftant Scale 
of Relation, fo that if the Terms of the frit Column which are- 
4a3h 14a4hd 48a5cF 16,16 654 SO0a7s5 : aw 
ps5 ie e e ie toes RY OSL A lal 
tively called E, F, G, H, K, &c. and that for fhortnefs fake we fuppofe 
ab 
ee = 4rF — H=47G— 277F, 
SER =n, we fhall find G = 4 2rrE, 4 3 


and fo on; and therefore confidering the Sum óf every three Terms 
whereby, 


for 12 Games. 
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whereby each Probability is expreffed as one fingle Term, and de- 
noting thofe-Sums refpectively by S; T, U, X, &c. we fhall find 
U= 4rT — arrS, X = 4rU —arrT, and fo on; from which 
it follows that the Method of detérmining the Probability of the 
Play’s not ending in any number of Games given, is no more than 
the finding of a Term in a recurring Series. 

Let it therefore be required to find the Probability of 4 Stakés not 
being loft in 60 Games ; to anfwer this, let it be imagined that the 
Probabilities of not ending in 

0, 2, 4, 6, 8, ro 
are exprefled by C, D, E, F, G, H- K refpectively ; 
then calling / the number of Games given, it is evident that the 


Term K is diftant from the Term C by an Interval =-—/, in this 


cafe == 30, the odd numbers being omitted, by reafon it is impoffi- 
ble an even number of Stakes fhould be won or loft exactly in am 
odd number of Games: moreover it being a certainty that the Set 
of 4 Stakes to be won or loft can neither be concluded before the 
Play begins, nor when no more than 2 Games are played off, it 
follows that the two Terms G, and D, are each of them equal to 
Unity ; for which reafon, if out of the Scale of Relation 4r— 277, 
or rather out of the differential Scale 1—4r-+-a2rr, we form the 
Equation, xx — 4rx -} 27r==0, and that the roots of that Equa- 
tion be m and p, and then make A= A , 
m—p 
=} Sa] 
two Terms alone Am? - Bp? ° will determine the Probability 
required. This being conformable to the Corollary of our vith Pro- 
pofition, it will be proper to confult it, | 
But becaufe in higher cafes, that is when the number of Stakes ` 
to be won or loft is larger, it would fometimes be infinitely labori- 
ous to extraét the Roots of thofe Equations, it will be proper to 
thew how thofe Roots are actually to be found in a Table of Sines, 
of which to give one Inftance, let it be propofed to find the Pro- 
bability of the Play’s not ending in any number of Games /, when 
the number of Stakes to be won or loft is 6; then arguing in the 
fame manner as in the preceding cafe, let the Probabilities of the 
Play’s not being concluded ino, 2, 4,.6 18, / Games 
be ref{pectively D; E, F, G_H, K ----- 2; thea 
we may conclude that the three Terms D, E, F ftanding refpectively 
over-againft the number of Games 6, 2, 4, are each of them equal 
to Unity, it being a certainty that the Play cannot be concluded in 
that number of Games, Wherefore having taken the differential 
Dde2 Scale 
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Scale r= 67 -4 grr— 273; which belongsto that number of Stakes 6. 
and formed out of it the Equation x? — 6rxx 4. grr’ — 2r3 == 0, 
let the roots of that Equation be denoted by m, A, q; then making 
Peis yp aims oS 
m—pXm—y > pg xp—m ? 
z7 

Probability required will be Aw? -+ Bp 

Now I fay that the Roots m, p,q of the Equation above written, 
may be derived from a Table of Sines ; for if the Semi-circumfe— 
rence of a Circle whofe Radius is 27, be divided into 6 equal parts, 


and we take the Co-verfed Sines of the Arcs that ate z ; +, + 
of the Semi-circumference, fo that the Numerators of thofe Frac- 
tions be all the odd numbers contained in 6, thofe Co-verfed Sines 
will be the Values of m, p, g, and the Rule is general and ex-. 
tends to all cafes; ftill it is ebfervable that when the number of. 


“Stakes is odd, for Inftance 9, we ought to take only = = } 
~ of the Semi-circumference, and reject the laft Term aa exe 
prefling the whole Semi-circumference. 
But what ought chiefly to recommend this Method is, that fup~ 
pofing m to be the. greateft Co-verfed Sine, the firft Term alone 
1 


A= 


I 
2 


aie 
9 


kegs will give a fufficient approximation to.the Probabilit 
quired, efpecially if / be a large number in itfelf, and it be alfo 
large in refpect to the number of Stakes, 

Still thefe Rules would not be eafily practicable by reafén of the 
great number of Fa@tors which might happen to be both in the 
Numerator and Denominator to which A’ is fuppofed equal, if È 
had not, from a thorow infpeétion into the nature of the Equations 


y re. 


which determine the Values of m, p, g, &c. deduced the following 
Theorems; 
1°, If n reprefents the number of Stakes to be won or loft, 
whether that number be even or odd, then the Numerator of the 
Fraction to which A is equal, wz. 1—px1— gxI—/x i—tf, 
$ A a E S 
&c, will always. be equal to the Fra&tion = Hm andinthe 


a + o\"x Kamir š 
fame manner that the Numerator of the Fra@ion to which B is equal, . 
VIZ. nt x 1—/x.1— 4; &c: willalways be equal to the Fraction: 
Spay ety > and fo on.. 
2°, If n be an even number, and that m be the right Sine 
sorrefponding. to the Co-verfed. Sine m,. then the Denominator..of 


- the: 
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the Fraction to which A is equal, viz: mfp X70 =—g x m—/xm—t, 
I 


— 


nr 2 
&c. will always be equal to the Fraction —— , and in the fames’ 


manner if ø reprefent the right Sine belonging to the Co-verfed 

Sine #, then the Denominator of the Fraction to which B is equal, 

viz. p—q xp—/*P—t, &e. will always be equal to the Fraction. 
I 


—n 
ef me „and fo on. 
3°, If be an odd number, and that mi be; as before, the right 


Sine correfponding to the Co-verfed Sine m; then the’ Denomi- 
1 


-— 


2 
nator of the Fraéion to which A is equal will be eT , and 
the Denominator of the FraGtion to which B is equal will be - 


I 

— 7 

mr ? 
PVP 
. COROLLARY. 

From all which .it follows, that the Method of determining the 
Probability of a certain number 7 of Stakes not being loft in a given 
number / of Games,- may be thus expreffed. ; 

Let pe Ue fuppofed E Dri- , and r= + , then *that 
Probability’ will be: 
1 
Ga ak 


ee 1 
TOER Oc ak Bech Legal: 
—— into ie E a xp? xg 
Bas 1—7 I—p 1-29 
ur * 
&c. when is an even number, or 
lı l—=r l—1 
head mm. ee: A mag A aes 
ies i—im 1—p 1—7 
nr * 
&c, when # is an odd number, 
l—1 f 
ATi amet al as 
But becaufe m 2 xy/ m, p 2 x ./p, &e. are the fame asm z, p? 
refpectively, it is. plain that.both cafes are reduced to one -and-the: 
fame Rule.. 


Tt: 


206 “The Doctrine of Cancers. 


It was upon this foundation that I preferibed the Rale to ‘be Teen 
in my Lxviti"™ Problem, wherein I did not diftinguifh the odd cafes 
from the even. 

But altho’ the Rule there given feems fomewhat different from 
what it is here, yet at bottom there is no difference, it confitting 
barely in this, that whereas 27 in this place is the Radius of the 
Circle to which the Calculation is adapted, there it is Unity, and 
that there the Co-verfed Sines were expreffed by their Equivalents in 
right Sines; there was alfo this little difference, that the Denomi- 
nators I — m, I — f, &c. were exprefled by means of the verfed 
Sines of thofe Arcs, to which m and p are co-verfed Sines. 
~ Other Variations might be introduced, fach for inftance as might 
arife from the confideration of /mr, ./pr, &c. being the right 

. 1 6 
Sines of —- the Complements to a Quadrant of the Arcs originally 


taken, . 
But to fhew the farther ufe of thefe Series, it will be con- 


venient to propofe a Problem or two more’ relating to that Sub- 
ject. 


PROBLEM LXXI 
M and N, whofe proportion of Chances to win one Game 


are refpettively asa to b, refolve to play together till 
one or the other has loft 4 Stakes: two Standers by, 
R and 8, concern themfelves in the Play, R takes the 
fide of M, and S of N, and agree betwixt them, that 
R fhail fet toS, the Sum L to the Sum G on the firft 
Game, 2L to 2G on the fecond, 3L to 3G on the third, 
4L to 4G on the fourth, and in cafe the Play be not 
then concluded, 51. to 5G on the fifth, and fo increa- 
fing perpetually in Arithmetic Progreffion the Sums 
which they are to fet to one another, as long as M and N 
play; yet with this farther condition, that the Sums, 
fet down by them R and S, fhail at the end of each Game 
be taken up by the winner, and not left upon the Table 
to be taken up at once upon the Contlufion of the Play: 
it is demanded how the Gain of R is to be eftimated be~ 
fore the Play begins. 


SoL vU- 
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SOLUTION, 

Eet there be fuppofed a time wherein the number p of Games has- 
been played; then R having the number a of Chances to win the 
Sum p-++1xG inthe next Game; and S having the number 4 of 
Chances to win the Sum ż -+ 1 x L, it is plain that the Gain of 
R in that circumftance ought to be eftimated by the quantity. 


pix oa; but this Gain being to be eftimated before- 
the Play begins, it follows that it ought to be eflimated by the- 


quantity p -+ TX ae multiplied by the refpective Probability ` 
there is that the Play will not then be ended; and therefore the 
whole Gain of R is the Sum of the Probabilities of the Play’s not 
ending in 0, 1, 2) 3» 4) 5 6, &c. Games in infinitum, multiplied by. 

: ot ee aG —bL E wea , 
the refpective Values of the quantity p+ 1 x-ri >? being . 
interpreted fucceffively by the Terms of the Arithmetic Progreffion, . 
O, I, 2; 3, 4, 5; 6, &c. Now, let thefe Probabilities. of the 
Play’s not ending be refpectively reprefented by A, B; C, D, E, F,. 
G, I, &c. let alfo the Quantity, “== be called S; and then 
it will follow that the Gain of R will be; expreffed by the: Series - 
AS + 2BS-+ 3CS ++ 4DS + 5ES + 6FS -+ 7GS, &e. but in this 
Problem, altho’ the Probabilities of the Play’s not ending decreafe 
continually, yet the numberof Stakes being even,- the: Probability 
of the Play’s not ending in an odd number of Games‘is not lef - 
than the Probability of not ending in the even number that imme- - 
diately precedes the odd’; and therefore B= A, D =C, F==E,. 
- Jee Geer from whence it follows that the Gain:of R willbe ex- 
prefled by the produ& ofS into 3A4-7C4- rr Ee 15G 4 19], &c. 
bat the differential Scale for the Series A -+ C+ E-G, &c. is 


. . a . 
1— 4r -+ 2rr, wherein r is fappofed ==. nes and the. diffe- 
rential Scale for the Series 34-7 4~1E ++ 15 + 19, &e,. is 1 


3a-+ 3aa— 4°, wherein ¢==1. And therefore the differential - 
Skate for the Series 7A + 7@4-"14E, Sc. confitting of, the pro- 
ducts of the Terms of. one Series by the correfponding Terms of 
the other, will be 1 — 47 --arr™,' or 1 — 87 + 2077 — 1673 4-- 
ar*3 and therefore having written down the four firfe Terms of the 
Series to be mw d up, vg. as many Terms wanting oneas there are | 
in the differential Scale, multiply them in order by the differen- 
tial Scale according to the preféription- given in the aata be- 
onging: 


Ad 
oo 
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-longing to our third Propofition, and the Produé will be the Nu- 
merator of the Fra@ion expreffing the Sum, of which Fraction the 


Denominator will be 1 — 47 + 277\ *; but to make this the plainer, 
here follows the Operation, 


3A+ 7C nE + 15G 
I — 8r + 20rr — 1677... 


gA+ 7C+11E + 15G 
—24rA— 567C— 88rE. 
++ borrA+ 14077C .. 
— 16774 


And thus is the Numerator obtained, but A == 1, it being a cer- 
tainty that the Play cannot be ended before it is begun, and C 
is likewife == 1, it being a certainty that 4 Stakes cannot be loft 
neither before nor at the expiration of 2 Games; but by the law of 
Relation of the Terms of the Series E == 4rC — 27rA, and G== 
4rE —2rrC, and therefore the proper Subftitutions basing made, 
the Sum of the Series will be found to be S into Sa , 
and now in the room of S and + fubftituting their refpective Values 


aG — bL ab aG — : 
Ai and ror TA the Sum zp into 


10 + 24a5b -4 42a4bb + 6403534 42aal4 + 24ap5 4 1066 xat b's 
at +i 


will -exprefs the Gain of -R. 


COROLLARY 2. 

If the Stake L be greater than the Stake G, in the fame pro- 
portion as æ is greater than 4, there can be no advantage on either 
fide, 

CoROLLARY 2. 

If a and b are equal, the-Gain of R will be 216 times the half 
difference between the Stakes G and L: thus if G ftands for a 
Guinea of 214: and L for 20% the Gain of R will be 216 Six- 
pences, that is; 54.» 8 


COROLLARY 3. 


If a be greater than 4, the Gain of R, according to that inequa- 
lity, will vary an infinite number of ways, yet not be greateft when 
the proportion of a to å is greateft; fo that for Inftance, if the 
proportion of æ to 6 is 2 to 1, and G and L are equal, the ape 
o 
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of R will be about 29—G; but if 2 is to d as 3 to 1, the Gain of 


R will be no more than about 22—G ; and if the proportion of a 
to ġ be infinitely great, which would make R win infallibly, the 
Gain of R will be only roG. But altho’ this may feem at firft a very 
ftrange Paradox, yet the reafon of it will eafily be apprehended from 
this confideration, that the greater the proportion is of æ to 4, fo 
much the fooner is the Play likely to be concluded ; and therefore 
if that proportion were infinite, the Play would neceflartly be ter- 
minated in 4 Games, which would make the Gain of R to be 1 -+- 
2 -+ 3 + 4 == IO, 

But if it was required what muft be the proportion of a to 6 which 
will afford to R the greateft advantage poffible, the anfwer will be 
very near 2 to 1, as may be found eafily upon Trial; and may be 
found accurately by the Method which the Geometricians call de 
Maximis & Minimis. 


PROBLEM LXXI. 


If M and N, whofe number of Chances to win one Game 
are refpectively asa to b, play together till four Stakes 
are won or loft on either fide ; and that at the fame 
time, R and S whofe number of Chances to win one 
Game are refpettively as c to d, play alfo together till 
five Stakes are won or loft on either fide; what is the 
Probability that the Play between M and N will be ended 
in fewer Games, than the Play between R and S. 


SoLU TION, 


The Probability of the firft Play’s being ended in any number of 
Games before the fecond, is compounded of the Probability of’ the 
firft Play's being ended in that number of Games, and of the fe- 
cond’s not being ended with the Game immediately preceding : 
from whence it follows, that the Probability of the firft Play’s end- 
ing in an indeterminate number of Games before the fecond, is the 
Sum of all the Probabilities i infinitum of the firfk Play’s ending, 
multiplied by the refpective Probabilities of the fecond’s not being 
ended with the Game immediately preceding. -á 


Ee Let 
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Let A, B, C, D, E, &c. reprefent the Probabilities of the firft 
Play’s ending in 4, 6, 8, 10, 12, &c. Games refpe&tively ; let alfo 
F, G, H, K, L, &c. reprefent the Probabilities of the fecond’s not 
being ended in 3, 5, 7, 9,11, &c. Games refpectively : hence, by what 
we have laid: down before, the Probability of the-firft Play’s end- 
ing before the fecond will be reprefented by the infinite Series AF 
-+ BG +CH + DK + EL, &c. Now to find the Law of Rela- 
tion in this third Series, we muft fix the Law of Relation in the 
firft and fecond, which will be done by our 11x™ Problem, it 
being for the firft 4r — arr, wherein 7 is fuppofed — ar ; and 
becaufe, as we have obferved before, the Law of Relation in thofe 
Series which exprefs the Probability of not ending, is the fame as 
the Law of Relation in the refpective Series which exprefs the Pro- 
bability of ending ; it will alfo be found by the directions given in 


our L1x% Problem, that if we fuppofe Sy = the Law of 
Relation for the {fecond Series will be 5m— 5mm, and therefore 
the Laws of Relation in the firft and fecond Series will refpectively 
be I—-4r-+ arr, 1— 5m-+ 5mm. And now having fuppofed 
thofe two differential Scales as Equations == 0, and fuppofed alfo 
7m == z, we fhall find by the Rules delivered in our rxth Propo- 
fition, that the Scale of Relation for the third Series will be 1— 
202 + 110zz == 2007? + 1002+; and therefore having taken the 
four firft Terms of the third Series, and multiplied them by the 
differential Scale, according to the proper Limitations prefcribed in 
our 111° Propofition, we fhall find the Sum of the third Series to 
be 
AF -+ BG + CH + DK 
— 20AFGz—20BGz — 20CHz 
-+ 110AFzz -+ 110BGzz 
— 200AFz23 


ec aa 
I — 202 4 I1102* — 2002% -4 1002z% 


Now fippofing S to reprefent the fraction aT , the four Terms 
A, B, C, D will be found to be 18 4. 47S +- 14778 +. 4873S; but 
the four Terms F, G, H, K wherein S is not concerned will be 
found to be 1, 5m— smm, 20mm —25m3, 75m? — 100m+, and 
therefore the proper Subftitutions being made in the Sum above 
written, we fhall have that Sum reduced.to its proper Datas ; and 
that Sum thus reduced will exhibit the Probability required. -But 
becaufe thofe Datas are many, it cannot be expected that gs So~ 

; ; ution 
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v 
lution fhould have fo greata degree of Simplicity as if we had re- 
ftrained a and å to a ratio of Equality, which if we had, the Pro- 
bablility required would haye been exprefied by the Fradtion 


2% — 102%. 5x3 fer ; 
; ufe r has 
ett oe ee but beca been {uppofed 


a . 4 e . . I . 
= Th > it follows that z in this cafe is == ee and again, 


d 
` 21 füppofed =—= : - , th i Hissi e 
becaufe m has been fupp TT en m is alfo == A 


for which reafon 7m or 3 == —, for which reafon fubftituting 


-> inftead of z, the Probability required will be exprefled by the 
Fraction = : Now fubtracting this Fraction from Unity, the 
remainder will be the Fraétion ee , and therefore the Odds of 
the firft Play’s ending before the fecond will be 476 to 247, or 
27 to 14 nearly. 

Of Annuities on Lives. 

The Table publithed by Dr. Halley for eftimating the Probabili- 
ties of Life being very artificially contrived, and grounded on fuch 
Obfervations as one may reafonably fùppofe have been made with 
all the exactnefs poflible, I have annex’d it to this Tra&, in order 
to make ufe of it as occafion fhall require. 

It is diftinguifhed into feveral Columns fhewing alternately the 
age, and the number of perfons living of that age, both which are 
written over-again{ft one another. 

Suppofe that by help of this Table we would know what the 
refpective Probabilities are for a Man of 30 to live 1, 2, 3, 4, 5, &c. 
years. Look for the number 30 in one of the Columns of Age; 
under which number you will find 31, 32, 33, 34, 35, &c. then 
over-againft the faid number 30, in the next adjacent Column on 
the right hand yow find 531, under which are written 523, 515; 
507,499, &c. each refpectively correfponding in order to the num- 
bers written in the Column of Age; the meaning of which is, that 
out of 631 perfons living of the Age of 30, there remain but 523, 
515, 507,499, &c; that attain-the refpective Ages of 31, 32, 33, 
34, &c. and who confequently do from thas Term of 30 live 1, 2, 
3, 4, Sec. years refpectively. 

Now in order to eftablith a computation for finding the Value of 
an Annuity upon a Life of a given Age, let the general quantities A, 
B, C, D, E, F, &c. reprefent refpectively the perfons living at. the 
Age given, and the fubfequent years. 


Ee 2 Now 
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Now it is very obvious that there being A perfons of the Age 
given, and one year after B perfons remaining, that the Probability 
which the perfon of the given Age has to continue in Life, for 


one year at leaft, is meafured by the Fraction = » and that the 


Probability which it has to continue in Life for two years at leaft 
is meafured by the Fraction £ , and fo on; and that therefore if 


Money bore no Intereft, it would be fufficient to multiply thofe Pro- 
babilities by the Sum to be received Annually, which we fuppofe here 
to be == 1, and the Sum of the Preduéts would exprefs the prefent 
Value of the Annuity. But as Money bears intereft, let r reprefent 
the Amount of xZ. joined with its Intereft at the year’s end, then 
it is well known that the prefent Values of the Sums to be received 
Annually would be refpeétively — , =, = > sz » &e. And 
therefore multiplying actually thofe Sums by the Probabilities of ob- 
taining them, we fhall have the Value of the Annuity exprefled by 
the Series 3 
444 i h =e 2 Pie ; Heck +, &e. 
which muft be continued to the end of the Tables. 

But let us fuppofe, that inftead of an Annuity upon a Life whofe 
Age is given, there fhould be the Expectation of a Sum (which we 
may call 1) payable once for all whenever it happens that the Life 
ceafes within a limited time. It is plain that the Probability of the 


ae epee ey 
Life’s ceafing after one year is =~ » and that the Probability 
B—C 


r5 


: Hate i : ? B 
of its continuing one year and dropping the next will be — x 


am , and that again the Probability of its continuing 
two years and dropping the third will be ce » and fo on; and 
that therefore the Value of the Expeéation founded on the Contin- 
gency of the Life’s failing within a limited time would be 

A—B B—C C—D D—E E—F 

mor whe oe or ge ca a aie: he tery pw ka ee oy ee O o. oe 


2 


or barely 


Let us now fuppofe for inftance, that the Party on whofe Life this 
Expectation depends is 10 years of Age, and that the Age limited asa 
Condition of obtaining the Sum 1, is 21; hence it is plain that the 
difference between 21 and 10 being 11, we ought to limit ourfelves to 
11 Terms of the foregoing Series, and then confulting Dr. Halley’s 
Table we fhall find the numbers A, B, C, D, E, &c. to be oi 

tively 
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tively 661,653, 646,640,634, &c. and that therefore A—B, B—C, 

C—D, D—E, E—F, &c. will refpectively be 8, 7, 6,6, 6, &c. 

and that confequently the prefent Value of the Expectation will be 
6 


8 7 6 6 
661r a 661rr ei 66173 + 6617* a 66175 ot 661r6 oh 661r7 


6 6 6 6 
a 66178 i 661? S5 661r *° a7 66171 * 


Let us farther fuppofe that this Expectation | o.or15260 — 
is not given, but fold to a Purchafer who in- | 0.0096054 — 
tends to make 5 per Cent. of his Money, then | 0.0078412 — 
r ftands for 1.05, and therefore the Sum which | 0.0074678 — 
the Purchafers ought in juftice to pay for their | 0.0071122 — 
Expectation, is the Sum of the numbers here | 0.006773 5 — 


exed, which is about = , and therefore if 0,0064.510 — 


5 3 6 si 
the Sum, called 1 before, ftands for an Eftate eats, ut 
whofe prefent real Value is 20 years purchafe, s Ais N FANEN- 
the Adventurer ought to pay no more for the | 5 557 


3, | 20053072 — 11 
confideration of his Chance than 1— year’s 0.0796599° 599 
Purchafe. ; 


I do not defign here to calculate other intervening Chances which 
might defeat this Expeétation, fuch as that of an Heir~Male which 
might live to the Age of 21; for there being not any Table of Ob- 
fervations concerning a Man’s marrying and getting an Heir-Male 
between 16 and 21, what I could add-on this Subjec& would be 
barely conje€tural, which would. not be of a piece with the other 
yarts of this Tract ; however it is eafy to conceive that this muft 
confiderably diminifh the Value of the Expedtation. 


CNM An RW N m 


© 


PROBLE M -LXXILE 


Suppofing the Probabilities of Life to decreafe in Arith- 
metic Progreffion, when confidered from a Term given, 
to find the Value of an Annuity on a Life of a given 
Age. 

SOLUTION: 


Let P reprefent the Value of an Annuity certain of 12. for as many 
years as are intercepted between the Age given, and the extremity 
of old Age, fuppofed at 86, and let that Interval of Life be called. 7, 
then the Value of an Annuity upon fuch a Life would be expreffed 


by 
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Paso Pp 
by 4 _= , fuppofing, as we have done befote, that 7 ftands for 


iaaa EL 

the Amount of the Principal and Intereft of 12- in one year. 

Thus fuppofing an Age of ṣo, and that the Intereft of Money 
be eftimated at 4 pér Cent. then z will ftand for 36, andr for 1.04, 
for which reafon looking into our Table of 4 per Cent. we fhall 
find that an Annuity certain for 36 years is 17.9083, which being 
multiplied by ~, that is by 1.04, the product will be 18.624632; 
and this being divided by 7; that is by 36, the quotient will be 
0.517351. Then this being fubtracted from Unity, and the remain- 
der 0.482649 being divided br z — 1, that is by 0.04, the Quotient 
will be found 12.0661, which is very little more than 12 years pur- 
chafe for the Value of an Annuity on a Life of ço. 

But for the fake of thofe who are not fo well verfed in decimal 
Fraétions, it will be properer to expref$ our Rule as follows : 

Multiply the Annuity certain as found in our Tables by the 
Amount of roo’; joined with its Intereft in one year, that is in 
this cafe by r04, and let the Product be divided by 100, then let 
the Quotient be fybtracted from 25, which fhews how many years 
Purchafe a perpetuity of 1094. is worth, and the remainder: will 
{hew how many years purchafe the Annuity upon the Age given 
is worth in ready Money. 


PROBLEM LXXII. 
Suppofing a fictitious Life whofe number of Chances to con- 


tinue yearly be conftantly equal toa, and the number 
of Chances to fail conftantly equal to b, fo that the 
Odds of its continuing during the Space of any one 
year, be to its failing in that fame Interval of time 
conftantly as a to b; to find the Value of an Annuity 
upon fuch a Life. 


SOLUTION, 


Let 1 be the Annuity, r the Amount of 14. joined to its znteref 
in one year, make a -Hb =j 
It is plain from what has been faid already, that the prefent Value 
x 3 
of the firft year’s rent is — , of the fecond +, of the third > 
Ir rr [re 


and fo on; which Terms’ conftituting a Geometric Progreffion, the 
Sum 


J 
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Sum of them all will be —\— ; thusif æ reprefented 21, and ġ 


reprefented 1, then f would ftand for 22; fuppofing alfo that r 
is == 1.05, then the Denominator yf a would be 23.1— a1 or 
2,1, and dividing the Numerator 21 by the Denominator 2.1, the 
Quotient will be 10, which fhews that the Life would be worth 10 
years purchafe, 


COROLLARY I. 


An Annuity upon a fictitious Life being given, the Probability of 
its Continuing one year is alfo given; for let the Value of it be == M, 
Mr 


ee ee TY Sed ets ene 
then 7 =M, therefore 7 = ner: 
2 


COROLLARY 2. 


Ifa Life whofe value as deduced from the Tables: of Obfervation, 
or from our Problem txxr11, be worth 10 years purchafe, then 
fuch a Life is equivalent to a fictitious Life whofe Chances for con- 
tinuing one year are to the Chances of its failing in that year as 
21 tol, 

COROLLARY 3. 


Wherefore having calculated a Life from the Tables of Obfer- 
vations, or from our LXXII Problem, we fy transfer the Value 
of that Life to that of a fiitious Life, and find the number of 
Chances it would have to continue or to fail yearly. 


CoROLLARY 4. 


And the Combination of two or more real Lives will be very 
near the fame as the Combination of fo many correfponding fiéti- 
tious Lives; and therefore an Annuity.granted upon fo many cor- 
refponding fictitious Lives, and the Values of the Reverfions granted 
upon the zeal Lives will be very near the fame, as thofe granted 
upon the fictitious Lives. : 

But before we proceed any farther, it will be convenient to ob- 
ferve, that in Children the probability of Life increafes inftead of 
decreafing ; and that therefore thofe that have a mind to ufe the 
Rule given in our rxx111¢ Problem for finding of an Annuity upon 
the Lives of Children of 1, 2, 3, 4, 5, 6,7, 8, 9 years of Age, ought 
to calculate them as if they were of the refpective ages of 39, 31, 


24, 20, 17, 14, 12, 11, 10, 
i; Be PROBLEM 
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PROBLEM LXXIV. 


The Values of two fingle fictitious Lives being given, to 
find the Value of an Annuity granted for the time 
of their joint continuance. 


SOLUTION. 


Let the Values be refpectively M and P, r the rate of Intereft ; 
then the Value of an Annuity upon the two joint Lives will be 
MPr 
M--ixy--i—MpPr * 
DEMONSTRATION, 

Let x and y. reprefent the refpective Probabilities of the Lives 
continuing one year together, then xy will exprefs the probabi- 
lity of their joint continuance for that year; and x*y* the probabi- 
lity of their joint continuance for 2 years; and xy* the proba- 
bility of their joint continuance for 3 years, and fo on: Where- 
fore the Value of an Annuity for all the Time will be expreffible by 
the following geometric Progreffion, viz. 


2 33 44 - 
Pod zI 4p 2 , &c. whofe Sum is ——; but 
r rr r iew 


by the firft Corollary of the rxx111* Propofition x =— ws ,and 


P 
for the fame reafon y = woes and therefore the Value of the 
MPr 
aa 
Mei xP-+-1—MPr * 


two joint Lives is 


PROBLEM .LXXV. 
The Values of two fingle Lives being given, to find we 
Value of an Annuity upon the longeft of them; that 
is to continue fo long as either of them is in being, 


SOLUTION. 


From the fum of the Values of the fingle Lives, fubtract the 
Value of the two joint Lives found by the preceding Problem, the 
remainder will be the Value of the Annuity required.» 


DEMON- 
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DEMONSTRATION. 


It will be fufficient to fhew what will be the Value of the firit 
Year, fince the Values of all the fubfequent Years is found in the 
fame manner, 

Let therefore x and y be the refpective Probabilities of the Lives 
continuing one year together, then 1 —x, and 1—y are the re- 
{pe&tive Probabilities of their dropping in that Year, and confequent- 
ly the product of 1 — x by 1— y, viz. I — x — y + xy is the Pro- 
pa of their both dropping in that Year; and this being fub- 
tracted from Unity, the remainder x -- y — xy will exprefs the Pro- 
bability that either one or the other, or both out-live the Year, which 
is fufficient for the Purchafer of the Annuity to eftablifh his right 


of receiving the firft Year’s Rent, whofe prefent Value is therefore 
Eet, | 

And therefore one may fee at fight that the Expectation of the 
other Years being founded on the fame Principle, the Value of an 
Annuity upon the longeft of two Lives will be the Sum of the Va- 


lues of the fingle Lives, wanting the Value of the joint Lives, 


PROBLEM LXXVI1 
The Values of three fingle Lives being given, to find the 
Value of an Annuity upon their joint Lives. 


SOLUTION, 

Let x, y, z refpectively reprefent the Probabilities of the Lives 
continuing one Year, then the Probabilities of their continuing all 
three together for one Year will be xyz, and the Probability of their 
continuing together for two Years is xxyýzz, and fo on; and there- 
fore the Value of an Annuity upon the three joint Lives will be 

zyz? 3828 xtytad ‘ ; 

Ey E yp E =. , &c. which conftitutes a Geo- 


r ye rê 
metric Progteffion whofe Sumis —2=—: now in the room of x, 
r— XX 


Lys 
Sx ; : M P 
y, Z, Writing their refpective Values, Mta ; Dba att, the 


Sum of the three joint Lives will be exprefled by 
Wea , fuppofing, as we have done in the 
preceding Problem, that M, P, Q , reprefent ref{pectively the Values 
of Annuities upon each fingle Life. 

Ff PROBLEM 
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PROBLEM LXxXVIl, 


The Values of three fingle Lives being given, to find: 
the Value of an Annuity upon the longeft of them. 


SOLUTION. 


Let x, y,.% reprefent the refpe&ive Probabilities of the Life’s 
continuing one Year ; then the product of 1 — x. by 1—y, and 
of that again by 1— z, that is, 1— x -+ xy — xyz, will exprefs 

l — YH xZ 

—_— 2 + yz 

the. probability of- their all failing the firft Year, and this being fub- 
tracted from Unity, the remainder will exprefs the Probability that 
either they will all fubfift one Year, or at leaft that they will not 
all faihin the Year : Which being: the foundation of receiving the 
firft Year’s.Rent, and the other Years .following the fame law, we: 
may draw this Conclufion, that. if from the-Sum of the, Values of 
the fingle Lives, we fubtra& the Sum of the Values-of the joint Lives: 
taken two and two, and to the remainder add the Value of the three 
joint Lives, we fhall have the Value of the Annuity upon the longeft» 
of the three joint Lives. 


Pek OF8 LEM EXXvilk 
To find the Value of one Life after another. 


By the Value, of one Life after another, I mean -what a Mam 
muit pay-in prefent Money to purchafe the Expectation of an An- 
nuity- for his Life after the failing of another, with this reftriction, 
that if the Expe€tant dies before the prefent pofleffor, no confidera= 
tion is to be given to the Heirs-of. the faid Expectant. 


SOLUTION: 

Since the Expectation of the Purchafer is grounded on the failing 
of the Life in poffeffion, and of the continuation of his own Life, 
it follows, that if we fuppofe x and y to be the re{pective Proba- 
bilities of the Lives continuing one Year, then 1— x x9 ory — xy 
will exprefs the Probability of the firft Life’s dropping in the Year, 
and of the fecond’s out-living the Year; from whence we: =a 

raw. 
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draw this confequence, that if from the prefent value of the Ex- 
pectant’s Life, be fubtraéted the value of the two joint Lives, there 
will remain the value of the Expectation. 

This may be made plain another way; for fuppofe I were the 
Purchafer, I might begin to pay the Proprietor of the Annuity the 
full value of my Life, but then T would expect back the value of 
the two joint Lives of the prefent poffeffor, and myfelf, fince.I am 
to receive nothing whilft we are both living. To this may be 
added, that fuppofing. the Proprietor is to be paid for the longeft 
of the two Lives of the prefent pofleflor and myfelf, my Share of 
the Purchafe ought to be only that part of it which would remain if 
the Life of the prefent pofleffor was deducted out of it, which will 
give the fame conclufion as before. ; 

But if the Expectant were to have the Reverfion abfolute for him 
and his Heirs after the deceafe of the prefent pofleffor, it is plain that 
there being nothing interpofed between his prefent circumftances, 
and the poffeffion of the Eftate, but the Life of the prefent poffef- 
for, then from the value of the perpetuity ought barely to be’ fub- 
tracted the Life of the poffeffor, and the remainder will be-the 
value of the Expectation. 


PROBLEM LXXIX. 


To find the Value of one Life after two. 


SOLUTION. 

From the value of the longeft of the three Lives, fubtract the 
value of the longeft of the two firft Lives, there will remain the 
value of the Expectation of the third Life, 

But if the Expeétation be about the abfolute Reverfion, then from 
the perpetuity fubtraé the value of the longeft of the two firft Lives, 
and there will remain the value of the third, 

And the fame Rule may be extended to as many Lives as may be 
affigned. 

Altho’ the Rules hitherto given are fufficient in practice, yet 
confidering that in the cafe of Annuities paid in Money, Cuitom 
has made it that the laft Payment is funk if the Purchafer dics 
but one day before it is due ; whereas in the cafe of Land-purchafes 
the laft Payment is always made by an actual poffeffion of the Eftate 


to the lafi extremity of Life; I have therefore contrived fome 
Ff 2 Theorems 
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Theorems which anfwer this laft cafe a little more exactly than 
is done by the preceding Rules; and are as follows- 

1°, Suppofe an Annuity upon the joint Lives of 4 and B be 
required ; to find the prefent value of it. 

Let M and P be the refpeétive values of the Lives, and-d the in. 
tereft of 14. for one Year, then the prefent value of the two joint 


. . MP . f 
Lives will be are ee te but if the Lives are equal, the fore- 
: M i 

going Expreffion will be reduced to PPE ca 


2°, If the value of an Annuity upon the three joint Lives-of Æ 
B, C be required ; 

Let M, P, Q_be the refpective values of the Lives, then the value 

Ta s o MPQ. i 

of the three joint Lives will be MP MQ, PQ ear r but if 


the Eives be all equal, the value will be “3—24M T 


3°, If the value of an. Annuity upon the four joint Lives of 4. 
B, G, Dbe required ; 
Let M, P, Q, S be the refpettive values of the Lives, then the. 
MPQS 


value of the four joint Lives will be 
J will b MPQ ++ MPS F MOS -4 POS — AMPON? 


but if all. the Liyes,be equal, this Expreffion , will be reduced to 
M 


: And as this. Procefs is, manifeft from infpe€tion, and that all the 
Queftions that have been under confideration depend upon the va- 
rious Combinations of joint Lives, I think it would be a needlefs. 
repetition to propofe the’ folving any more cafes of the like na-. 
ture, 

But to. comprehend in a fliort Space the chief Rules which re-.. 
late to Annuities upon Lives, it will be convenient to have fòme 
particular Notation whereby thofe Rules may be expreffed. 

Let therefore M, P, Q, S, &c. reprefent the fingle Lives of 
any number of perfons A B, G, D, &e, let MP, MQ, MS, PQ, PS, 
QS refpeGively reprefent the joint Lives of two of them; let 
MPQ, MPS, MQS, PQS, refpectively reprefent the joint Lives of: 
three of them, and fo on. Then 

P — PM will reprefent the value of the Life of B after the 
Life of 4. 3 

M= P— YM will be the value of an Annuity which is to 
continue fo long as Æ and B are in being, 


Q 
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Q— QM + QMP will be the value of the Life of C, after 
QP i 


— QP 

the two Lives of and B. l 

But if C expects the Reverfion for ever, otherwife the perpetuity 
after thofe two Lives of 4 and B, then fubtraa M+ P— PM 
from the perpetuity, the yalue of which is — — , and the remain- 
der will ae the thing required. 

Again, the Value of an Annuity which is to continue fo long as 
44, B, C are in being, will be exprefled by M— MP + MPQ | 

PMA 
EAEL 

And if this be fùbtracted from the perpetuity which is — > 
the remainder will exprefs the value of the Reverfion after the three 
Lives of 4; B, C. 

If D expects an Afnuity for his Life only, after the three Lives 
of 4, B, C are extina, the value of that Expectation will be 

S.— MS + MPS — MPQS 
— PS + MS 
— QS + PQS 

But the value of an Annuity to-continue as long as the four Lives 

of 4, B,C, D are in being, will be exprefied as follows: 


And if there was.a fifth Life to have the Reverfion: after: the 
longeft of the. foregoing Lives, the preceding value is to be fab- 
tracted from the perpetuity, and the remainder will be the thing 
required, 


PROBLEM 
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PROBLEM LXxXx. 

If A, B, C, agree among ft themfelves to buy an Annuity 
to be by them equally divided whilf they live together, 
then to be divided equally between the two next Sur- 
vivors, then to belong entirely to the laf Survivor, for 
his Life, to find what each of them ought to contri- 
bute towards the Purchafe, 


SOLUTION. 
A-is to contribute M — —MP ai = MPQ._ 
— + MQ 

B is to contribute a Sum which is to be formed after the Model 

of the preceding, which confequently will be P— = PM + —PMQ. 
=A 

And the fame may be faid of the Sum which C is to contri- 

bute, which will be Q — -QM -+ —QMP. 
sE 


‘But if there were 4 Lives concerned 4, B, C, D agreeing upon 
the fame conditions as above ; then Æ is to contribute a Sum, which 


will be exprefied by M — — MP + = MPQ— — MPQS. 


——MS + — MOS 

And the contributions of B, C, D are to be regulated upon the 
Model of the preceding. 

But altho’ I have already given notice of the Signification of the 
Expreflions MP, MPQ, &c. I defire once more that they may 
be underftood to denote the values of joint Lives, and not a Mul- 
tiplication of M by P, or of M by P and by Q; for Inftance MP 
is barely an abbreviation to denote what has been exprefied in the 


MPr 
Problem Lxv by api LM > and fo of the reft. 


PROBLEM 
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PROBLEM LXXXI. 


Any number of Lives being given, to find their Proba- 
bility of Survivorfbip. 


SOLUTION. 


Let A; B, C, D; &c. be the Lives, whereof 4-is fuppofed to'be- 
ei gonnen, B the next to it, C the next, &c. and fo the laft the 
oldeft. 

Let 2, .p, q, f-t, &c. be the-refpećtive Intervals intercepted be- 
tween the Ages of thofe Lives, and the extremity of old Age, fup- 
pofedat 86. Then the Probabilities ofany one of thofe Lives furvi- 
ving all the reft, will be expreffed as follows : 


p eee a 
for A. i “on Gap 12npq Ee zonpg/ 

B Aaa atA U EN Melee a A 
LETTY Grp 12%pq zonpaf. 
C AE a A Bar emp tet a2 
SUE 3up 12upq zonpgjf 

(3 
D pierre st 
4upq zonpgs 
E seg Fe 
7 DEN snggf 
&c. | 


Here fome few things. may be-obferved : 

1°, That the Probability of the youngeft Life furviving all the 
reft, always begins. with Unity, and that it is expreffed by fo many 
Terms as there are Lives*concerned. 

2°, That the Probabilities, of the other Lives furviving all the 
reft, are always exprefied each by one*Term lef$ than the pre- 
ceding. 

3°, That each firft Term of thofe whereby each Probability .is ex- 
prefed, is always the Sum of all the other Terms ftanding above 
it., ; 
4°, That the numbers 2, 6, 12, 20, 30, &c. made ufe of in the 
Denominators of the Praétions, are generated by the Multiplication -- 
of the following numbers mx 2, 2x3, 9x4; 4% gë 


P R'O-B LEM LXXXI, 
Any number of Lives being given, to find the Probability 
` of the Order of their Survivorfhip. 


SoLvu- 
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SOLUTION. 


. Suppote.the three Lives given to be thofe of A,B, C,.and that 
it be required to affign the Probability of Suryivorfhip, as limited 
to the order in which they are written, fo that < thall be the laft 
Survivor, B the next, and C the firt whofe Life: fhall fail, 

From the Probability of BY farviving C fubtraét the Probability 
of his furviving both. Cand 4, and the remainder will exprefs the 
Probability required. 

Now the Probability of B” furviving ‘Chas been found == 


I— = , and his Probability of furviving both C and Z has been 


likewife found tobe. = zio , and therefore the Probability 
required will be expreffed by 1 —.-£ — ->+ $.. 

To fave the Reader fome trouble, I have calculated the follow- 
ing Table fhewing the.Order of three Lives, 


Probabilities of the Order of Survivorfbip. 


C, .B 
Mor 
C, A 
A, B 
B, A 


The Sum of all which is Unity, “it being ‘certain that one tof 
thofe 6 Orders muft happen. $ 

One thing deferves to be taken notice ‘of, which is, that when 
n, f, q are all equal, each Probability is exactly > , which ought 


to be a confirmation that our Calculation is right. 

I might here praceed to the Order of four Lives; but befides 
that there is very .feldom occafion to go fo far, it would be tedi- 
ous to examine 24 Combinations which this would neceffarily require, 
and therefore I abftain from that confideration, at leaft for the 


refent. 
P 3 Of 
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Of Successive Lives. 


PROBLEM LXXXIII. 


If A enjoys an Annuity for his Life, and at his Deceafe 
has the Nomination of a Succeffor who is likewife to 
enjoy the Annuity for his Life; to find the Value of 
the two fuccefive Lives. 


SOLUTION. 


Let the value of the Lives confidered in themfelves without any 
refpect to time be M and P; let d'be the Intereft of rb- for one 
ts ee the value of the two fuccefiive Lives will be M -+ P 

But if the Succeffor was himfelf at his Deceafe to have the No- 
mination of a Life Q, then the value of the three-fucceflive Lives 
would be M+ P-+-Q— dx MP + MQ + 'Q- dd x MPQ.. 

And if this new Succeflor was. to have the Nomination of a 
Life S, then the value of the four fuccefiive Lives would be 
M+P+Q+S8—dxMP+ MQ +- it -H FQ -+ Ps + QS 
-+ dd x MPQ sF MPS + MPS -4 PQ — & x MFQ, 

But if thofe -Lives are equal, let z be the number of them, 
1—1—4\” 

7 

And if the number of thofe Lives were infinite, then 1—dM) ” 
would be nothing, for dM will always be a fraction, and confequent- 
ly being fubtracted from Unity, there will remain a Fraction, and 
this fraction being raifed to an infinite power will entirely be de- 
froyed; and fo nothing being fubtragted from Unity, the Value of 


then the value of them all will be 


a ae . . Į . . e 3 

all the fucceflive Lives will be -+ , which is the value of the Per- 
petuity, as it ought to be, for there being upon the Eftate an infi- 
nite number of fucceifive Lives, the Proprietor lofes the Rever- 
fon, 

But it is tabe obferved, thar the Exprefijons MP, or MFQ, K&G, 
geno barely products in this place, and not joint Lives. 
Sone 


G 


iy 
oe 
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Some Ujeful Cautions. 

One of the mof frequent occafions of Error in managing Pro- 
blems of Chance, being to allow more or fewer Chances than really 
there are ; but more efpecially in the firft Cafe, for the fault lies com- 
monly that way, J have in my Intredudtion taken great care to fettle 
the Rules of proceeding cautionfly in this matter ; however it will nct 
be amifs to point out more particularly the danger of being miftaken. 

Suppofe therefore I have this Queftion propofed; There are two 
Parceis of three Cards, the firft containing King, Queen, and Knave 
of Hearts, the fecond the King, Queen, and’Knave of Diamonds, 
and that I were promifed the Sum S, in cafe that in taking a Card 
out of each Parcel, I fhould take out either the King of Hearts, or 
the King of Diamonds, and that it were required I fhould deter- 
mine the value of my Expectation. 

If I reafon in this manner; the Probability of taking out the King 


of Hearts is Me , therefore =f is my due upon that account ; the 

Probability of taking out the King of Diamonds is alfo T, , and 

theréfore that part of my Expedtation is —/ as the other was, and 
2 


confequently my whole Expectation is =) This would not be ale- 


gitimate way of reafoning, for I was not promifed that in cafe I 
fhould take out both Kings, I fhould have the Sum 2/; but barely 
the Sam ff therefore we muft argue thus; the Probability of taking 


out the King of Hearts is = , the probability of miffing the King 
of Diamonds is = , and therefore the probability of taking out the 
King of Hearts, and mifling the King of Diamonds is— x — = > 


Ahi 9 
for which reafon that part of my Expectation which arifes from.: the 
probability of taking out the King of Hearts, and miffing the King 


of Diamonds is +/; for the fame reafon that part of my Expectation 
which arifes from the probability of taking the King of Diamonds and 
mifling the King of Hearts is Fo. but I ought not to be deprived of the 
Chance of taking out the two Kings of which the probability is = > 
and therefore the value of that Chance is ae -[; for which reafon, the 
value of my whole Expectation is aa + s/+ = H which is 


lefs by ar than Sf í But 
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But fuppofe I were promifed to have 2/ given me in cafe I took 
out both Kings, then this laft Expeétation would be Ż/; which 


would make the whole value of my Expedation to be on f+ 


2p 2) 6 2 
Gh oil ee 

One may perceive by this fingle inftance, that when two Events 
are fuch, that on the happening of either of them I’am'to have a 
Sum /; the probability of tae Chance ought to be eftimated by the 
Sum of the Probabilities of the happening of each, wanting the 
probability of their both happening. 

But not to argue from particulars to generals, Let. be the pro~ 
bability of the happening of the firft, and y the probability of the 
happening of the fecond, then «x T= y or x— xy will reprefent 
the probability of the happening of the firt and failing of the fe- 
cond, and yx 1—-w% or y— xy will reprefent the probability of the 
happening of the fecond and failing of the firft, but xy reprefents 
the happening of both; and therefore x — xy --y— xy -H xy or 
x-4 y — xy will reprefent the probability of the happening’ of 
either, 

This conclufion may be confirmed thus; 1—~» being the pro- 
bability of the firft’s failing, and_1—y the probability of the fe- 
ecnd’s failing, then the Produ@ 1—— xx 1 y Of Le% rm Van wy 
will reprefent the probability of their both tai‘ing 5 and this being 
fubtracted from Unity, the remainder, viz. x 4- y— xy will repre- 
fent the probability of their not both failing, that is of the happen- 
ing of either. 

‘And if there be three Events concerned, of which the Probabili- 
ties of happening are refpectively x, y, x, then multiplying 1 =— x 
by r=- yand that again by i —2, and fubtracting the Product from 
Unity, the remainder will exprefs the probability of the happening of 
one at leant of them, which confequently will be x -H J- 2 == xy 
wm XB m IZ 4 xyz; and this may be purfued as far as one pleafes, 

A difficulty almoft of the fame nature as that which I have ex- 
plained is contained in the two following Queftions ; the firft is 
this ; s 

A Man throwing a Die fix times is promifed the Sum / every 
time he throws the Ace, to find the value of his Expectation, i 

The fecond is this; a Man is promifed the Sum f if at any time 
in fix trials he throws the Ace, to find the value of his Expecta- 
tion, 


Y 


Ggz2 i in 
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In the firt Queftion every throw independently from any other 
is entitled to an Expe@ation of the Sum /; which makes the value 


of the Expedtation to be + f+ Aya af+ = f+ —/ Fa 
yI =f; but in the fecond, none but the firft throw is indepen- 


dent, for the fecond has no right but in cafe the firft has failed, 
nor has the third any right but in cafe the two firft have failed, and 
fo on ; and therefore the value of the Expectation being the Sum ex- 
pected, multiplied by the Sum of the Probabilities of the Ace’s be- 
ing thrown at any time, exclufive of the Probabilities of its having 
“ow e wil SLE aa pid a a a 
been thrown before will be g/ + ore =f + ce S 
625, p 3125 pp 31631, ys 2 
afte Wise = PAT that is nearly zf 


We may alfo procced thus; the probability of the Ace’s being 


i IF A E E E SEE ASUR 
miffed fix times together is = x 3 ir ei a ahaa Wey gi 36656” 


and therefore the prob.bility of its not being miffed fix times, that 
is of its happening fome time or other in 6 throws is r—~~15625 


46656 
103! : £ . ` 31031 
= Toso and confequently the value of the Expeđation is Rae 


as it was found before. 


PR OBL E M> LXXXxIV. 
To find the Value of a perpetual Advowfan: 


1°, I fuppofe that upon a vacancy the Right of Prefentation, in 
cafe the fame were faleable by Law, would be worth 5 years Pur- 
chafe, not including the Right of perpetual recurrency, after the 
demife of every Incumbent.. 

2°, That one time with another, the Incumbent ftays 20 years 
upen the Living. 

3°, And that therefore, if the Patron could then. alienate his Right 
for ever, the Purchafer would thereby get a Perpetuity, of which 
the Revenue, viz. 5 years Purchafe would return to him every 20. 
yas. æ 

4°, This being premifed, let d be the Intereft of 1Z- for one year ; 
let P be the value of an Annuity of 1L- to continue 20 years, then 
the value of the perpetual Advowfon in that fi@itious circumftance 


of time would be —L, 
ai 


5° 


| 
| 
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5°, But if a Purchafer buys the Right of Patronage whilft there 
is an Incumbent upon the premifes, which is always the cafe, let 
M be the value of the Life of the Incumbent eftimated in years 
Purchafe, then the value aforefaid will be diminifhed and become 
meee ee 

dP ; 
EXAMPLES. 

If there be an Incumbent of 50 years of Age upon the Living, 
and that Intereft of Money be eftimated at: five per Cent. then look 
in our third Table for the value of a Life of 50, and there you 
will find. 10.347 ; let this be multiplied by 0.05, the produ& will 
be 0.51735; let this be fubtracted from Unity, the remainder will 
be 0.48265, and this being multiplied by 5, the product will be 
2.41325, which muĝ be referved. Look now in our fecond Tab'e 
for the value of an Annuity certain to continue 20 years, you 
will find 12.6422 which being multiplied by 0.05, the Product 
will be 0.63211, which muft be alfo referved: Divide now the 
firft number referved by the fecond, and the Quotient which is 3.817, 
that is a little more than gt will be the value of the perpetual 

2 z 
Advowfon eftimated in years Purchafe, 

By the fame Rule, if the Incumbent be 60 years. of Age,. the 
value will be 4.591 nearly + . 

If the Incumbent be 70 years of Age, the value will be 5.626, 
which is little more than p=. 

If the Incumbent be 40, the value will be 3.231, which is a little 


I 
more than 3—. 


If the Incumbent be 30, the value willbe 2.789, which is little 
more than 2 n 


Now whether the Time which the Incumbents,. one with an- 
other, are fuppofed to ftay upon thgir Livings be 20 years or more, 
whether Intereft of Money be high or low, the Rules delivered in 
this Book will extricate the Inquifitive from. their difficulties. 


+ 
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Of a COPYHOLD. 


PRZOD LB MY LXXXVv; 
Suppofing that every Copyhold Tenant pays to the Lord of 


the Manor a Fine Í on admittance, and that every 
Succeffor does the like; to find the value of the Copy- 
hold computed from the Time of a Fine being paid, 
independently from the Fine ‘that may happen to be 
given on Alienation, 


> SOLUTION, 

I fuppofe the Life of the prefent Tenant to be worth M years 
purchafe, and that the Life of every one of his Succeflors will be 
of equal value when he comes to poffeffion ; let d reprefent the In- 
tereft of rZ: in one year, then the prefent value of the next Fine 
to be received will be 1 — 4M x/, and the prefent value of all the 


. . . . I * > 

Fines that may be received to eternity will be =p x/—/ 
EXAMPLE. 

Let M be worth 12 years Purchafe, Intereft of Money at 5 per 
Cent. and the Fine to be paid 2 years purchafe, then dM would be 
0.6; and this being fubtraéted from 1, the remainder will be 9.4, 
which being multiplied by 2 ==/ the product will be 0.8 or + 
of one year’s purchafe, and that is the prefent value of the Fine ta 
be received on admittance of the next Succeffor. 

; : l . 
Again, dM being == 0.6, myy will be = 1.666, &c, or ser ; 
‘ e ys , i 
and this being multiplied by 2 =; the produd will be age from. 
which fubtraéting 2, the remainder will be only I years pure 
chafe: fo that after the payment of one Fine all the future pay- 
ments of Fines will not be equal to the firft, at leaft in this cafe, 

As to the Accidents of Alienation, which may be of fome con- 
fideration, they cannot be the Subje& of our Enquiries, and there- 
fore I fhall forbear to mention them, 

DEMON. 
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DEMONSTRATION. 
M being the prefent value of a ifege may confider it as being 
ii 


equivalent to an Annuity certain to continue ” years: now it is 


well known that the prefent value of an Annuity certain of 1% to 


f 
I —— 


continue 7 years is == —— > » wherefore let this be fuppofed = M; 


I 
1” 


hence out of that Equation we fhall find that == 1—Mr -+ M, 


but i is the prefent val f the Sum / to be received n years 
hence; and therefore the prefent value of the Fine / to be received 
after the Demife of the Life is == 1 — Mr +M x /: but if we 
fuppofe r- — 1! =d, then the foregoing Expreffion will be changed 
into 1 — dM xf 

Again, a Sum /to be paid to eternity at the Intervals of z years 
is worth in prefent Money — xf; but we have found that 


— = 1— dM, and therefore 7r = 


ra 


I 
=i 2 ae TES 


I dM Ie v—yM A 
dM oa AT ae? hence — —1== — jy > from which it 
A I 1—dM Sen I 
follow È that x f= a x for == -aS S eas we had 
determined, . 


PROB LL BOM UAV; 


A and B playing together, and having an egual number 
of Chances to win one Game, engage to a SpeFator § 
that after an even number of Games n is over, the 
winner fball give him as many Pieces as he wins 
Games over and above one half the number of Games 
played, it is demanded how the Expeélation of S is 
to be determined. 


SOLUTION. l 
Let E denote the middle Term of the Binomial g +6 raifed 


I 


to the Power », then will exprefS the number of Pieces 


which the Spectator has a right to expect. 
Thus 
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Thus fuppofing that 4 and B were to play 6 Games, then rai- 
fing a + & to the 6th Power, all the following Terms will be found 
in it, viz. as- bath 1 5a4bb+ 2043h- i 5aab+-+- bab? +- bf. , 

But becaufe the Chances Mthich Z and B have to win one Game 
have been fuppofed equal, then æ and 4 may both be made == 1, 
which will make it that the middle Term E will be 20; there. 


fore this number being multiplied by A that is in this cafe 

by 3, the Product will be 60, which being divided by 2* or 28, 
s , 4 6 5 

that is by 64, the Quotient will be aes Ott — , and therefore the 


ExpeCtation of $ is as good to vile if he had ~~ fa Piece 
given him, and for that Sum he might transfer his Right to an- 
other. 

It will be eafy by Trial to be fatished of the Truth of this Con- 
clufion, for refuming the 6" Power of a +b, and confidering the 
firit Term a‘, which fhews the number of Chances for 4 to win 
6 times 5 in which cafe 8 would have 3 Pieces given him, then the 
Expectation of S arifing from that profpedct is Paar , that is ; 
confidering next the Term 6a'é which denotes the number of 
Chances for 4 to win § times and lofing once, whereby he would 
get two. Games above 3, and confequently S get 2 Pieces, then the 


i > y 2 X Gash 
aey r tifing from that prolpećt would be -22 
Expedtation of S- anfing ERP arpo OF 


7) ; laftly| confidering the third Term a4 which thews the num- 


ber of Chanecs for Æ to get 4 Games out of 6, and confequently 
for § to get i Piece, the Expectation of § arifing from that pro- 
j 4 1X rje I5 

{pect would be a a =— the fourth Term 204343 would 
a a 

afford nothing to S, it denoting the number of Chances for 4 to 
win no more than 3 Games; and therefore that part of the Ex- 


pecation of $, which is founded on the Engagement of 4 10 


: a+ rs 30 x 
him, would be Heti =r but he expects as much from 
o > eats = ape +» 60 15 r 
B, and therefore his whole Expectation is a= “Gr ashadbeen 
before determined, 
And in the {me manner, if 4 and B were to play 12 Games, 
Ki Pw È aki 5544 55 ae ; 
the Expectation of S- waald be “joe, » Which indeed is greater than 
in the preceding cafe, bat lef than in the proportion of the num- 
ber of Gaines played, his Expectation in this cafe being to the for- 
mer as $54.4 to 3840, which is very little more than in the propor- 
tion 
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tion of 3 to 2, but very far from the proportion of 12 to 6, or 2 
to I. 

And if we fuppofe ftill a greater number of Games to be played 
between 4 and B, the Expe@ation of § would ftill increafe, but in 
a lefs proportion than before; for inftance, if 4 and B were to play 
100 Games, the Expectation of S would be 3.9795; if 200, 5.6338; 
if 300, 6.9041; if 400, 7.9738 ; if 500, 8.9161; if 700, 800,900, 
10.552, 11.280, 11.965 refpectively, fo that in 100 Games the Ex- 
peGtation of S would be in refpeét to that number of Games about 
= > and in goo Games that Expectation would not be above — ? 
Now how to find the middlé Terms of thofe high Powers will be 
fhewn afterwards, 

CoROLLARY. 

From the foregoing confiderations, it follows, that if after taking 
a great number of Experiments, it fhould have been obferved that 
the happenings or failings of an Event have been very near in a ratio 
of Equality, it may fafely be concluded, that the Probabilities of its 
happening or failing at any one time afligned are very near equal. 


PROBLEM LXXXVIL 


A and B playing together, and having a different num- 
ber of Chances to win one Game, which number of 
Chances I fuppofe to be refpebtively asa to b, engage 
themfelves to a Spectator S, that after a certain numi- 


ber of Games is over, A fhall give him as many Pieces 
. a 

as he wins Games, over. and above au and B as 

many as be wins Games, over and above the number 


b i 
gga” find the Expe€tation of S. 


SOLUTION, , 

Let E be that Term of the Binomial a -+ 4 raifed to the Power x, 

in which the Indices of the Powers of a and 4 fhall be in the fame ratio 

to one another as a is to 4; let alfo p and g denote refpectively thofe 

Indices, then will the Expeétation of S from Æ and B together be 
E or —~xt=rE from either of them in particular. 

Hh Thus 
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Thus fuppofing the number of Games » to be 6, and that the 
ratio of a to dis as 2 to 1; then that Term E of the Binomial z-- 4 
raifed to its 6th Power, wherein the Indices have the fame ratio to: 
one another as 2 to 1, is 15a4d*, and therefore p = 4, and g =—= 2 ; 


and becaufe, a, b, p, g, n are refpectively 2, 1, 4, 2, 6, then the 
16 


i, es zg . . . . 

Expectation —--4-— XE will be in this particular cafe 1374 % 240: 
640 o 

or —— == —— nearly. 


2 “10 4 

But fappofing that. 4 and B- refolve to play r2-Games, then that 
Term of the Binomial æ -+ & raifed to its 12% Power, wherein the 
Indices:p and g have the fame ratio as 2:to\1, is 49 5a°b+; then be- 
caufe the Quantities a,.4,.p,.9, ”,.are refpectively 2, 1, 8, 4, 12, the 
Expeation of . will be SEL or — nearly. 

And again, if 4 and'B ftill play a greater number of Games, the 
Expedtation-of Swill perpetually increafe, but in a lefs- proportion 
than of the. number of Games played, 


COROLLARY: 


From this it follows,’ that if after taking a great number of Expe-. 
riments,. it fhould ‘be perceived that the happenings and failings. have 
been nearly in a certain proportion,. fuch.as of 2:to 1, it may fafely 
bé-conchided that the Probabilities of ‘happening or failing at an 
dne time afligned will Bevery near in that proportion, and that the 

reater the number of Expetiments has been, fo much nearer the 
Truth will the conjectures be that are derived from them. 

But fuppofe it thould be fiid, that‘notwithftanding the reafonable- 
nef of building ‘ConjeCtures upon \Obfervations,. ftilh confidering the: 
great Power of Chance, Events might at long run fall out in a dif- 
ferent proportion from the real Bent which they have to “happen 
one way or the other ; and that fuppofing for Inftance that an Event 
might as eafily happen as not happen, whether after three thoufand 
Experiments it may not be,poflible it thouild have -happenedstwo thou- 
fand times and failed a-thoufand, and that therefore the Odds again ft 
fo great a variation from Equality fhould be afligned, whereby the: 
Mind would be the better difpofed in the Conclufions derived from. 
the Experiments: 

In 'anfwer to this, FII take the Hberty ‘to fay, that ‘this ‘is the 
hardeft Problem that ‘can be propofed ‘on the Subje@. of Chance, - 
for which reafon Ihave ‘referved it ‘for the laft, ‘but I hope to be: 
forgiven if my Solution is not fitted to ‘the-capacity of all Readers ; 
however I fhall derive from it fomeConclufions that may be of ufe- 

to. 
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to every body: in order thereto, I fhall here tranflate a Paper of 
mine which was printed November 12, 1733, and communicated 
to {ome Friends, but never yet made public, referving to myfelf the 
right of enlarging my own Thoughts, as occafion fhall require. 


Novemb. 12. 1733. 


~ 


A Method of approximating the Sum of the Terms 
of the Binomial a»-b™ expanded into a Series, 

` from whence are deduced Jome practical Rules 
to eflimate the Degree of Affent which is to be 


given to Experiments. å 


LTHO’ the Solution of Problems of Chance often require 
that feveral Terms. of the Binomial a+-3)\* be added to- 
gether, neyerthelefs in very high Powers the thing appears g 
fo laborious, and of fo greata difficulty, that few people have un- 
dertaken that Tafk ; for befides -Fames and..Nicolas Bernoulli, two 
great Mathematicians, I know of no body that has attempted it ; 
in which, tho’ they have fhewn yery great fkill, and. have the praife 
which is due to their Induftry, -yet fome things, were. farther. re- 
quired ; for what they have done 1s not fo much an Approximation 
as the determining very wide limits, within which they demonftrated 
that the Sum of the Terms was contained. Now the Method which 
they have followed has been briefly defcribed in my Mijcellanea Ana- 
iytica, which the Reader may confult if he pleafes,. unlefs they ra~ 
ther chufe, which perhaps would be, the beft, to confult what they 
themfelves have writ upon that Subjeét: for my part, what made 
me apply myfelf to that Inquiry was not out of opinion that I 
fhould excel others, in which however I might have been forgiven ; 
but what I did was in compliance to the defire. of a very worthy 
Gentleman, and good Mathematician, who encouraged me to it: 
| now add fome new thoughts to the former ; but in order to make 
their connexion the clearer, it is neceflary for me to refume fome few 
things that have been delivered by me'a pretty while ago. 
I. It is now a dozen years or more fince I~had found what fol- 
lows; If the Binomial 1-+ 1 be raifed to a very high Power de- 
j Hh 2 noted 
2 
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noted by n, the ratio which the middle Term has to the Sum. of 
all the Terms, that is, to 2%, may be expreffed by the Fraétion 


a » wherein A reprefents the number of which the Hy- 
m . . 1 f I I I pg 
perbolic Logarithm is pre here es mers = ther. Tao ».&c. but be- 


canfe the Quantity 2—". or 1--—! ” is very nearly given when. 


n is a high Power, which is not difficult to prove, it follows 
that, in an infinite Power, that Quantity will be abfolutely given, 
and reprefent the number of which. the Hyperbolic Logarithm” is 


— 1; from whence it follows, that- if B. denotes the Number of 
which the Hyperbolic Logarithm “ig 4 1 eS = 5 Aa E 
— =y » &c. the Expreffion above-written’ will become zit: ; 


or barely 2 , and that therefore if we change the Signs of that 
Series, and now fuppofe that B reprefents the Number of which the 


. * . i I I I I 
Hyperbolic Logarithm is, T= + ee aia + a, be, 
that Expreffion will,be changed into “os : 


When F firft- began that.inquiry, I contented ‘myfelf to détermine 
at large the Value of B, which was-done. by the addition.of fome 
Terms of the above-written Séries ; hnt ao -I~perceiv'd that it con- 
verged but flowly, and {ceine at the fame time that what I had done 
anfwered my purpofe Citerably well;-I defifted from proceeding far- 
ther, till my worthy and learned Friend rae Ano Stirling, who 
ad applied himéelf after me to that inquiry, found that the Quan- 
tity B'did-denote the Square-root of the Circumference of a Circle 
whofe Radits-is Unity, fo: that if that Circumference be ‘called e, 
the Ratio of thé middle Term to the Sum: of-all.the Ferms vill 
Af ne 

But altho’ it be. not neceflary to know what-relation the number 
B may have to the Circumference of the Circle; provided its value 
be attained, either by purfuing the, Logarithmic Series before men- 
tioned, or apy other way; yet Lown with pleafure that this dif- 
covery, befides that it has.faved trouble, has:{pread a fingular Ele- 
gancy on the Solution. 

If. I alfo found that the Logarithm of the Ratio which. the middle 
Term of a high Power has to any Term diftant from it by an 
interval denoted by 4 would be.denoted by,a very near approxima- 

tion, 


be exprefied by 
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tion, (fappofing m = —n) by “the Quantities m-—+/— > xlog. 
maT mlx log. m— I 1 — 20 x log. m + log: 
mt 1 
j COROLLARY T. 
This being admitted, I conclude, that if m or <n be a Quantity 


infinitely great, then the Logarithm of the Ratio, which a Term 


diftant from the middle by the Interval Z, has to thie middle Term, is 
zil 


— =" 


n 


x COROLLARY, 2 À 
The Number, which anfwers to the Hyperbolic Logarithm 


zll > 
— — , being 
all 4 6 10 jt 
rare _4le ri ph: tte 1618. MA 32l 6 ql , &e. 
ñ Zür 6n3 zn - 12045 72046 


it follows, that. the Sum of the ‘Terms intergepted. between. the 
Middle, and that whofe diftance from it is denoted by /, will be 
2n 213 ales gT 16/9 zajr 

Vne into 4 1X32 2X ghn 6x 7x3 24 % Qn t=: au 


Let now / be fuppofed = syn, then the faid Sum will be ex 
prefed ‘by the Stries - 


2 arse ie Ay 8/3 16/9 geid D3; 
into f= ——— u E ee TC... 
We f 3 2%5 6X7 24x9 120X 105? &c, 


Moreover, if / be interpreted by —- , then the Series will become 
Zos t I I Jot I Y- ‘ 
Je UNO A SORAA oh 2X5 X BOK] x 1} 24x9%32 120 XLIX 64? See. 

which converges fo fait, that by help of no more than, feven. or 
eight Terms, the Sum required may be carried to fix or feyen places 


of Decimals: Now that Sum will’ be found to be 0.427812, inde- 
pendently from: the common Maltiplicator + , and therefore to 
the Sabular Logarithm: of 0.427812, which is 9.6312 529, adding 
the Logarithm of > , Viz. 9.9019400, the Sum will be 19.5331929, 
to which anfwers the number 0.341344 


LEMMA. 


If an-Event be fo dependent on Chance, as that-the-Probabilities:ọf 
its Happening or failing be equal, and that.a certain given number 7 


of 
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of Experiments be taken to obferye how often it happens and fails, 
and alfo that / be another given number, lefsthan >n, then the Pro- 


‘hability of its neither happening more frequently than >n + / 


times, nor more rarely than —n—/ times, may be found as fol- 


lows. 
Let L and L be two Terms equally diftant on both fides of 


the middle Term of the Binomial 1-4-1 expanded, by an Inter- 
val equal to /; let alfo / be‘ the Sum of the Terms'included between 
L and L together with the Extreams, then the Probability required 


will be'rightly exprefled by the Fraction -£ * which being founded 


on the common Principles of the Do&rine of Chances, requires no 


< Demonftration in this place. 


COROLLARY 3. 
And therefore, if it was poflible to take an infinite number of 
Experiments, the Probability that an Event which has an equal 
number of Chances to happen or fail, fhall neither appear more 


I I . 
frequently than — -+ -y y/% times, nor more rarely than +n SN 


yn times, will be exprefe’d by the dowble-Sum of the number 
exhibited in the fecond Corollary, that is, by 0.682688, and con- 
fequently the Probability of the contrary, which is that of hap- 
pening more frequently or more rarely than in the proportion above 
affigned will be 0.317312, thofe two Probabilities together com- 
pleating Unity, which is the meafure of Certainty : Now the Ratio 
of thofe Probabilities is in fmall Terms 28 to 13 very near, 


COROLLARY 4. 
But altho’ the taking an infinite number of Experiments be not 


practicable, yet the preceding Conclufions may very well be applied 
to finite numbers, provided they be great, for Inftance, if 3600 Ex- 


periments be taken, make == 3600, hence Z-n will be == 1800, 
and =n = 30, then the Probability of the Event's neither 


appearing oftner than 1830 times, mor more. rarely than 1770, 
will be 0.682688, 
CoRoL- 
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COROLLARY 5, 


And therefore we may lay this down for a fundamental Maxim, 
that in high Powers, the Ratio, which the Sum of the Terms in~- 
cluded between two Extreams diftant on both fides from the middle 


Term by an Interval equal to =n, bears to the Sum of all: 
the Terms, will be rightly exprefs’d by the Decimal 0.682688, that 
is =~ nearly, 

Still, itisnot to be imagin’d'that there is any neceflity that the: 
number ” fhould be immenfely great; for fuppofing it not to reach 
beyond the goo™ Power, nay not even beyond the 100", the Rule 
here given will be tolerably accurate, which I have had confirmed - 
by Trials. 

Büt it is worthwhile to obferve, that fuch a fmall part as is +y a 
in re{fpect to 7, and fo much the lefs in refpect to 7 as 7 increafes, does 
very foon give the Probability a or the Odds of 28 to.135 from 
whence we may naturally be led to enquire, what are the Bounds 


within which the proportion of Equality is contained; I anfwer, 
that thefé Bounds will be fet at fuch a diftance from the middle 


Term,..as will be expreffed by av. 2n ‘very near; fo in the-cafe~ 


above mentioned, wherein ‘7 was fuppofed =+3600, —-\/2n will - 
s ; 4 
be about 21.2 nearly, which’ in refpe& to 3600, is not above 


“ge th part: fo that it isan equal Chance nearly, or rather fome-- 

i thing more, that in 3600 Experiments} in:eaċh of which.an‘ Event 
may as well Rappen as fail, the ExcefS.of the happenings. or fail- 
ings above 1800:times will be no more than’ about zr. 


i ; COROLLARY bs: 

Jfhibe interpreted by yny the Series. -will not’ converge fo faft ` 
a5 it did in the former cafe when / was interpreted by =n, for 
here ‘no “lefs thair’12..or 19 Terms of the Séries will -afford.a to- 
ferable approximation) and it would :ftill require more Terms, ac- 

/ cording as l ‘beats a greater -proportion to ,/7, for which -reafon I 
make ufe in this-cafe of the Artifice of Mechanic Quadratures, ‘firft 
invented by Sir Fade Newton; and fince profecuted by Mr. Cotes, 
Nir. Yames Stirling, myfelf, and perhaps-others:; it: confifts in de- 

termining 
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termining the Area of a Curve nearly, from knowing a certain num- 
ber of its Ordinates A, B,.C, D, E, F, é&c.-placed at equal Intervals, 
the more Ordinates there are, the more exact will the Quadrature 
be; but here I confine myfelf to four, as being {ufficient ‘for my 
purpofe-: let us therefore fuppofe that the four Ordinates are A, B, 


C, D, and that the Diftance between the firft and laft is denoted by” 


l, then the Area contained between the firt and the laf willbe 
a x7; now let us take the Diftances oy/z, 


2 6 ~ 3 
aJ/2, T, Zt, =+ yñ, < vn, œv of which every one 


exceeds the preceding, by 5 vm and; of which the laft is z3 


R 5 6 
of thefelet us take the four laft, viz. 2Y n; S/n, My | ef Os 
then taking their Squares; doubling each of them, dividing them 
all by z, and prefixing to them all the Sign —, we fhall have 
— < À —— py a pe + , which muft be look’dupon as Hy- 
perbolic Logarithms, of which confequently the correfponding num- 
bers, w/z. 0.60653, O.ATIII, 0.2493 5, 0.13534 willdtand forthe four 
Ordinates A, B, C, D. Now having interpreted / by Hyn, the 
Area will be found to be == 0.170203 x ,/z, the double of which 
being multiplied by — , the produc will be 0.271605~let there- 
fore this be added to the Arca found before, that is, to 0.682688, 
and the Sum 0.95428 will fhew, what after a number of Trials 
denoted by z, the Probability will be of the Event’s neither hap- 
pening .oftner than <2+/ n times, nor more rarely than— t=) ty 


and therefore the Probability of the contrary will be .0,04.572, which 


fhews that the Odds of the Event’s neither happening oftner nor 


more rarely than within the Limits affigned are 21 to 1 nearly. 
And by the fame way of reafoning, it will be found that the 


Probability of the Event’s neither appearing oftner <n ay 2, 


nor more rarely than tn— Yn will be 0.99874, which will 


make ‘it that the-Odds in this cafe will be 369 to 1 nearly. 

To apply this to particular mpks it will be neceffary to 
eftimate the frequency of an Event’s happening or failing by the 
Square-root ,of the number which denotes how many Experiments 
have been, or are defigned to be taken; and this Square-root, ac- 
„cording as it has been already hinted at in the fourth Corollary, will be 
„as it.were the Modulus by which we are to regulate our Eftimation ; 


and 


i 


| 
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and therefore fuppofe the number of Experiments to be taken is 
3600, and that it were required’ to affign the Probability of the 
Ewent’s neither happening oftner than 28 50 times, nor more rarely than 
1750; which two numbers may be varied at pleafure, provided they 
be equally diftant from the middle Sum 1800, then. make the half 
difference between the two numbers 1850 and ‘1750, that is, in this 
cafe, 50==— fi/n; now: having fuppofed 3600== 2; then %/- will 
be == 60, which will make it that ṣo- will be == 60f and confe- 
50 


quently [= —— = =; and therefore if we take the proportion, 


. . . . hd 
which in an infinite power, the double Sum of the Terms cor- 
refponding -to the Interval -y7 ny bears tò the Sam of all the 
Terms, we fhall. haye the Probability ‘requiredexceeding near. 


LEMMA 2. 


In any Power g- 6)* expanded, the-greateft Term -is that in 
which the Indices of the Powers of æ and 4, have the fame propor- 
tion to,one another as the Quantities themfelyés a and 4; thus ta- 
king the 10th Power of a -+ b; which is a*° + toh + 4 5a°4* +. 
120075* 4- zroas bt lD arg E rombe 4 120403)" +. 4 barbs 
-+ 10467 ++ b*° jand fuppofing that the proportion ofig tod is as 
3 to 2, then the Term 210¢%4+ will-be the greateft, by reafon that 
the Indices of the Powers of a and 6, which’ are in that Term, are 
in the proportion of 3 to 2; but fuppofing the proportion of a to 4 
had been. as 4 to 1, then the "Term 4 ratb: had been the greatelt, 


LEMMA 3. 


If an Event fo depends.on Chance, as that the Probabilities ‘of its 


happening or failing be in any affigned proportion, füch as may be 
fuppofed of a tod, and a certain number, of Experiments be de- 
figned to be taken, in order to obferve how often the Event will happen 
or fail; then the Probability that it {kall neither happen more fre- 
: ss ‘i an 
quently than fo many times as are denoted by say a, enor 
an 


more rarely than fo many times as are denoted by Ft we 


will be found as follows: 

Let L and R be equally diftant by the Interval / from the greatelt 
Term; let alfo S be the Sum of the Terms included between L and 
R, together with thofe Extreams, then the Probability required will 
be rightly exprefied by See 


Ta i ee CoROL- 
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TEN wii 


HID pa GoRoLt ari, $. 
The Ratio which; in an infinite Power denoted by 7; the greateft 
Terni bearste the Sum of all the reft, will be rightly expreffed’ by 


ts ee a a. b . . 
the Fragation -yz , Wherein c denotes, as before, the Circumfe- 
rence Of ia Circle for a Radius equal to Unity. 


COROLLARY. Q 
If, in an infinite Põwer any: Term be diftant from the Greateft by 
the Interval Æ then the Hyperbolic Logarithm of the Ratio which 
that Term bears to the Greateft will be exprefled by the Fraction 


wma ZEME Se provided the Ratio of /to 2 be not a finite Ratio, 


2abn B 
but fuch a one as may be conceived between any given number p 


and /n, fo that 7 be expreffible by py/7, in which cafe the. two 
Terms L and R- will be equal. 


COROLLARY IO: 

If the Probabilities of happening and failing be in any given Ratio 
of unequality,. the Problems relating. to the Sum. of the Terms of 
the Binomial.2 4+ \* will be folyed. with the fame facility:as.thofe 
in which the Probabilities of happening and-filing~are in a Ratio 
of Equality. è 

From what'has been fid, it follows, that. Chance very: little: dis 
Rurbs the Events which in their nataral Inftitution were- defigned to 
happen or fail, according to fome determinate Law ; for if-in order 
to help our conception, we imagine a round piece of Metal, with 
two polifhed oppofite faces, differing in nothing but their colour, 
whereof one may be fuppofed to be white, and the other black ; 
it is plain that we may fay, that this: piece may with equal facility 
exhibit a white or black face, and we may even fappofe that it was 
framed with that particular view of fhewing fometimes one face, fome- 
times the other,andithat confequently if it be toffed up Chance hall 
decide the appearance ; but we have {feen in our Lxxxvii'h Problem, 
that° altho’ Chance’ may produce an inequality of appearance, and 
fill a greater inequality according to the length of'time im which it 
may exert itfelf, ftill the appearances, either one wáy or the'other, 
will perpetually tend'to'a proportion of Equality; but befides we 
have {een in the ptefent Problem, that ina great number of Experi- 
ments, fuch as 3600, it would be the Odds of above 2 to 1, that 
one of the Faces, fuppoie the white, fhallnot appear more ae 

than 


EEO 
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than 1830 times, nor, moreprarely than 1770, or in other Terms, 
that it-thall not be above or under,the perfect Equality by more than 
—— part. of the whole number of appearances;\and by the fame 


Rule, that if the number of Trials had been 14400 inftead of 3600, 
then ftill it would be above the Odds of 2 to 1, that the appearances 
either one way OF other would not deviate from perfect Equality 


by more than -3— part of the whole, but in roooooo Trials it 
would be the Odds of above 2 to 1, that the deviation from perfect 
—. part of the whole. But 


Equality would not be more than by -zz 
the Odds would increafe at a. prodigious rate, if inftead of taking 


fuch narrow limits on both fides the Term of Equality, as are re- 
prefented by >n, we double thofe Limits or triple them ; for in 
the frit cafe the Odds would become 21 to 1, and in the fecond 
369 to a, and fill be vaitly ‘greater if we were to quadruple them, 
and at latt be infinitely great ; and yet whether we double, triple or 
quadruple them, &c. the Extenfion of thofe Limits will bear but an 
inconfiderable proportion to the whole, and none at all; if the whole 
be infinite, of which the reafon will eafily be perceived by Mathema- 
ticlans, who know, that the Square+root of any Power bears fo much 
a lef proportion to that Power, as the Index of it is great. 

And what we have faid is alfo applicable.toa Ratio of Inequality, 
as appears from our gth Corollary. And thus in all cafes it will be 
found, that altho’ Chance produces irregularities, {till the Odds will 
be infinitely great, that in procefs of Time, thofe liregularities will 
bear no proportion to the recurrency of that Order which naturally 
refults from original Defign. 


When I was juft concluding this Work, the, following Problem was 
mentioned to me as very difficult, for which rean T have confiaered it 
with a particular attention, . 


PROBLEM. LXXXVIII. 
‘Jo find the Probability of throwing a Chance affigned a 
given number of times without intermiffion, in any 
givin number of Trials. 


SoLUTION. 


Let the Probability of throwing the Chance in any. one Trial te 
s b 


x p 5 a e oh fe nepa gy 
reprefented by =, and the Probability. of the contrary by 3 
liz Su} 


be 
ty 
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Suppofe z to reprefent the number of Trials given, and p the num- 
ber of times that the Chance is to come up without intermiffion ; 


then fuppofing os z == x, take the quotient of Unity divided by 


LX AXX —— GaN? — BNF — gtx’ - 2 - ee ee a M GPT ,y 
and having taken as many Terms of the Series refulting from that 
divifion, as there are Units in 2'— p+ 1, multiply the Sum of the 


; ab xP 5 A 6 M 3 
whole by piece by = and that Product will exprefs 


the Probability required. 


EXxAMPLE,.I. 


Let it be required to:throw the Chance afligned three times toge» 
ther, in 10 trials, when a and éare in a ratio of Equality, otherwife 
when each of them is: equal to Unity ; then having divided 1 by 


I—x— ax — x, the Quotient continued to fo many Terms as 
there are Units in 2—p-++ 1, that is, in this cafe, to 10 — 3 -} 1 
== 8, will be 1 =H x- 2x, HAX? -H Jet 13K + 24x5-b 44n7, 


Where x being interpreted by =a , that is in this cafe by =» 
$ è 1 2 4 sit 13 
the Series will become r- Cee 35 TAN aut 
5; st s of which the Sumis +2 — 3-5 and this. be- 
i PLP ` é y 7 
ing multiplied by Ta , that is, in this, cafe by -5 > the Produ& 


will be a > and therefore tis. fomething, more than an equal 


Chance, that the Chance afligned will be thrown, three times:to- 
gether fome time in 10, Trials, the Odds for it being 65 to 63. 

N. B. The continuation of the Terms of thofe Series is very eafy ; 
for in the cafe of the prefent Problem, the Coefficient of any Term 
is the Sum of 3 of the preceding, and in all cafes, ’tis the Sum: of 
fo many of the preceding Coefficients as are denoted by the num- 
ber p. 

But if, in the foregoing Example, the ratio of a to 6 was of unequae 
lity, fuch as, ifor inftance z to 1, then according to the prefcription 
given before, divide Unity by 1—* — 2xx — 4x3, and the, Quo- 
tient. will be 1-H ~ + 3xw -p ON? + 19K4* + 49NF + 12345 —E 297%", 
in which the quantity x, which has univer ally been fuppofed 
= —; y > will in this cafe be == — 3. wherefore in the preceding 

Series 


i 
i 
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Series having interpreted x by = , we fhall find the Sum of 8 of 


s ‘ > 5994 7 ‘ e PIS CO Be 
its Terms will be == ney ap? and this being multiplied- by 
Pe J : é : ee 2 ; x 
which in this cafe is P the Produ& =, will exprefs 
b 775 


the Probability required, fo that there are the Odds of 592 to 137, 
that the Chance affigned will happen three times together in ro 
Trials or before, and only the Odds of 41 to 40 that it does not 
happen three times together in 5. 

After having given the general Rule, it is proper to confider of 
Expedients to make the Calculation more-eafy ; .but before we pro- 
ceed, ‘it is proper to take a new cafe of this Problem: Suppofe there- 
fore it be required to find the Probability of throwing the Chance 
afligned 4.times together in 21 Trials, And firft let us fuppofe the 
Chance afligned to be of Equality, then we fhould begin to divide 
Unity by 1 — x — xx — x? — x4; but if we confider that the Terms 
x-4 xx xX? 4x4 are in geometric Progreflion, and that the Sum 


of that Progreffion is , then fubtracting that from 1, the 
1—2x-- x5 


°i—_— 


remainder will be equivalent to 1 — x— xx— x3 —x*, 


Lx 


and confequently Tee will be equivalent to the Quotient 


of Unity divided. by 1 — x — xx — x? — x4, and therefore b 
that expedient, the moft complex cafe of this Problem. will be 
reduced to thè contemplation of a 'Trinomial; let us therefore 
begin to take fo many Terms of the Series refulting from the 
Divifion of Unity by the Trinomial 1 — 2% -+ x" as there are Units 
inz—p-+1, that isin 21—4-h1, or 18, and thofe Terms will 
be rp 2x png -b 8x? DH TOxt $ grk dH boxe =p Tib 
-H 224n* 4 432x + 83310 + 1606x" -4 3096x** —. 59 68x's 
A rygg t +) 2215 5n*F 4 42704x76 4. 8azrext?, Now all 
though thofeé Terms may fem at firft fight to be acquired by 
very great labour, yet if we. confider what’ has been explained be- 
fore concerning the nature of a recurring Series, we {hall find that 
each Coefficient of the Series is generated from the double ’of the laft, 
fubtradting once the Coefficient of that Term which ftands 5 places 
from the laft inclufive; fo that for inftance if we wanted one Term 
more, confidering that the laft Coeflicient.is 82312, -and that the 
Coefficient of that Term which ftands five places from the laft in- 
clufive is 5968, then the Coefficient required will be twice 82312, 
wanting 


ee 
a a o > 
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wanting once 5968, which will make it 158656, fo that the Term 


following the lait will be 158656x"*. 

But to make this more confpicuous, “if we take the Binomial 
4% —x?, and raife it fucceffively to the Powers, whofe. Indices are 
3.1,.2, 3, 4,-5, 6, Sc. and add all thofe powers together, and write 
againít one another all the ‘Terms. which have the fame power of 
X, we fhall have a very clear view of the quotient of 1 divided by 
ot 2% ox) “Now it will ftand thus, fuppofing that aftands for 2, 


oF 


y 


EnA i 
We E E E E E 

-5 a8 = atx* 
-4 axt ee ws 
axe — 2ax' 
-H ax? — 3aax" 
E a®x® —~ 4aix8 
ate a>? teen atx 
-H arent? Gags re -H Ixi? 
= at? e gasy EB 3ax"* 
mf att? ies Saixts i 6aax** 
=j atixts — ga®xts + 104%x"3 
-+ PRAS AA SPOE 7- T A ef T5a*x** 
FES mee TIA OTS te 2 IASI mee TTS 
ae aits — [agit x6 ein 282°x"6 — 4ax"6 
atx a 13a**x17 = 36a7x*" — 10gax'? 


When the Terms have'been difpofed in that manner, it will be 
eafy to fum them'up by the help of a Theorem which may be 
feen pag. 196. Now a being = 2, and «== — , every one 
of the Terms of the firft Column will be equal to 1, and there- 
fore the Sum of the firft Column is fo many Units as there are 
Terms, which Sum confequently will be 18; but the Terms of 


the -fecond Column being reduced to their’ proper Value, will con- 
ftitute the Series 


a 2 3 4 5 6 7 8 

32 maki | Meh ess eet aa pa tte AT 32 Ga T 
9 10 Iy 12 13 . . gr z 
ph ae —-- —— De — of which th | be —— ? 
ap Blor sq: cit tgp Seog ee hich the Sum will b 5 


the 
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the Terms of the third Column will conftitute the Series 


10 15 21 28 3 


3 6 
3 m m ES 
H F 1024 << 1024. Te 1024 s 1024 T 1024 R 


1024 


p of which the Sum is i the Terms of the fourth Column 


added together are coon , and therefore the Sum of all Terms 
"i 


129 15 500465 
an r . 


9t 
may be, exprefied by 18 — raat rah 32768 a) gee 
But this Sum ought to be multiplied by I=- x, that is, by 


I > -— ~ , which will make the Produ& to be aS : 
. . . . Pd 22 
Neverthelefs, this Multiplication by 1 — x, takes off too much 
from the true. Sum, by one half of the loweft Term of each 
Column, therefore that half muft be added to the foregoing Sum ; 


now all the- loweft Terms of each Column put together will be 


| I— = + ~ 2 — a = et , of which the half a 
ought to be added to the Sum on y which will make the true- 
Sum to be ae , but this is farther to be multiplied by 
eae , which by reafon that æ and 4 are in a ratio of equality 
will be reduced to x? ==—— , and therefore the Sum sae 
ought to be divided by 16, which will make it to be se , 


and this laft Fractign will denote the Probability of producing the 
Chance affigned. 4 timtes fucceflively {mé time in 21 Trials, the 
Odds againit. it being 527513, to 521063, which is about 82 to 
$1. 

But what is remarkable in’ this Problem is this, that the oftner 
the Chance affigned is to be produced fuccéfiively, the fewer Columns 
will be neceflary to be ufed to have a fufficient Approximation, and in 
all high cafes, it will be fufficient to ufe only the firft and fecond, 
or three at moft, whereof the firft is a geometric Progreflion, of 
which a‘verygreat number of Terms will be as eafily fummed up, 
as a very {mall number; and the fecond Column by what we have 
fid concerning the nature ofa recurring Series, as eafily as the frft, 
and in fhort all the Columns. 

But now tis time to confider the cafè whereina to J has a 
ratio’ of inequality ; we had fait before that in this cafe we ought 


g 


to divide Unity by 1 — x — ann — AAN? mm x4 ~-~ = - — ab x?, 
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but all the Terms after the firft which is 1, conftitute a geometric 
Progreflion, of which the firft is 2, and the laft a’—'x?, and therefore 

f$ +1 
X a 2X 


vax 


the Sum of that Progreflion is , and this being fub- 


trated from Unity, the remainder will be 1 — ax -+ afx?+', and 
— x 
1— ax 
therefore Unity being divided by the Series above-written will be 
I Gx > and if @-+-1 be fuppofed == m, this Fra&ion 
Ppt I 
I AN axe! 


— NN 


will be ——“~——__ , and therefore if awe raife fucceflively 
I — Mx EREN IN A mh- 


mx — atxtti to the feveral Powers denoted by o, 1, 2, 3, 4, 5, 6, 
&c. and rank all thofe Powers in feveral Columns, and write 
againft one another all the Terms that have the fame power of x, 
we fhall be able to fum/up every Column extended to the num- 
ber of terms denoted by x —p-+--1, which being done, the whole 
mutt be multiplied by 1 — ax, and to the Sum is to be added the 
Sum of the loweft Term of each Column multiplied by ax. 


A, particular Friend having defired of me that to the preceding Pro- 


blems I would add one more, I have thought- ps eo comply with bis 
dvfire ; the Prablew- was tits. 


PROBLEM LXXXIX. 


There are any number of Gamefters, who in their Turns, 


which are decided by Lots, turn a Cube, having 4 of 


its Faces marked T, P,D, A, the other two Faces which 
are oppofite have each a little Knob or Pivet, about 
which the Cube is made to turn; the Gamefters each 
lay down a Sum agreed upon, the firft begins to turn 
the Cube; now if the Face T be brought up, he fweeps 
all the Money upon the Board, and then the Play begins 
anew; if any other Face is brought up, he yields his 
place to the next Man, but with this difference, that if 
the Face P comes up, he, the firft Man, puts down as 


much 
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much Money as there was upon the Board; if the Face 
D comes up, he neither takes up any Money nor lays 
down any; if the Face A comes up, he takes up half 
of the Money upon the Board ; when every Man has 
played in his Turn upon the fame conditions as above, 
there is a recurrency of Order, whereby the Board may 
be very much enlarged, viz. if it fo happen that the 
Face T is intermitted during many Trials, now the 
Queftion is this; when a Gamefter comes to his Turn, 
fuppofing bim afraid of laying down as much Money as 
there is already, which may be confiderable, how muft 
he compound for bis Expectation with a Spectator wil- 
ling to take bis place. 


SOLUTION. 


Let us fuppofe for a little while that the number of Gamefters is 
infinite, and that what is upon the Board is the Sum /; then, 
there being 1 Chance in 4 for the Face T to come up, 1t follows 


that the Expectation of the firt Man, upon that fCore, is an 


4 

for the Face P to come up, whereby 
he would neceflarily lofe J; eafon that the number of Game- 
fters having been fuppofed infimite, his Chance of playing would never 
return again) it follows that his Lofs upon that account ought to 
be eftimated by 2 3°. There being 1 Chance in 4 for the Face 


D to come up, whereby he would neither win or lofe any thing, 
we may proceed to the next Chance. 4% There being 1 Chance 
in 4 for the Face A to come up, which intitles him to take up 


2°. There being 1 Chance it 


1 ` Ihi > TELG? = 2 . lip t ~ 
zA his Expectation, upon that account, is --—/ or fuppofing 


8 — n, his Expectation is —/; now out of the four cafes above- 
mentioned the firft and fecond do deftroy one another, the third nei- 
ther contributes to Gain or Lofs, and therefore the clear Gain of 
the firft Man is upon account of the fourth Cafe; let it therefore be 
agreed among the Adventurers, that the firt Man {hall not try his 


Chance, but thathe fhall take theSum —/ out of the common Stake 
J, and that he fhall yield his Turn to the next Man: but before I 
Kk proceed 
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proceed any farther, it is proper to prevent an Objection that may 
be made againft what I have afferted above, viz. that the Face D 

appening to come up, the Adventurer in that cafe would lofe no- 
thing, becaufe it might’be faid that the number of Gamefters being 
infinite, he would neceffarily lofe the Stake he has laid down at 
firft ; but the Anfwer is eafy, for fince the number ‘of particular 
Stakes is infinite, and that the Sum of all the Stakes is fuppofed 
only equal to /; it follows that each particular Stake is nothing in 
comparifon to the common Stake / and therefore that common 
Stake may be look’d upon ‘as a prefent made to the Adventurers. 


Now to proceed; I fay that the Sum -> J having been taken out of 
the common Stake /; the remaining Stake will be : : f fash 4s 


fuppofing z — 1 == d : but by reafon that the firt Man was allowed: 
— part of the common Stake, fo ought the next Man beallowed 


don í . i 
= part of the prefent Stake —/, which will make it that the 
3 ; ; . 723 4 
ExpeCtation of the fecond.Man will be —/ Again, the Expec- 
tation of the fecond Man being to the Expectation of the firft as 
£ to 1, the Expeđation of the third muft be to the Expectation of 

d x 
the fecond alfo as — to 1, from whence it follows that the Expec- 


tation of the third Man willbe “yf, and the Expe@ation of the 


fourth —/; and fo on; which mayfitly be reprefented by the Series 


I 2 3 4 5 6 
, 1 d dd a as as j 
finto ame a ee ei ree Ste. Now the 


Sum of that infinite Series, which is a Geometric Progreffion, is 
Tei but d having been fuppofed =— n— 1, then a — d= T; 
and therefore the Sum of all the Expectations. is only f; as it ought 
to be. 

Now let us fuppofe that inftead of an infinite number of Game- 
fers, there are only two; then in this cafe we may imagine that 
the firt Man has the frf, third, fifth, feventh Terms of that Se- 
ries, and all thofe other Terms ¿z infinitum which belong to the 
odd places, and that the fecond Man has all the Terms which be- 
‘long to the even places; wherefore the Expetation of the firft Man 


: Taira dd d4 dé d® 7 
is = jato Wp E ta 4- ana &c, -and the Expecta- 
tion 
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å T (ae dd d4 R 6 d8 
tion of the fecond is „A into 1+ —--++- —- + =--+ o , &e, 


. à Š : d 
and therefore the Ratio of their Expectations 1s as =e to “ , of 


an? 


as 1 to £ , that is as # to n — 1, or as 8 to 7; and therefore the 
Expetation of the firt Man is —j; and the Expectation of the 
fecond Man is riche and. therefore if a Spectator has a mind to 
take the place of the firft Man, he ought to give him Žy 

But if the number of Gamefters be three, take a third propor- 
tional to z and d, which will be = , and therefore the three Ex- 
pectations will be refpectively proportional to x, d, A , or to 72, 
dn, dd, and therefore the Expectation of the firft Man is ES ELA 
which in this cafe is == ty, 


9 
Univerfally, Let p be the number of Adventurers, then the Sum for 
which the Expectation of the firft Man may be transferred to an- 


1 $ i 


other is 


gh 4d? 


_ Upon perufing fome of my printed Sheets, I perceived that I might 
have enlarged a little more upon what I have faid concerning Lives, 
whith bas determined me to add what Jollows. 


P RO DEGE MI AG: 


Suppofing three equal Lives of any Age given, for In- 
france 30, and that upon the failing of any one of 
them, that Life phali be immediately reimplaced, and 
I then receive a certain Sum agreed upon, and that 
to perpetuity, for me and my Heirs ; what is the pre- 
Jent Value of that Expettation, and at what Intervals 
of time, one with another, may it happen that I 


foall receive the faid Sum. 


Kk 2 SoLu- 
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SOLUTION. 


In order to folve this Problem, it is neceflary to calculate, 1°, 


the Value of one Life, 2°, the Value of the longeft of two, gine: 


Value of the longeft of three ; now fuppofing Intereft of Money 
at 5 per Cent. I find that an Annuity upon a Life of 30 is worth 
13 years Purchafe, upon two Lives 16.37, and upon three Lives 
17.75, confequently the Reverfion is worth 2.25 years, Purehafe, 
and the difference between three Lives and two is 1.38; this be- 
ing laid down, it is very plain that upon the failing of a Life, I 
ought to receive 1.38, but what F then receive, and what I or my 
Heirs {hall receive from time to time is a Compenfation for the 
Reverfion 2.25 which I have alienated, and -therefore the diffe- 
rence between three Lives and two, has the fame proportion to 
the Value of the Reverfion, as any other Sum /‘agreed to be re- 
ceived on that Contingency, to the prefent Value of it ; thus fup- 
pofing the Sum / to be poot. I fay by a Rule of three, 

1.38, 2.25 :: 500%» 815.23, and this fourth Term would ex- 
prefs the prefent Value of all the 5004. that I or my Heirs thall 
receive to all eternity. 

In order to find the Intervals of time between the Payments ; 
let the number of years exprefling each Interval be reprefented h 
n, let the difference between three Lives-and two be called g, the 
Value of the Reverfion , and let the Sum /" be fuppofed = r. 
Now it is- well known that a Perpetuity of 12 payable at thofe 


4 , . . I 
Intervals of time is worth in ready Money- aaa >, WHEE: 7 ex- 


prefles the Sum IŽ. joined to the Intereft which it produces in 
one Year; but we have {cen that the prefent Value of it, ig 


I m n e u tae 
m == -7 , from whence it is inferred that 


if ae Heke th dim leg te peg d being == 3.63, its Logarithm 


log. r 

is 015599066, and m being == 2.25, its Logarithm is o.1907037, 
and the difference between thofe two Logarithms being 0.1702040, 
let this be divided by log.7, which is in this cafe by the Logarithm 
of 1.05, wz. 0,.0211893, and the Quotient will be 9.83, which 
is little lefs than 10 years. But if I rather chufe to ftay till two 
of the Lives are vacant before I renew, what L ought. in juftice 
to receive upon their Renewal, may be determined from the fame 
principle, and alfo the Intervals of Time between which the Re- 
newal of two Lives will be made, and the fame may be = 

or 


m 


— and therefore 


3 
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for the Renewal of three Lives, and fo it may be determined 
which is the moft advantageous, according to the particular agree- 
ment made by the contracting Parties, to reimplace one Life as 
foon as it fails, or to wait for the vacancy of two, or to let the 
three Lives drop, before they are renewed. 


The following Tables having a reference to fome of the Problems 
of this Trat, and alfo to one another, I have thought fit to put 
them together in the fubjequent Pages. 


Dr. Halley’s Table of Odbfervations, exhibiting the Probabilities 


of Life. 


Perf. } Age | Perf. 
5391361481 
531) a7 | 472 
523] 38 | 463 
5151391454 |, 


1} 1000] 8] 680. 15/628 22 | 586/29 
2| 855) 9|670|16]622|231579|30 
3| 798|10|661|17|616|24|573|31 
4| 760jI1|653|18|61r0|25j|567|32 
5 
6 


7332 |12 |646] 19 | 604.|26| 560133 | 507140| 445 
710113 | 040120) 598/27 | 553134) 4991411436 
7| 6921141634121) 592123 | 546] 35 [490142 |427 


tl ee ee 
Age ' Perfons, JAge Perf, |Age | Perf. Age Perf. | Age | Perf. | Age Perf. 
‘ { Í 


3| 417|50;346 57 |272 |64 202|71| 1321|78} 58 | 
441 407/511335 591202105 192|721120|79| 49 
451 397152) 324/59 | 252/66) 1382|73] 109/80) 4r 
46] 387/53 |313 60) 242167)172|74) 98/81] 34 
47| 377|54| 302,61 232/63|162|75| 88/82) 28 
48} 367155 292/62) 222 691152176] 78183] 23 
49} 357156 }282163,212,70|142]77| 68184| 20 
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Years not exceeding 100, Interef at five per Cent. 


\-Years, 
ed 


—_— 


‘Values, 


N 
N 
N 
Ww 
N 


Years: į; Values. 


2614.3751 
27 | 14.6430 
28| 14.8981 
29| 15.1410 
JO | tor A; 


Dena a ce ee 


i e ete | | Ey, | ——_—--— | ——. 


OD Oa 
NET ON 
KYO 
or ON! 
Qy vr 
N oN 


_ 


| 7.7212 


31| 15.5928 
32| 15.8026 
33) 16.0025 
34| 16.1929 
35, 16.3741 


60| 18.9292] 85 


MEE K Gee ed, TAEA ee eS) i Pk doe 


17! 11.2740 
18 | 11.6895 
19 | 12.0853 
20; 12.4622 


2i I2.821I 
22} 13.1630 
23| 13-4885 
"24.13.7986 
25114.0939 


36) 16.5468 


37, 16.7112 
38 | 16.8678 


39| 17.0170 


| 40| 17.1590 


een | 


41117-2943 
42| 17.4232 
43 | 17-5459 
44| 17.6627 
45 | 17:7749 


46| 17.8800 
47 17.9810 
48 | 18.0771 
49 | 18.1687 
50| 18.2559 


m O | | at 


67119.2390| 92 


—— es —_—. „e eee 


71| 19-3739| 96 
72| 19.4037] 97 
73| 19.4321} 93 


74| 19-4592) 99 


75\ 19.4849 | 10 


Values. 


19,5004 
19.5328 
ee eS 
19.5762 
19.5964 


19.6156 
19:6339 
10.6514 
19.6680 
19.6838 


19.6988 
19.7132 
19.7268 
19.7398 
19.7522 


19.7640 
2077 52 
19.7959 
19.7961 
19.8058 


19.8151 
19.8239 
19.8323 
19.8403 
19.8479 | 


‘The prefent Value of an Annuity of One Pound for any number of 
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The prefent Value of an Annuity of Que Pound, -zo continue. fo long 
as a Life of a given Age is in being, Intere/t being chimated at 
five per Cent. 


Value. | Age | Value: om Value. | Age Value. 


8 | 14.53 15|14.27| 22 13.72 |29| 13.09 | 36 | 12:33 ; 
9| 14-60| 16 14.20| 23 ia 12.99 | 37} 12.21 
13.55|10| 14.60, 17 | 14-12 | 24| 13.55/31 12.88 |38 | 12.09 


Age 

1| 11.96 

2 

3 | | 

4| 13.89 11] 14.53/18) 14-05| 25 13.46 |32 12.78 |39| 11.96 
5 

6 

7 


12.88 


14.12 | 12 | 14-47 | 19 | 13-97 26| 13.37 |33 | 12-67 |40 | 11.83 
14.34.| 13 14.41 | 20 13.89| 27 | 13.28 |34 | 12.56 141| 11.70 
14.47 | 14.| 1434121 13.81 | 28 13.18|35 12.4.5 |42 | I1.57 


Ace | Values. | Age | Value. | Age] Value. 


a Value. ea 


ee el -a | p | ia es feed 


es | u j Á 


43| 1143| 50} 1035157] 9.041 64| 7-43|71| 547178 |=3:93 
|44| 11.29| §1| 10.17 |58| -8.83 65] 7.18)72) 5-1579] -2:64 
45|11.14152} 9-99.59 8.61} 66|. 6.91 }73| 4.82}80] 2.23 
46, 10.99|$3| 9.82160] 8:39) 67| 6.64174] 4.49}84) 27-81 
4.7 | 10.84. 54| 9.63 | 61 8.16) 68 | 6.36)75] 414482 |- 1.38 
48| 10.681 55). 9.44162 7.93| 69| 6.07176} 3-78183 | -0:94 
49| 10.51136] 9-241631- 7.68 | 70| 5:771771 34119415047 
Age | Valve, 

i 8 5| 0.002 
86] 0.060 A 


There remaining but one page to compleat the laft Sheet, I have 
thought” fit to add what follows, cobich may be lwked upon to be a 
| Supplement to the £ xxxviii" Problem. 


But if it be required to afign what number of Games are ne» 
ceflary, in all cafes, to make it an equal Chance whether or not 
p Games will be won without intermiffion, it may be done by 


lee, ; pre yy ees 
approximation, thus ; let At be fuppofed == 4, and let 


al 
~ 
be p L 
i — i. fe fuppofel-emry then tle number 
bxa + b ae i 
| ot 
2 
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of Games required will be exprefled by -Z-gr ; thus fuppo- 


fing a= 1, 6==1, p= 6, then the number of Games would 
be found between 86 and 87; but if æ be fuppofed == 1, and 
b==2, fill fappofing == 6, the number of Games reqnifite 
to that effect would be found to be between 763 and 764; but it 
is to be obferved, that the greater the number p is, fo much the 
more exact will the Solution prove, 


j 
1 
En) 
=| 
A 


Vel ier 
C): 


